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Abstract 

In this paper, we derive upper bounds and regularity for the heat 
kernel from an elliptic regularity property. The operators studied 
here are of order 2m, with complex coefficients and are elliptic in the 
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1 Introduction. 

The aim of this paper is to establish a connection between an elliptic reg- 
ularity property in terms of generalized Morrey-Campanato spaces and a 
parabolic one characterized by upper gaussian bounds for the heat kernel of 
a class of higher order operators in divergence form defined via sesquilinear 
forms. 

Let us start by recalling known results to put our work in perspective. 
Regarding second order uniformly elliptic operators with real-valued mea- 
surable bounded coefficients, in 1958 Nash [28] established his fundamen- 
tal work on the Holder continuity of solutions of parabolic equations with 
measurable coefficients. As a consequence of this result, he obtained the 
Holder regularity for solutions of the associated elliptic problem. In 1967, 
Aronson [3] established the link with the gaussian estimates for the heat 
kernel. His idea relies on the parabolic Harnack inequality of Moser [27]. 
He gave gaussian bounds for the fundamental solution of the heat equation 
fjf - div(A(x,t)Vu) = 0,ieR",0<f<T. More precisely, that solution, 
denoted by T t (x,y,r), verifies the following estimates 



. /0 „ < T t (x,y,T) < 7 V^e~ ai ^^, (1) 

(t-r) n l 2 - v '~(t-r) n l 2 w 

for all < r < t, x,y G W 1 and where c ,Ci,a and a\ are nonnegative con- 
stants depending only on dimension and the ellipticity. Fabes and Strook [12] 
used another approach relying on the original ideas of Nash which allowed 
them to obtain the Harnack inequality. In fact, upper and lower bounds are 
equivalent to Harnack's inequality. 

One may wonder what happens to (1) when the coefficients are complex- 
valued functions regardless of time. In this case, T t (x,y,r) = K t _ T (x,y) and 
taking into account what we said before, we expect the estimates 



C \x-v\ 2 

\K t (x,y)\< W2 e-« ] -^, (2) 

\K t (x + h,y)-K t (x,y)\ + \K t (x,y + h)-K t (x,y)\<^^y , (3) 

where v e (0, 1). The arguments of Nash- Aronson seem unusable in this case. 

In order to overcome such problem, other arguments were developed. Re- 
cently, Auscher, M c Intosh and Tchamitchian [6] showed that the heat kernel 
has gaussian estimates of type (2)- (3) if n = 1 or 2. On the other hand, 
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Auscher, Coulhon and Tchamitchian showed in [5] that for n > 5, there ex- 
ists an elliptic operator T = — div(AV) with complex coefficients such that 
the semigroup e~ tT generated by (— T) is not bounded on L°°(R n ) for all 
t > 0. In particular, the associated kernel does not verify the gaussian esti- 
mates. Note that cases n = 3 and 4 are still open. 

Considering these counter-examples, it may be of interest to have a simple 
and efficient criterion to decide if the heat kernel has upper gaussian bounds. 
The criterion found by Auscher in [4] is an elliptic regularity condition which 
we denote by (D) and concerns weak solutions u of the homogeneous equation 
Tu = —div(AVu) = on euclidean balls. That condition is an estimation of 
type of De Giorgi: 

VxeR n , Vr,i?,0<r < R, I |Vm| 2 <c(-] / |Vw' 2 



(5) 



B r (x) Kn/ JB R (x) 

for all weak solutions u on a ball B R (x), with constants c > and /i € (0, 1] 
depending neither on u, x nor on R. 

Recall that De Giorgi's theorem [11] stipulates that, in the case of real coef- 
ficients, weak solutions of Tu = verify estimates of type (D). According to 
Morrey theorem ([24], Theorem 3.5.2.) the latter estimates imply the Holder 
regularity of the solutions. However, De Giorgi's result is not always true 
when the coefficients are complex-valued functions. Indeed, Maz'ya, Nazarov 
et Plamenevskii [21] gave examples of equations Tu = whose solutions are 
not locally bounded when the dimension n > 5. Note that these examples 
were used in [5]. 

In [4], Auscher established the equivalence between (D) (i.e. De Giorgi 
estimates) and ((2)-(3)) (i.e. Nash-Aronson estimates) when n > 2. The 
literal idea of the implication (D) => ((2) — (3)) is to consider the parabolic 
equation ^f- + Tu t = as an elliptic equation with second member Tu t = 
— ^jf- for every t > 0. Suppose that an elliptic regularity theorem stipulates 
that the solution of the equation Tu = f verifies ||w||e ( ) < C 1 ||/||b 7 for all 
76/, where (E 1 ) ieI is a familly of spaces defined for 7 in an interval I and 
g : / — > I. Then we get 

\\t dUt \\ < r\\v 11 < rr \\ dUt \\ 



'7 



the first inequality being a consequence of the analyticity of the semigroup 
e~ tT . Therefore, we only have to iterate such inequality. In [4], E 1 is the 
family of Morrey-Campanato spaces and we know that it is perfectly adapted 
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to elliptic operators. 

Now, let us come to our class of higher order operators. They are homo- 
geneous of order 2m of the form 

L = Yl (-l) m D a (a aP DP) : 

\a\=m,\f}\=m 

where a a p e L°°(R n ,C") and independent on time. In addition, we assume 
that these operators are elliptic in the sense of the strong Garding inequality: 
there exists a constant 5 > such that for all u € H m iW l ), 

Re f Yl a aP {x)D^u(x)D a v(x)dx > S f \V m u{x)\ 2 dx . (4) 

Davies showed in [10] that the kernel K t (x,y) of the semigroup e~ tL ° always 
has upper gaussian bounds when n < 2m. Auscher and Tchamitchian [8] 
extended this result to the case n = 2m. For the remaining case, when 
the dimension is bigger than the order of the operator, Davies gave counter- 
examples in which upper bounds are not verified by the kernel [10]. 

In [7], we extended the equivalence between (D) and ((2)- (3)) to the class 
of higher order operators L elliptic in the sense of the Garding inequality 
without any condition on the dimension n and the order of the operator 2m. 
More precisely, we showed that the following are equivalent: 

(i) There exists a constant c > such that for all R > 0,x G W 1 and 
for all weak solution u of T u = on the ball B R (x ), one has for all 
< r < R, 

f / T \ n-2m+2/i f 

/ jV m MJ 2 <c (- / \V m u\ 2 , 

JB r (xo) KK/ Jb r (x ) 

where \i € (max(0, m — n/2),m] and T = L or Lg. 

(ii) There exists I € {0, 1, • • • , m — 1}, v e (0, 1) and constants c and a > 
such that for all t > and all i,!/,/iel n , one has 

(I I 2m 

~ a ( X +l/2m J "' 

for all multi-indices 7 e W of length | -y | < / and 



\Lr x K t (x + h,y)-D2K t (x,y)\ < -^ ( 



iw.v 



t 2m 



,tl/2mj 



\DZK t (x, y + h)-DZK t (x,v)\ < -^ (-^y 
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for all multi-indices 7 € W of length | -y | = /. 
This extension to higher order operators is far from being obvious. 

In this paper, our objective is to generalize the elliptic condition (i) by 
introducing a function ip and from it to derive upper gaussian bounds and 
the Holder regularity for the heat kernel according to the function ip which is 
essentially nonnegative, almost increasing, satisfying the Dini condition and 
the doubling property. This is the core of the following section. 

2 From elliptic regularity to upper bounds of 
the heat kernel. 

Before stating the main result, let us give a few notations and definitions. 

2.1. Notation. 

For a multi-index a = (cti, • • • , a n ) G W 1 , we set \a\ = a\ -\ — • + a n . For 
any x = (x 1 ,- ■ ■ , x n ) € W 1 and any multi-index a = (cti, • • • , a n ), 

D a = 



dx^ 1 dx^ 

By V m u and |V m w|, we denote respectively the vector (D a u)\ a \ =m and its 

/ \ 1/2 

length \V m u\ = [Y2\ a \=m \D a u\ 2 J . The notation H m stands for the 

Sobolev space W m ' 2 , m e Z. Norms in i7-spaces will be denoted by 



ip- 



Now, let us introduce the class of operators used here and mention some 
of their properties. Further details can be found in [1, 7, 29]. 

2.2. Higher order elliptic operators. 

Let m € N* . Let a a p (x) be bounded measurable functions on W 1 where 
a, f3 are multi-indices such that \a\ — \/3\ = m. Set 

Q (u,v)= Yl a afj (x)D p u(x)D a v(x)dx (5) 

\a\ = \P\=m 

for all u,v e H m (R n ). The form Q is continuous on H m (W l ) and if one 
defines M = \\\\{a a p{x))\\\\ > where ||(a aj g(x))|| is the norm of the matrix 
(a a ^(x)), then for all u,v e°ff m (R n ), 

|Qo(«,«)| <M ||V m M|| 2 ||V m i;|| 2 . (6) 
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Under these assumptions, by a variation on the Lax-Milgram lemma, 
there exists a unique operator in divergence form L : H m (R n ) — > H~ m (R n ), 
linear and continuous, such that for all u, v e H m (R n ), {L u,v) = Qo(u,v). 
We write this operator as (— l) m J2\ a \ = \g\ =m D a (a a pD^). Its adjoint L* is as- 
sociated with the coefficients a^. Note that ( , ) stands for the usual scalar 
product on L 2 . 

We suppose that the class of operators L is elliptic in the sense of the 
Garding inequality: there exist constants 5 > and A > such that for all 
u € H m (R n ), 

Qo(u,u)>5 \\V m u\\ 2 2 -\ \\u\\ 2 2 . (7) 

Set V(L ) = {u e H m (R n ) , L u e L 2 (R n )}. As a consequence of (7), the 
operator L , restricted to V(L ), is maximal accretive of type ui < | and 
(— L ) is the generator of a contraction semigroup e~ tL ° on L 2 (R n ). 

Definitions. 1. For m > 1, 5 > 0, A > and M > 0, we denote by 
£2m (<5o 5 A , M ) the class of the operators associated with a sesquilinear form 
satisfying (5), (6) and (7). The operators in this class are called homogeneous 
elliptic operators of order 2m. 

2. We denote by £2m(<5o, A , M , M) the class of inhomogeneous elliptic op- 
erators of order 2m of the form 

\ot\<m,\f$\<m 

whose leading part L belongs to S 2m (So, A , M ) and whose other coefficients 
are bounded with M = X^=i M k > where 

M k = supJUa^Hoo ; \a\, \P\ < m, \a\ + \/3\ = 2m - k}. 

The operators L also satisfy a Garding inequality as a consequence of the 
one for their leading part L and there exists A > such that the operator 
L + A, restricted to S)(L), is maximal accretive and — (L + A) is the generator 
of a contraction semigroup e ~*( L+A ) on L 2 (R n ) that is analytic. In addition, 

\\e- tL \\ L ^L^ < e xt . 

2.3. Generalized Morrey-Campanato and Holder space. 

Let < A < n and 4> a nonnegative continuous function on [0, R ]. Define 
the generalized Morrey space L 2 , ,x (R n ) = L 2 J X as the space of functions u e 



L 2 0C such that 



:i M V " L 



1/2 



|m|| l 2,a := sup I p I \u\ I < +00. 

* cceR",0<p<l <P{P) \ JB p {x) 



16 M.QAFSAOUI 



Note that Lj Al C L 2 ^ 2 if < A 2 < A x < n and L 2 ' A will correspond to L 2 * 2 
when <p = 1. 

Let < A < n + 2A;, where A; € N* . Define the generalized Campanato 
space jCl'JW 1 ) = £ 2 k \ as the space of functions u e L 2 0C such that 



1 



*■* a;eM",0<p<l 0(.Pj \ P^Pk-i Jb p (x) 



u\\ c 2,x := sup — -- /) inf / |w(y) — P(y) dy < +oo 



1/2 



where 7^ is the class of polynomials of degree less than or equal to I. The 

Q \ Of) *?\ I I I I I I I I 

spaces L .' and L .' n £ A ,' ( x, equipped with the norm ||u|| l 2,a and ||m|| L 2,o + 
||m|L2,a respectively, are Banach spaces. We give two useful properties for 

k,<p 

later use: 

(a) Poincare inequality (see Lemma 18 of [7]): There exists a constant 
c > such that for all u € H% c , A > and < s < m, we have 

||V S M|L2,A+2(m- S ) < c||V m M|| r 2,A . (8) 

L m-s,<P "N> 

(b) If < A < n + 2k and < k < m then L 2 ? D £^ ^ Lj° D £j;J. 

The isomorphism remains true if one replaces L 2 ^ by L 2 . Note that 

£ \ = LJ and the symbol ~ means that the spaces are isomorphic as 
normed spaces. 

Let <j> be a nonnegative function such that 4>(0) = 0. By C^Q) we denote 
the generalized homogeneous Holder space of continuous functions u such 
that \u(x) — u(y)\ < C(j){\x — y\) for a constant C and for x,y G O, x ^ y. 

2.4- Statement of the main result. 

Let us give the elliptic and the parabolic properties. 

Definition (Dirichlet property). Let L e £ 2 m(<5o! 0, M ) and ip be a non- 
negative function on (0, +oo). We say that L verifies the property (D^) if 
there exists a constant c > such that for all R > 0,x e W 1 and for all v 
L -harmonic function (i.e. weak solution of L u = 0) on B R (x ), 

[ \V m v(x)\ 2 dx < c (LY'^^) [ \V m v(x)\ 2 dx, (D+) 

JB r {xo) yHJ W [R) JB R (xo) 

for all < r < R. The parameter e > is assumed to be small enough. 
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In terms of regularity in the Morrey-Campanato spaces, if v verifies the 
inequality (D^) for all balls, then V m v belongs to the generalized Morrey 
space £2,n-2m+<= -yy g w -jj ^ en om [^ ^h e cen t re f ^aUg w hich will be as- 
sumed as co-centred. 

Definition (Gaussian property). Let L e ^2m(<5o 5 0, M ) and ifi be a nonneg- 
ative function on (0, +00) satisfying ^(0) = 0. We say that L verifies the 
property (G^) if there exist constants c and a > such that for all i > and 
all x,y,heR n , 

w , m c ( (\x-y\\ 2m l' 2m - 1 \ 

\K t (x,y)\ < ^ exp^-a^^^J J , 

\K t (x + h,y)-K t (x,y)\ + \K t (x,y + h)-K t (x,y)\ < _^-$(J^L). 

The main result of this paper is the following. 

Theorem 2.1 (Main result). Let L e £2m(<5o, 0, M ), Rq £ (0, +00) and 
let ifi be a nonnegative function on (0, Ro] such that 

(i) ip is almost increasing: there exists a constant c^ > such that if r <r' 
then ip{ r ) < c ^( r ')j 

(ii) if) verifies the doubling condition: there exist two constants c^ and c'^ 
such that c,pip{r) < ip{2r) < c'^ip{r) for all < r < R , 

(Hi) there exist e > and c > such that for all < r < Ro, ifi(r) > cr e , 

(iv) lim t ^ ifi(t) = 0- 

(v) ip verifies the Dini condition: 



t 



-dt < +00. 



Under these assumptions, if both L and Lq verify the Dirichlet condition 
(A/,) then Lq verifies the Gaussian property (Gj,) with 

$(r) = xfi(r) + I" ^-dt . 
Jo t 

It is worth noting that in the case of power functions one gets exactly the 
result in [7]. 
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3 Proof of the main result. 

In this section, we intend to prove the main theorem 2.1. The argument 
will be divided into six steps: 1- The Morrey-Campanato method consisting 
in improving the regularity of weak solutions to the equation L u = f with 
initial data in generalized Morrey-Campanato spaces, 2- A gain in regularity, 
in terms of Morrey-Campanato spaces, for inhomogeneous elliptic operators 
L whose leading part is L . This step is a consequence of the previous one, 
3- Iteration of L via an elliptic equation, 4- The continuity of the semigroup 
e -zL f rom x 1 (R n ) into Cj, which involves estimates on kernels, 5- A variant 
of perturbation method due to Davies to obtain the exponential decay, 6- A 
scaling argument to get estimates on the heat kernel of e~ tL °. 

3.1 Regularity for solutions of inhomogeneous elliptic 
equations. 

Before giving a regularity result which is useful for our argument, let us state 
a technical lemma which can be considered as a generalization of a result due 
to Campanato. 

Lemma 3.1. Let Rq £ K+ and H : [0, Rq] — > R + be an almost increasing 
function (i.e., 3 Ch > such that H{r) < ChH(R) for r < R). Let g and to 
be two nonnegative functions on [0,Rq\. Assume that 

1. there exist A > 1 and B > such that for all < r < R < Rq, 

H{r) - A m m) + Bg{R) ' 

where g{r) = g(r)co(r), 

2. g verifies the doubling property on [0, Rq], 

3. there exist C\, C2, 7 and 9 > such that for all < r < R < Rq, 
-7 co(r) 



/■) / r\-"i uiyr) 

(]<t<r\R^ U)(R) ~~ 



/— 1-00 



rx: dt , C 2 



< 



e co(t) r- e u{r)' 



Then, there exists a constant C depending only on A, Ch, C 1 and C 2 such 
that for allO < r < R< R , 

H (r)<C^H(R) + CBg(r). (9) 

10 
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Proof. Let < r < 1 and < R < R . By induction we show that for all 

A;eN*, 

H(r k R)<A k9 -^H(R) + B^A^- i ^^g(r i R). (10) 



9(R) 



?=o 



g(r i+1 Ry 



Now, using successively the monotonicity of H, the inequality (10) and the 
doubling property of g we get for r k+1 R < r < r k R (k > 0), 

H{r) < C H H(r k R) 



C h (a 



9{R) 

k uj(r k R)g(r k R) 



i=0 



fc-1 



w(i2) s(#) 



H(i2) + B J2 



A k-l-i g( T iR) 



i=0 



uj{T i + l R)g{r i + l R) 



^M^RYg^R)) 



#^)^*>+^^R'^ 



Now, to obtain (9) it suffices to have 



Ak oj{r k R) ^ _ 
sup^ / <d 

k,R LO{K) 

k_l A k-l-i Q 

E— — < 



< j=0 



^(t^R) ~ uj(r k R) ' 



R). 

(*) 
(**) 



Choose A k = r kl0 ^ A (r w r k R) and i = r i+1 i? {\ = r^ 1 ^) then (*) and 
(**) become respectively 

r \ 1 °&t a u{r) 



B 



(Xr^R^R' U)(R) 



r \ -7 a;(r) 



/ r \ — i" aMr ) 
i.e. there exists 7 > such that sup ( — J < C\ and 



r R d 



1— ft < -j t-^-t «-e. 3 > 

A cu(t) - t lo ^ A co(r) V 



0<r<iA-R' U)(R) 

r+00 



dt C 2 

< 



e co(t) r-°u(r) 



since 



fc-1 

£ 

i=0 



A fe 



-1-i 



W^i?) 



/ 



R ( r/ty°^ A dt 
u(t) T" 



Eventually, we conclude by choosing < r < 1 such that log r A > —7 (resp. 
log T ^4 < —0) for (*) (resp. (**)). 



11 
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□ 

Here and thereafter, we assume that L verifies the property (D^) with 
the constant c . 

Theorem 3.1. Let R < 1 and u e H m (B R ) a weak solution on B R to the 
equation 

L u = g + Yl D a g a +^D a h a , (11) 

0<\a\<m \a\=m 

where g G L 2 ^ , g a e L^ (0 < \a\ < m) , h a e L 2 ^ (\a\ = m) and < 
rj, X, (i < n. Then there exists a constant c > depending on c , <5 , M , 77, A 
and // 5mc/i that if v = inf (77 + 2m A + 2, //, n — 2m) then for all < r < R, 

where X = \\g \\ 2 2, v + Y] II^qII^.a + 'Y] ||ftg||?/».»- 

ip ip ip 

0<\a\<m |a|=m 

Proof The method applied here is a variation on [7], Theorem 22. In this 

/ , ,„\l/2 

argument, ||.|| 2 stands for ( J £ 



12 



Let < r < R and u e H m (B R ) solution to (11). By Lax-Milgram 
theorem, for all u e H m (B R ) there exists a unique function w € H™(B R ) 
such that v = w + u is L -harmonic on B R and 

J \V m v\ 2 <c f |V m w| 2 , (12) 

J B R J B R 

where c > is a constant depending only on the ellipticity constant 5 and 
M . Applying (A/,) we get 



I \V m u\ 2 <2([ \V m v\ 2 + f |V m (w-7j)| 2 ) 

^y-^<^J 2 + 2 J _ v] 



n—2m-\-e qlfl(r\ 
\ '/' U I ln™,,2 , o I |y>-t,)l 2 

and hence by virtue of (12) 



S B ^<MT^mLr^Lr^ 



12 
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where z = u — v. One has L z = L u = g + /J D a g a + V, D a h a and 

0<\a\<m \a\=m 

Qo(z, z) = (g , z) + J2 (-l) H <5 Q ,^) + (-l) ra E^^)' 

0<\a\<m \a\=m 

By applying the strong version of Garding inequality (7) (i.e. A = 0) and 
Cauchy-Schwarz inequality, we obtain 



a / lV7 ra ^l 2 <r \\n II I Ml -l \ "* 1 1 /i II lin a -7ll _i_ \ "* lift II lin a -rll 
% / |v 2| s H^olbll^lb + 2_^t Wo.ya\[ Lf z \\2 + 2_^ \\ n a\\2\\- u z \\2- 

R 0<|a|<m |a|=m 

By Poincare inequality (in H^ l (B R )), there exists a constant c > independ- 
ing on R and u such that for all a € W, < \a\ < m, 

\\D a z\\ 2 <cR m -\ a \\\V m z\\ 2 . 

Therefore 



\V m z\ 2 < 

'B R 



L 

flT? m \\n II llY7 m -rll _L \ "* P( m_ l a l)ll/> II llY7 m -rll -L- \ "* II /i II lln a yll I 
Cl-K ||<7o||2||V 2||2 T ^^ -"- llfl'albllV Z|| 2 -t- ^/^ ||/l Q ||2||i^ 2||2l 

0<|a|<rra a|=m 

1 /9 

<T /-I 7? m llY7 m -yll ll« II _LPllV7 m -rll \ "* \\n II -UlY7 ra yll I \ "* ll/i II 2 I I 

SCIn || V Z||2||5 l o||2i--n-|| V Z||2 ^/^ ||^a||2+||V Z||2l / J 1 1 "■a 1 1 2 J I 



0<\a\<m \a\=m 

where we have used the fact that R < 1. Simplifying by || V m ^|| 2 , it follows 

\V" l zr<^[K"'\\goh + R > lb«||2+( }^\\h a M} L/2 " Z 

'Br 



J \V m z\ 2 <c 2 (R m \\g \\ 2 + R Y. 11^112+ (E H^Hi) 1/2 ) 

" r ' 0<|a|<m |a|=m 

s Jl( p2m||„ 1 1 2 i p2 V^ II 1 1 2 , V^ Mi ||2\ 

< C \R ||^o|| 2 + - K 2^ I^«ll2+ 2^ Il""ll2j • 



0< |a|<m |a|=m 

Since (recall that ||.|| 2 = (J Br \ . | 2 ) 1/2 ), ||^|| 2 < R^ 2 x/j(R)\\g \\ L ^ , \\g a \\ 2 < 
R x ^(R)\\g a \\ T 2,x and \\h a \\ 2 < R^ 2 ^(R)\\h a \\ L 2,„. Then 

[ \W m z\ 2 < c 2 R iTd ^ +2m ^ +2 ^^ 2 {R)X , (14) 

JBr 

where 

■y II ||2 I V"^ || 1 1 2 I V"^ Ml, 1 1 2 

A — || ^0 1| r 2,i) T /_, ll&tllr 2 .* ' /_, \\ n a\\ L 2,» ■ 

■ip ip ip 

0<\a\<m a|=m 

13 
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It then follows from (13) and (14) that 
I \V m u\ 2 <c(?-X~ 2m+e t^ I \^ m u\ 2 + CR^ +2m ^ +2 ^^ 2 (R)X. 

J Br \R j ip 2 (R) Jb r 

Eventually, we conclude by applying Lemma 3.1 to the inequality above to 
obtain 

where v = inf (77 + 2m, A + 2, \i, n — 2m). 

3.2 Regularity for inhomogeneous elliptic operators. 

Let us consider the class £ 2 m(<5o 5 0, M , M) of inhomogeneous operators 

l= Yl (-i) N ^ a K^), 

\ct\<m,\fl\<m 

whose leading part L belongs to £ 2 m(<5o, 0, M ). We can consider L as 
L = L + perturbation. 

In the rest of our demonstration, we assume that L and L* verify (£></,) 
with the constant c . 

Theorem 3.2. Let u e H% cunif solution to Lu = h. If h e L 2 n L\f 
(0 < k < n) then V m u e L f where r = inf (k + 2, n — 2m) and one has for 
all 9 verifying 2 < 9 < r, 

WV m u\\ T 2,e < c(\\u\\ H m + \\h\\ T 2, K 1 , 

where c depends on c , 5 , M and k. 

Proof. The argument is similar to the one used to prove Theorem 25 [7]. The 
adaptation is easy and left to the reader. □ 

Now, to state the following result, suppose in addition that 5Rea o > A 
for A > large enough so that 

L : H m (R n ) — > H- m (R n ) 

is an isomorphism. Theorem 3.2 yields 

Corollary 3.1. Under the assumptions above, for all real 5 such that < 
5 < n, 

S/ m L- 1 : L 2 n L 2 / -^L 2 n L 2 / , 

where r = inf (S + 2, n — 2m) and T : A — > B means that the operator T 
extends to a bounded operator from A into B. 

14 
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3.3 Iteration 

Now, we iterate the inhomogeneous operator L via the equation Lu z = — ^f 
where u z = e~ zL f for / € L 2 . For this purpose, we need the following lemma. 

Lemma 3.2. Let T v = {z e C, Uez > 0, argz| < 77, 77 e (0, |)} a sector 
on which e~ zL is a contraction semigroup on L 2 . Let z ^t u z be an L 2 (R n )- 
valued holomorphic function on T^ and let E be a Banach space included in 

Assume that for all z € 1^, u z € E with \\u z \\e < jfjt where C\ and a are 
nonnegative constants. Then for all sectorT^ strictly included in T^ (7/ < rf), 
there exists a constant C 2 = 62(77, 7/, a) such that for all z € T v i , ^r G E 

and 



du- 



dz 



' dz 



< 



E 



C 2 

\z\"+ 



Proof. Let C z be the circle of equation \w — z\ = R z where R z = \d(z , Y c n ). 
One has 



du 7 



-I 

l™ Jc z 



u„ 



dw 



z er,/ . 



dz 27TZ ,/ Cz (to — z) 2 
The integral converges a priori in L 2 , thus in L 2 0C . On the other hand 



Jc z 



u v 



(w — z) 2 



\dw\ < 



E 



1 1 u w 1 1 E 

\w — z\ 2 



\dw\ < 



C 



\w\ 



\w — z\ 



\dw\ 



Since there exist constants C\ and C 2 depending only on rj and 7/ such that 

C\\z\ < \w\ < C2\z\ on C ZJ 



Jd 



u„ 



(w — z)' x 



E C 



Therefore 



Jc z 



XL, 



(w — zf 



c r i_ 

fW Jc z W^ 

dw converges in E and 



dw 



c a 



du 2 



d.Z 



< 



Cf\z\ a \z\ 



c{r),rf ,a) 



U 



E 



Now, let us begin the iteration of the inhomogeneous operator L using 



the equation Lu z 



— ^f where u z 



e z f for / G L 2 . For this purpose let 



us fix (r/)/> a family of strictly decreasing embedded sectors with T = T ri . 



* Let z € T^, one has u z e L 2 with \\u z \\2 < \\fW2 for all / € L 2 . Since 
||V ra M 2 || 2 < |^| _1/2 ||^/ 2 ||2 (see [8], Proposition 2) then V m u z G L 2 with 
||V ra ?J z \\ 2 < |^r 1/2 ||/||2- It follows then by Lemma 3.2 that V m (^) € L 2 C 
L 2 ' with 

v m (^)\\ 2 <c\z\-v 2 \\f\\ 2 , zer,. 



15 
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Hence, Corollary 3.1 yields 

\7 m u z = -V m L- 1 (^) e L 2 n L 2 ' Tl where n = inf(2, n - 2m) 

and then V m w 2 € L? CM 2 / 1 ' 6 since L 2 ' Tl C L 2 ^ e by condition (in) of The- 
orem 2.1. 

* We start again with r x — e. The same argument yields V m (^f) € L 2 n 
L 2 ' T1_£ and then V m w 2 € L 2 n L 2 /\ where r 2 = inf(n - e + 2, n - 2m), and 
so forth until the step A; characterized by r^-x = r fco _ 2 + 2 (i.e. r fco _ 2 + 2 < 
n — 2m) and Tk = n — 2m {i.e. Tk -\ + 2 > n — 2m) and then 

V m u z e L 2 n L 2 ' n - 2m (15) 



-zL 



3.4 Regularity of the semigroup e 

Here, we intend to show that u z belongs to the generalized Holder space Cs- 
For this purpose, we need the following result. 

Proposition 3.1. Let (j) : (0, Rq] — > M + * be a function such that 

1. (f) is almost increasing, 

2. (j) verifies the doubling property, 

3. lim wo 4>{t) = 0, 

4. / -^dt <oo. 
Jo t 

Under these assumptions, if Vm G L/ 1 ^ then u € Ci with 
\u(x) - u(y)\ < C||V«|| L 2,n-2 (j){\x - y\) 

where 

~4>{r) = 4>{r) + r^p-dt. 

Jo T 

Proof. Let R e (0,i? ] and u XjS = \B(x,s)\^ 1 / u(y)dy. Writing 

JB(x,s) 

\u{x) - u(y)\ < \u(x) - u Xy2R \ + \u Xy2R - u yy2R \ + \u(y) - u yy2R \. 



16 
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* Step 1 (Estimation of \u(.) — u, j2 r\)' Let < r < R. One has 

\Ux ,R ~ U X0 , r \ 2 < 2(\u(x) - U XOjR \ 2 + \u(x) - U^^f) 

and 

y JB(xo,R) JB(x ,r) ' 

Through Poincare inequality and the definition of L 2 / 1 ^ 2 it follows that 

\u Xo ,r - u Xo , r \ 2 < 2r~ n (R 2 / \Vu(x)\ 2 dx + r 2 \Vu(x)\ 2 dx) 

J B{x ,R) JB{xo,r) 

< 4r- n R 2 f \Vu(x)\ 2 dx 

Jb(x ,R) 

< Ar- n R 2 R n - 2 (f) 2 {R)\\Vu\\ 2 2 , n - 2 

l <p 

and then 

/R\ n / 2 

\U X0 ,R - U XOjT \ < 2 — (j)(R)\\Vu\\ L 2,n-2. (16) 

V T / 

Now, let i?j = 2 :-*i2; it follows by (16) that 

K,*, - «*o,*, + il < 2 1+ "/ 2 ^(2- J R)||V«|| Lr - 2 . 
By the doubling property, one gets for k < h that 

\u XQ , Rh -u XOyRh \ < C(n)(p(R k )\\Vu\\ L 2,n-2 < C(n)(fi(R h )\\Vu\\ L 2,n-2. 

Since lim t _>. (j){t) = 0, then (u XOj R h ) is a Cauchy sequence. By u(x ) we 
denote its limit (i.e. lim u XOj R h = u(x )). 

On the other hand, 

\u Xo , Rk -u XOjRh \ < C(n)||Vu|| L 2,»- 2 V^(2- i J R)«C(n)||V«|| L 2,n- 2 / ^-^-dt. 

* ^ * Jo t 

Thus 

\u X0 , Rk - u XOrRh \ < C(n)||V«|| L 2,n- 2 / ——dt. (17) 

* Jo t 

Since lim r _> + u Xj1 . = u in L 1 -norm, then u = u. 



17 
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1/2 



Eventually, by taking the limit in (17) (h — > oo) and choosing k = 0, we get 

IuOO-UihI <C'(n)||Vu|| L 2,n-2 / — d*. (18) 

* J t 

* Step jg (Estimation of \u Xj2R - u y , 2R \): Writing \u Xj2R - u y , 2R \ < \u Xj2R - 
u(z)\ + \u(z) — u Vy2R \ and integrating, on B(x,2R) n B(y,2R) := B 1 n -B 2 , 
with respect to z, we get 

\B 1 nB 2 \(\u Xt 2R-Uy t2 R\) < \u(z) - u Xj2R \dz + \u(z) - Uy j2R \dz 

J B X C\B 2 Jb 1 DB 2 

and then 
\u x ,2R~ u y , 2R \ < \Bi n^r 1 ! / \u(z) - u Xj2R \dz + \u(z) -u yy2R \dz). 

V^i Jb 2 ' 

Using successively Cauchy-Schwarz and Poincare inequalities we obtain 

I \u(z) - u x , 2R \dz < CR n/2 ( J \u{z) - u x , 2R \ 2 dz\ V2 < CR n/2+1 ( f \Vu\ 2 dz) 

< CR n/2+1 (2R) li ^(()(2R)\\Vu\\ L 2,n-2 = C{n)R n (j){2R)\\Vu\\ L 2,n-2 

Similarly, 

/ \u(z) - u y2R \dz < C(n)iZ n ^(2.R)||Vu|| L 2,n-2. 
Jb 2 * 

Since B(x, R) cfliH B 2 then \B ± n B 2 \~ l < \B(x, R)^ 1 = R " and 

|«x,2fl - u v ,2r\ < C{ri)(j){2R)\\Vu\\ L 2,n-2. 

<p 

It follows by the doubling property that 

\v>x,2R ~ Uy,2 R \ < C(n)||V«|| L 2,n-2^(i2). 

Eventually, combining the previous steps and choosing R = \x — y\ yield 
\u(x) — u(y)\ < C||Vu|| L 2, n -2 <j)(\x — y\) 

and Proposition 3.1 is proved. □ 



Now, we are able to state our result. Indeed, by applying Poincare in- 

2,11-2 _ L 2 n L 2,r 

m-l,ip — n M ^ip 



equality (8), it follows from (15) that Vu z e L 2 n C^J 2 ^ ~ L 2 n L 2,n ~ 2 
Therefore, m 2 e Cj; thanks to Proposition 3.1 and then e~ zL : L 2 — > C, 



18 
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On the other hand, we have e~ zL : Z 2 — > Z°°. To see that, consider the 
equation (11) with g e L 2 ^ , g a e Z 2 ' A , /i a e Z 2 '^ and follow the argument 
in [7] since in the proof of Theorem 3.1, (13) yields 

/ |V m w| 2 <2c lC (- / \V m u\ 2 + 2\ \V m z\ 2 , 

J B r ^' JB R JB r 

since ip is almost increasing. 

This is also true for Z* (i.e. e~ zL * : L 2 -> Z°°). It follows by duality that 

e~ zL : Z 1 -> L 2 and then 

e -*i : L 1 ->■ Z°° (19) 



and 



e -*i : L 1 -> C^. (20) 



3.5 Perturbation techniques 

Let T m = {(f) e Cg°(R n ,R)/||D Q ^|| 00 < 1 , Va e M* , 1 < \a\ < m} and 
consider the operator L s ° = s 2 ^ n T^ 1 L T. It is obvious to see that if Z e 
£ 2m (<5 , 0, M ) then L s ° e £ 2m (<5 , 0, M ) for all s > 0. 

We apply the result of the previous step to the operator L s ,, = e^L s °e~^ for 
f G K, so > and </> e J^ m . Note that Z.J° W e £ 2m (<5 , 0,'m , c£ 2m ) (indeed, 
in general if Z e £ 2m (<5 , 0, M , M) and (f) e T m then Z^ = e^Le~^ G 
^ 2m (<5 , 0, M , M+c£ 2m ) for a constant c depending on n and m). In addition, 
by virtue of a result due to Davies ([10], Lemma 6), 

Lemma 3.3. There exists a constant c\ > such that 

II —tL°° II -- nt 2m t 

/or alii>0,(GK, «o > and € ^ m . 

Combining Lemma 3.3 to the result of the previous step, we obtain 

II -±L S ° II - ^-»/a \ ^if2m 

||e ^o,w|| L2 _^ LOO < C(f,m) e 2 « , 
and 

II -If,' ll - •-,/>. \ 4f2m 

||e 2jL °^|| L i^ L 2 < C(£,m)e 24 . 

Eventually, since the property (19) holds for Z^ (i.e. e~ zL °°s<p : Z 1 -> Z°°) 
then we get by the semigroup property 

ii — T'O ,, ,, _Ir s O .. .. _lf»0 .. 

||e °-w li-+l« < e 2 °-w li-+l 2 e 2 '^ || l 2 ->-l°° 



< C 2 (£,m) e Cl?: 
19 



2m 

1 



28 M.QAFSAOUI 



which is equivalent to 



\K^(x,y)\ < C 2 (£,m) e^ , 

where i^ °' w (x, y) stands for the kernel of e "■«* . 

On the other hand, since 

K^(x,y) = e^W K^°(x,y)e-^ y \ 
it follows then that 

\K?°(x,y)\ < C 2 (Z,m) exp( Cl e 2m + (Wl/)-^))) , 
for allx,2/GR n . 

Fixing x,y, choosing <j> e :F ra such that 0(y) — 0(x) = — ||x — y and 
minimizing with respect to £ yield 

|K 1 °(x,?/)| < C exp( — a |x — yl 2 ™- 1 J 

uniformly for all sq > 0. 

3.6 Scaling argument 

Formally 

e -tL s ° _ e -tsl m T-^L T _ T -l e -tsl m L 0T _ 

It then follows 



K t ° (x, y) = s|J K L ? (s x , s y) 



- a zm.+ 

or 



K^{x,y) = s n Kf slm ^ 






where K^°(x^y) and K t ° (x, y) are respectively the kernels of e * L ° and 
e -ti Therefore 

+ 1/2771 / rp ?/ \ 

^ ( x,,)=t--^ y^,^) (2i) 

and afterwards 

„,„, .. ^ C / X — TV \ 2TS^T 

l^t°(^J/)l < 7^ exp<^ -a W^ 

I2m ^ \ £2^ / 
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3.7 Holder regularity 

According to (20), we get in particular for L\ '" that if h e R n then 



( l/2m |l/2m 



\K?° (x + h,y)-Kt° (x,y)\<CxP(\h\). 
It then follows that 

\K**(x + h,y) - K**(x,y)\ < -^(J*L) 

thanks to (21). The regularity with respect to y is similar and Theorem 2.1 
is proved. 



4 Remarks 

1. We can relax the ellipticity condition by replacing (4) by the one we 
frequently meet in practice 

Re f Yl a aP D^uD^dx > 5 f |V m w| 2 dx - A I \u\ 2 dx. 

jRn \a\ = W\=m Jr " jRn 

In this case, the inequality of Lemma 3.3 becomes 

||e- tL ^|| L 2_ L2 < e ( Ao+cl « 2m )* 
and an adaptation of the argument used above gives us 

f~* ( I I 2m "N 

\^°(x,y)\ < -^ expi-^i^l) 3 "- 1 + c 2 t\ . 

2. It seems possible to derive from (A/,) upper gaussian bounds for higher 
derivatives D 1 K t (x,y) (7 e W , | -y | < m) of the heat kernel. For the tech- 
niques see [7] (resp. [29]) for derivatives taken with respect to x or y (resp. 
x and y simultaneously). 

3. According to the remark used in section 3.4 to derive e~ zL : L 2 — > L°°, we 
can obtain from (A/,) the same estimates and regularity on higher derivatives 
of the kernel as in [7] provided ifi is almost increasing. 
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Abstract 

We use the multi-dimensional polynomials considered by Hermite, and subse- 
quently studied by P. Appell and J. Kampe de Feriet, in order to obtain explicit 
solutions of pseudo-classical PDE problems in the half-plane y > 0. We consider 
systems of PDE, including some problems with degeneration on the x-axis. 
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1 Introduction 

In preceding articles [3], [4], [5], by using an operatorial approach, we showed that 
the solution of many classical or pseudo-classical boudary value problems in the half 
plane for PDE, (with constant coefficients and analytic boundary, or initial, data) can 
be expressed in terms of the higher order Hermite-Kampe de Feriet (shortly H-KdF) 
polynomials. The relevant results were extended to the multi-dimensional case in [13], 
[14]. 

In this article we extend the results of our article [5] to the pseudo-classical case 
too. 

We start recalling properties of the H-KdF polynomials and extending technical 
tools considered in [3], [4] to the case under examination. 
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2 Hermite-Kampe de Feriet polynomials 

2.1 Definitions 

We recall the definitions of the H-KdF polynomials [1], [10], [16], in the two-dimensional 
case. 



Put D :— -p, and consider the shift operator 



oo n 

V_ fin). 



e yD f(x) = f(x + y) = ^:^fM(x), (2.1) 



„=o n! 



(see e.g. [17], p. 171), the second equation being meaningful for analytic functions. 
Note that, 

• if f(x) = x m , then e yD x m — (x + y) m ; 

oo oo 

. if f(x) = J2 a mx m , then e y D f(x) = ]T a m (x + y) m - 

m=0 m=Q 

Definition 2.1 The Hermite polynomials in two variables H$(x,y) are then defined 
by 

Hg;\x,y):=(x + y) m . (2.2) 

Consequently, 

■oo 

• if f(x) = ^2 a mX m , then 



m=0 



e yD f(x)=J2*™H£\x,y). (2.3) 



m=0 



Consider now the exponential containing the second derivative, defined for an an- 
alytic function /, as follows: 

oo „.n 



n=0 n! 



Note that 



if f(x) = x m , then for n — 0, 1, . . . 



y we can write: 
D 2n x m = m(m — 1) • • • (m — 2n + l)x m ~ 2n = , m l ,, x m ~ 2n and therefore 



. 2 J n 



yD 2 rr m _ V^ V m - „m-2n 



e" X 



E^T-^TT^ 2 " (2- 5 ) 



n=0 



n\ (m — 2n)\ 
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• if f(x) = JT a mx m , then e y D2 f{x) = ]T a m H%\x,y). 

m=0 m=0 

Definition 2.2 The H-KdF polynomials in two variables H^(x,y) are then defined 
by 

H£\x,y):=m\Y, -}, ^ (2-6) 

£t n\[m — ln)\ 

Considering, in general, the exponential raised to the j'-th derivative we have: 



e yD3 f(x) = J2-rf Un) (x) (2-7) 



n=0 n! 



and therefore: 



if f(x) = x m , then for n — 0, 1, . . . 

D jn x m = m(<m _!)... ( m _ j n + l) x ™-jn= m \ X m ~ jn SO that 



it follows: 

a! 

(m—jn)\ 



j J „,n 



e yDi x m = yy m - x m-jn ^ 

^ n\{m-jn)\ 



if f(x) = J2 a mx m , then ey DJ f(x) = J2 a m H$(x,y), 

m=0 m=0 



Definition 2.3 The H-KdF polynomials in two variables H$(x,y) are then defined 
by 

H^(x,y):=m\Y: J, „. ,, (2.9) 



— n\{m-jn)\ 



2.2 Properties 



In a number of articles by G. Dattoli et al., (see e.g. [6], [7], [8]), by using the so called 
monomiality principle, the following properties for the two- variable H-KdF polynomials 
H$(x,y), j > 2 have been recovered (the case when j = 1 reducing to results 
about simple powers). 



Operational definition 

(t. ll\ = P y Bxi T m = I T. 4- 17, 

dxi 



g j ( f)j-l \ m 

H£\x,y) = e y ™x m =(x + jy— 1 ) (1). (2.10) 
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• Generating function 

oo ±n 

£l# ) (s,y) 1 T = e*"< (2.11) 

n=0 U - 

In the case when j = 2, (see [18]), the H-KdF polynomials Hffi(x,y) admit the 
following 

• Integral representation 

H^(x,y) = -— Ce- — dZ, (2.12) 

Z,/7rW J-oo 



which is a particular case of the so called Gauss- Weierstrass (or Poisson) transform. 
For the case when j > 2 see [11], [12]. 

3 A decomposition theorem 

In [15], in a general form, the following theorem was shown: 

Theorem 3.1 Fix the integer r > 2, and denote by 

(2-nih\ 
uj htr :=exp\ I, (h = 0, l,...,r- 1), (3.1) 

the complex roots of unity. 

Consider an analytic function of the complex variable z, defined in a circular neigh- 
borhood of the origin, by means of the series expansion 

oo 

<p(z) = J2 a n z n , (3.2) 

n=0 

and the series 

oo 

IL{h,r]V(z) = (Ph(z\ r) := Yl a r n+hz rn+h , (3.3) 

n=0 

called the components of (p with respect to the cyclic group of order r, then the 
representation formula 

<p h (z;r) = - 2. — ; ( 3 - 4 ) 

r j=0 ^jh,r 

holds true. 
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For r = 2 and h = or h = 1 the functions (3.3) reduce to the even or odd 
components, respectively, of the function tp(z). In general, the (ph(z;r) functions are 
characterized by the symmetry property 

Lp h (zuiy,r) =u htr ip h (z;r) (h = 0, 1, . . . ,r - 1) (3.5) 

with respect to the roots of unity (see also [2]). 

In particular, assuming <p(z) := e z , the well known decomposition of the ex- 
ponential function in terms of the so called pseudo-hyperbolic functions appear (see 
[9]). For shortness, omitting in the sequel the label r, i.e. assuming Uh '■= ujh, r , 
<Ph(z) := iph(z;r), and so on, we can write: 

oo rn+h 

so that the exponential is decomposed as the sum: 

e z = Y:f h (z), (3.7) 

h=0 

and the following properties hold true: 

/o(0) = l; A(0)=0 (if MO), (3.8) 

f h (u 1 z)=u h f h (z), (symmetry property), (3.9) 

D z fh(z) — fh-i(z), (differentiation rule), (3.10) 

where the indices are assumed to be congruent (modr), so that, V/i, the pseudo- 
hyperbolic functions are solutions of the differential equation: 

w ir) {z)-w{z) = 0. (3.11) 

The pseudo-circular functions are obtained by introducing any complex r-th root 
o"o of the number — 1, and putting: 

g h (z):=a h f h (a z). (3.12) 

The pseudo-circular functions are given by the series expansions: 

oo rn+h 

**m=x:(-i)Vw (3 ' 13) 

and satisfy the following properties: 

<7o(0) = l; <7„(0) = (if MO), (3.14) 
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g h (uiz) =uj h g h (z), (symmetry property), (3.15) 

D z g (z) = -£ r _i(2), D z g h {z) = gh-i(z), (if h ^ 0), (3.16) 

(differentiation rule) 

where the indices are assumed to be congruent (modr), so that V/i, the pseudo-circular 
functions are solutions of the differential equation: 

w ir \z)+w{z) = 0. (3.17) 

For further properties, generalizing the ordinary trigonometrical rules, see [15]. 

4 Pseudo-hyperbolic or pseudo-circular functions of the 
derivative operator 

The properties of the pseudo-hyperbolic or pseudo-circular functions of the derivative 
operator (see [15]), can be easily extended to the operational case. We give in the 
following a list of the relevant results, which can be deduced in the same way as in the 
functional case, considering the commutative property of the powers of D. 

The pseudo-hyperbolic functions of the derivative operator are defined by the series 
expansions: 

oo J~)j(m+h) 

/^):,n M e^E|^|i- (* = 0,l,...,r-l) (4.1) 

so that the exponential is decomposed as the sum: 

e^ = X:A(^), (4.2) 

h=0 

and the following properties hold true: 

f h {u 1 D J )=u h f h {D :i ), (symmetry property), (4.3) 

Considering two independent variables x and y and denoting by D x and D y the 
relevant differentiations, it follows: 

D y f h {yD j x ) = Difh-^yDl), (differentiation rule), (4.4) 

where the indices are assumed to be congruent (modr), so that, V/i, the pseudo- 
hyperbolic functions are solutions of the abstract differential equation: 

D r J h (yDi)-D r Jf h (yDi)=0. (4.5) 
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The pseudo-circular functions of the derivative operator are given by the series 
expansions: 

9 ^) = E(-l)"^^. («) 

and satisfy the following properties: 

g h (uiD 3 ) =u h g h (D 3 ), (symmetry property), (4.7) 

D y g (yDi) = -Dig r ^(yDi), D y9h (yDi) = DJ^yDJ), (if M 0), (4-8) 

(differentiation rule) , 

where the indices are assumed to be congruent (modr), so that V/i, the pseudo-circular 
functions are solutions of the abstract differential equation: 

D y g h (yDi) + D r Jg h (yDi)=0. (4.9) 

4.1 Connections with the H-KdF polynomials 

Fixing the integer r, we consider now the action of the pseudo-hyperbolic and pseudo- 
circular functions on analytic functions, showing relations with the H-KdF. polynomi- 
als. 

Theorem 4.1 For any real number £, for any h—0,1, ...,r-l, and for any positive 
integer j , denoting by x and y (y > 0) independent variables, and by D := D x , 
the action of the pseudo-hyperbolic function f^yD 3 ) on the power x m (m 6 N), is 
given by 

[ m—jh l 

L jr i „l(rn+h) T m-j(rn+h) 



n=0 



(rn + h)\(m — j(rn + h))\ 



where II r, 



i[h, r ] i K(x, y e ) , (h — 0, 1, . . . , r — 1), denote the components of the function 
K with respect to the cyclic group of order r, and relevant to the variable y , 
(assuming i asa parameter). 

oo 

Then, if q(x) — J^ a m x m , we can write 

m=0 

oo 

f h (y t D i )q(x) = J2 a m n [ h,r] yl [H£>(x,y e j\= (4.11) 

m=0 

I' m— jhA 

oo L j> J . £(rn+h) „m—j{rn-\-h) 

to! a m 2^ 



m =o n"o (m + /i)!(m-j(rn + /i))!' 

For the pseudo-circular functions, using the above notations, we have: 
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Theorem 4.2 For any real number £, for any h—0,1, . . . , r-1, and for any positive 
integer j , denoting by x and y (y > 0) independent variables, and by D := D x , 
the action of the pseudo- circular function gy l {y i D : ') on the power x m (m G N) ; is 
given by 



|"m-jh"| 



„Mrn+h) r m-j(rn+h) i 

g h UlA x m = m\ £ (- 1 )" , " hW ., , M „ = ^n [M if £>(*, a G y l 

£^ft [rn + hy.ym — j(rn + h))\ aft y L 



(4.12) 



and furthermore, if q(x) — E a m x m , then 



m=0 



i oo 

g h (y e Di)q(x) = -* E a m U [h , r] [H^( 

a n „,_n s 



m=0 



m—jhl 
jr J 



OO 

J2 ml a m E 

m=0 n=0 



<(rn+h) ^m—jfrn+h) 



(4.13) 



1 



,h 2/ 



'x 



(rn + h)\(m — j(rn + h))\ 



so that, if the considered coefficients a m and variables x,y are real, the resulting 
expansions are also real. 



5 Convergence results 

In this section we recall an uniform estimate, with respect to j, for the convergence 
of series involving the H-KdF polynomials H^(x,y £ ), for every real £ > 1: 



/ j a n ti n yx, 



y 



(5.1) 



n=0 



Theorem 5.1 For every real £ > 1, j > 2, — oo < x < +oo ; — oo < y < +oo ; 
n — 0, 1, 2, . . ., the following estimate holds true: 



\H^\x,y e )\ < n\ expl\x\ + \y l \\ 



(5.2) 



The proof is derived by the same method used in the book of Widder [18], p. 166, 
for the case £ = 1 j = 2 (see [5]). 

In the present article, we limit ourselves to consider, as boundary (or initial) data, 

oo 

analytic functions f(x) = E ^ n x n for which the coefficients a n tend to zero sufficiently 

ra=0 

fast, in order to guarantee the convergence of the series expansion (5.1). To this aim, 
we only use the following theorem (see [5]) 
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Theorem 5.2 Suppose there exists a number a > 1, such that the coefficients a r , 
satisfy the following estimate: 



O 



1 



n a n\ 



(5.3) 



then, for every real £ > 1 and integer j, the series expansion (5.1) is absolutely and 
uniformly convergent in every bounded region of the (x, y) plane. 

Remark 5.1 The condition (5.3) include analytic functions with polynomial growth 
at infinity but not the exponential function e x , whereas, in the case £ = 1 j = 2, 
the book of Widder [18] include all functions belonging to the so called Huygens class 
H° however, by the point of view of the Applied Analysis, the considered conditions 
are sufficient to cover all realistic situations. 



When the function f(x) = V] a n x n is decomposed with respect to the cyclic group 

n=0 

of order r, the same estimate of Theorem 5.2 is sufficient to guarantee the convergence 
of the relevant expansions, according to the property: 



n 



E 



[h,r] I 2.^ l°"l X 
\n=0 



< 



E 

n=0 



Uti tXj 



(h = 0,l,...,r-l). 



6 Systems solved in terms of pseudo-hyperbolic operators 

For introducing our subject in a more friendly way, we start considering the particular 
case when r = 3. 

Consider the system: 



dS h = dSn-i 
dy dx 

S o (x,0) = q (x) 

dS l 



(h = 0, 1, 2) in the half plane y > 0, 



dy 

d 2 S 2 
dy 2 



(x,0) =q' (x) 



(6.1) 



(x,0) = q'o(x) , 



where qo{x) is a given analytic function. We assume that the considered indices are 
congruent mod. 3, so that S3 = So. 

By using the same technique developed in our article [5], we find 
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Theorem 6.1 The operational solution of system (6.1) is given by the following func- 
tions: 

So(x,y) = f (yD)q (x) , 

S 1 (x,y) = f l (yD)q (x) , (6.2) 

S 2 (x,y) = f 2 (yD)q (x) . 

Proof. A straightforward computation gives: 

^° = f 2 (yD)Dq (x) = D x f 2 (yD)q (x) = °^ , 

dS dS 

-rp = fo(yD)Dq (x) = D x f (yD)q (x) = —^ , 

^ = f 1 (yD)Dq (x) = D x f 1 (yD)q (x) = ^ , 
and the boundary conditions are trivially satisfied. 

Remark 6.1 Note that the given boundary conditions (6.1) can be essentially derived 
from the first one: S (x,0) = qo(x), by extending the considered equations on the 
boundary y — 0. 

Remark 6.2 Note that the system (6.1) has connections with the similar one consid- 
ered in [4] (eqs. (7.1)-(7.2)), but there the boundary conditions were given by three 
independent functions, whereas in (6.1) only the function q$ appears. 



(h = 0, 1, 2) in the half plane y > 0, 



A more general problem which can be solved is as follows: 

os h = agfe-i 

dy dx 

S (x, 0) = q (x) (6.3) 

Si(x,0) = qi(x) 
k S 2 (x,0) = q 2 (x) , 

where qh{x) (h = 0,1,2) are given analytic functions, assuming again that the 
considered indices are congruent mod. 3. 
In this case, we find 

Theorem 6.2 The operational solution of system (6.3) is given by the following func- 
tions: 

So(x, y) = /o (yD) q (x) + f x (yD) q 2 (x) + f 2 (yD) q x (x) , 

S 1 (x, y) = /o (yD) qi (x) + f\ (yD) q (x) + f 2 (yD) q 2 (x) , (6.4) 

S 2 (x, y) = /o (yD) q 2 (x) + f\ (yD) Ql (x) + f 2 (yD) q (x) . 
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6.1 The case when r is an arbitrary integer 

For any fixed integral r, consider the system 

— — = — - — , (k — 0, 1, . . . , r — 1) in the half plane y > 0, 
dy dx (65) 

S k (x,0) = q k (x) , 

where q k (x), (k = 0, 1, ... ,r — 1), are given analytic functions, assuming that the 
considered indices are congruent mod. r, so that S r = Sq. 
By using the same technique, we find the general result: 

Theorem 6.3 The operational solution of the system (6.5) is given by the following 
r -tuples of functions: 

r-1 

Sk(x,y) = J2fh(yD) q r -h+k(x) , (k = 0, . . . ,r - 1) . (6.6) 

h=0 

7 Higher order pseudo-hyperbolic systems 

For any real number £ > 1 and integer j > 1, we consider now the system: 

^— = l?/' 1 - , (k — 0, 1, . . . ,r — 1) in the half plane y > 0, 
dy dxi ' (jX) 

S k (x,0) = q k (x) , 

where the q k {x) are given analytic functions. We assume again that k — 0,1, ... , r—1 
and that the considered indices are congruent mod. r, so that S r = Sq- 

Note that equations in system (7.1), assuming £ > 1, degenerate on the boundary 
when y — > 0. 

Theorem 7.1 The operational solution of system (7.1) is given by the following r- 
tuples of functions: 

S k (x, y) = ]T h (y £ D j ) q r+k -h(x) , (k = 0, . . . , r - I) . (7.2) 

Remark 7.1 Theorem 7.1 generalizes some results already obtained in [4]. More pre- 
cisely, if £ — l,j — l,r — 3 we find eqs. (7.1)-(7.2), if £ — l,j — 1 we find eqs. 
(8.1)-(8.2) in ref. [4]. Furthermore, if £ = l,j = s, we recover (9.1)-(9.2) of the same 
reference. 
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r ds 

dy 


+v- 




dS k 
dy 


-V 


da-?' 


. ^(x 


,o) = 


gfe(x) 



8 Pseudo-circular systems 

For any fixed integral r, consider, in the half-plane y > 0, the system 



3 (* = l,2,...,r-l), (8 ' 1} 

(fc = 0,l,...,r-l), 

where the 5fc(x) are given analytic functions. We assume again that k — 0,1, ... , r—1 
and that the considered indices are congruent mod. r. 

By using same methods as in the preceding section, but relevant to pseudo-circular 
operators, we find the result: 

Theorem 8.1 The operational solution of system (8.1) is given by the following r- 
tuples of functions: 

k r—1 

Sk(x,y) = J2dh (l/D 3 ) q r+k -h(x) - J2 9h (ifD 3 ) q r +k-h{x), , 

h=0 ' h=k+l % ' v° > 

(k = 0,...,r-l) 

Remark 8.1 Theorem 8.1 generalizes some results already obtained in [4]. More pre- 
cisely, assuming £ = l,j — l,r — 3 we find eqs. (10.1)-(10.2) in ref. [4]. Furthermore, 
if £ — 1, j — s, we recover (11. 1)-(11.2) of the same reference. 
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Abstract 



By using a functional analytic method we evaluate the Newton sum rules of 
the zeros of some classes of associated orthogonal q-polynomials, in terms of the 
coefficients of the three-term recurrence relation, which they satisfy. As particular 
cases we obtain the Newton sum rules of some associated orthogonal polynomials 
found recently. 

Keywords: Newton sum rules, associated orthogonal q-polynomials. 
MSC2000: 33C47, 33D45. 

1 Introduction 

In the mathematical physics literature the moments of the distribution of zeros of 
polynomials have received a great deal of attention [8]. In order to know the distribution 
of zeros of polynomials, it is desirable to learn as much as possible about the density of 
their zeros. This can be done by studying the moments around the origin of the density 
of zeros of polynomials from which valuable information can be derived [5] . 

The evaluation of the moments of zero distribution or equivalently the Newton sum 
rules of the zeros of classical orthogonal polynomials have been studied in [2, 7, 8, 9, 11, 
12, 18, 21, 23, 28], of semiclassical orthogonal polynomials in [22, 32], of associated and 
co-recursive associated orthogonal polynomials in [18, 24, 29], of the scaled co-recursive 
associated orthogonal polynomials in [16, 25], of quasiorthogonal polynomials of the clas- 
sical class in [34] and of relativistic polynomials in [26] . 

Lately there has been an increasing interest in the orthogonal q-polynomials due 
to their applications in various areas of mathematics and physics (see [1] and the re- 
ferences there in). The classical orthogonal q-polynomials were introduced by Hahn 
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in 1949 [10] when in analogy to the classical orthogonal polynomials he was interested 
in finding all the orthogonal polynomial sequences, the q-derivatives of which, defined 

f[X ) — f \QX) 

by D a f(x) = — t r , are also orthogonal. Hahn obtained the first results as q- 

(1 — q)x 

hypergeometric series, after solving a Sturm-Liouville type equation in q-differences. In 
1985, Andrews and Askey [4] continued the work of Hahn from the hypergeometric point 
of view. They showed that all the classical orthogonal polynomials can be obtained as 
limit cases of the q-Racah or the Askey- Wilson polynomials which are defined in terms 
of basic hypergeometric series 4^3. For more information regarding the q-polynomials 
see [3, 19]. Recently various results were derived in [20, 27, 30] concerning the mono- 
tonicity and convexity properties, and various inequalities regarding the zeros of some 
classes of associated orthogonal q-polynomials. We recall that the associated orthogonal 
q-polynomials are obtained from the orthogonal q-polynomials after replacing n by n + c 
in the coefficients of the recurrence relation that they satisfy. In [1] the authors study 
the discrete density of zeros (i.e the number of zeros per unit of zero interval) of the 
q-polynomials and its asymptotic limit. 

As far as the classical orthogonal polynomials are concerned, it is known that they 
satisfy a second order differential equation while the corresponding associated and the co- 
recursive associated ones satisfy a fourth order differential equation [29, 33]. This property 
has been be used in [6, 7, 8, 13, 22, 23, 28, 29, 33, 34] to evaluate the moments of zero 
distribution of these polynomials, in terms of the coefficients of the differential equation 
that they satisfy. However, the orthogonal q-polynomials do not satisfy a differential 
equation but a q-difference equation of the following form 

a(x)D q D 1/q y(x) + r(x)D q y(x) + \ n y{x) = 0, 

where cr(x) and t(x) are polynomials of at most second and first degree respectively. 

In the case of the associated orthogonal q-polynomials, a functional analytic method 
based on the three term recurrence relation that they satisfy, can be used to determine the 

JV-l 

Newton sum rules J2 \*(c\q), k — 1, 2 ... , of the zeros X n (c\q) of the polynomials under 

n=0 

consideration. This method has been introduced in [16] to obtain the Newton sum rules 
of the scaled co-recursive associated polynomials. In the present paper using this method 

AT-l 

we give the explicit expressions for the Newton sum rules Yl ^n( c k)> & = 1> 2, 3, 4 of the 

n=0 

zeros of some families of associated orthogonal q-polynomials. We mention that by use 
of this method it is possible, although tedious, to calculate the Newton sum rules for any 
desired k. 
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In section 2 we describe briefly the method we use and in section 3 we determine 
the Newton sum rules for the zeros of the associated q-Laguerre, associated q-Charlier, 
associated continuous q-Ultraspherical, q-Lommel, associated q-Meixner, and associated 
Al-Salam-Carlitz I, II polynomials. From these, if we let q — > 1~, we obtain as particular 
cases the Newton sum rules for the zeros of the associated Laguerre, associated Charlier, 
associated Ultraspherical and associated Meixner polynomials found recently [2, 12, 16, 
18, 24, 25]. Also, from the Newton sum rules for the zeros of the q-Lommel polynomials, 
we obtain the corresponding results for the zeros of q-Bessel functions and from them the 
known Rayleigh sums [31] for the zeros of Bessel functions. 



2 Preliminaries 

A sequence {Qn{x\q)}^ =0 of orthogonal q-polynomials satisfies a three term recurrence 
relation of the form 

a n (q)Q n+1 (x\q) + f3 n (q)Q n -i(x\q) + b n (q)Q n (x\q) = xQ n (x\q), n = 0, 1, 2, ... 

Q_ 1 (x\q) = 0, Q (x\q) = l, 

with a n (q), f3 n (q), b n (q) real sequences and ct n -i(q)/3 n (q) > 0. We will always assume that 
<q < 1. 



If we set P n (x\q) = U n Q n (x\q), where U n = J a yJ^ U n -i, C/_i = 0, U = 1, we 
obtain the corresponding q-orthonormal polynomials P n (x\q) which satisfy the recurrence 
relation 

a n (q)P n+1 (x\q) + o n _i(g)P n _i(x|g) + b n (q)P n (x\q) = xP n (x\q), (2.1) 

where a n (q) = y/a n (q)(3 n+ i(q). Obviously the polynomials P n (x\q) and Q n {x\q) have the 
same zeros. 

The q- associated orthonormal polynomials P T [ (x\q) are obtained after replacing n by 
n + c, for arbitrary real c > or c > — 1 in the coefficients a n (q) and b n (q) of (2.1), i.e. 
they satisfy the following recurrence relation: 

a n+c (q)P^%(x\q) + a n+c _ 1 (g)P^ ) 1 ( a ;|g) + b n+c (q)Pi c \x\q) = xP^\x\q), (2.2) 

P {c l(x\q) = 0, P (c) (x|g) = l. 
The functional analytic method that we use is, briefly, the following: 



50 KOKOLOGIANNAKI ETAL 



Let e n , n = 0, 1, ..., N — 1 be an ortho normal base in a finite dimensional Hilbert space 
H N , V the truncated shift operator Ve n = e n+ i, n = 0, 1, ..., N — 2 and Ve^y^! = and 
V* its adjoint V*e n = e n _i, n = 1, 2, ..., TV - 1, \/*e = 0. Also let ^^(g), 5( c )(g) be the 
diagonal operators A^ c \q)e n = a n+c (q)e n and B^(q)e n = b n+c (q)e n , n — 0,1, ...,N — 1. 

According to [14, 15] the zeros X n (c\q) of the polynomials Pn (x\q) defined by (2.2) 
are the eigenvalues of the operator 

T^(q) = A (c) (q)V* + VA (c \q) + 5 (c) (g), (2.3) 

i.e. 

(A^(q)V* + VA^(q) + B®(q))x n (c\q) =\ n (c\q)x n (c\q), 

(2.4) 
||x„(c|g)|| =1, n = 0,l,...,iV-l, 

and vise versa. 

In the following, we use an important result in the operator theory, for a symmetric 
operator M in a finite dimensional real Hilbert space, e.g. the space H^\ "The sum 

JV-1 

^ (Me n , e n ) is independent of the orthonormal base e n , n — 0, 1, ...N — 1." As in [16] it 

rc=0 

can be proved that, if x n (c\q), n — 0, 1, ..., N — 1, is the complete orthonormal system of 
eigenvectors of the operator T^ c \q) in H^, then 

JV-1 N-l JV-1 

J2 {{T^)\q)e n e n ) = £ ((T( c )) fc (g)x„(c|g), x n (c|g)) = £ A* (c|g). (2.5) 

n=0 n=0 n=0 

From (2.5), we obtain for k = 1,2,3,4, correspondingly 

JV-1 N-l 

J>„(c|g) = ^&„ +C (g), (2.6) 

n=0 n=0 

JV-1 JV-2 JV-1 



J] A^(c|g) = 2 ]T a^fa) + ^ b 2 n+c (q), (2-7) 

n=0 n=0 n=0 

AT-1 JV-2 JV-2 JV-1 

J2 A '( C l^ = 3 E a n +C (<?K +C (<Z) + 3 E a n+c(9)&n+c+l(g) + £ ^ +c (<?), (2.8) 



n=0 n=0 n=0 n=0 

and 

JV-1 JV-1 JV-2 JV-3 



E A «( C ^) = E 6 n+ C (?) + 2 E a n+M + 4 E a n+c(<?K 2 l+c +l(g) + 
n=0 ro=0 ro=0 n=0 

JV-2 JV-2 JV-2 

+ 4 E a n+c(<7) 6 n+ C (<7) + 4 E a n+c(<7) & «+ C +l(<?) + 4 E a n+c(<?K+c(<?)frn+e+l (?)■ 



(2-9) 



n=0 n=0 n=0 
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3 Main results 

3.1 Associated q-Laguerre polynomials 

The associated q-Laguerre polynomials Li? (x; a\q) satisfy the recurrence relation (2.2) 
with 



, (1 - g n+c+1 )(l - g«+c+«+i) _ 1 - q n + c + l + q - q n+c+a+i 

a n+M) - \l 4n+4c+2a+3 ' °n+M) ~ 2n+2c+a+l ' 

for < q < 1. From (2.6)-(2.9) we obtain, after some manipulations, the relations: 

JV-l JV-l N-l 

J2 Uc\q) =(1 + q)q- 2c ~ a - 1 £ q~ 2n ~ (1 + <f)q-~ £ ^ = 

n=0 n=0 n=0 



_1 - q 2N - (1 + q a )q c + N \l - q? 
~ q2c+2N+a-in _ q\ 

N-l N-2 N-2 



(3-1) 



£ A 2 (c|g) = 2g- 4c ' 2a - 3 Y, q~ An ' 2(1 + q a )q^ c ~ 2a ' 2 £ g- 3n + 

n=0 n=0 n=0 

AT-2 N-l 

+ 2g- 2c - fl - 1 J2 <T 2 " + (i + <?) V 4c ~ 2a ~ 2 £ q~ 4n + 



n=0 n=0 

N-l N-l 

+ (1 + g«) 2 g - 2c - 2a J^ g-2™ - 2(1 + q)(l + q *) q -^-^ J^ <T 3 ™ = (3.2) 

n=0 n=0 

(_ g _ 2 g 2 + 2g 47V + 2g 1+c+JV + 2g 2+c+JV + 2g 1+a+c+Af + 2 g 2 + a+c+JV - 

_ l+2c+2N _ 9„l+a+2c+2A r _ 9 2+a+2c+2Af _ l+2a+2c+2N , „1+4AT_ 

— 2a c+iN — 2o 1+c+47V — 2o a+c+47V — 2a 1+a+c+AN + 1+2c + 47V _|_ 

i_2 «+2c+4Ar , 2„l+a+2c+4Af , l+2a+2c+47V\ / // 2 _ -j\ 2a+4c+4JV-l\ 



^ 3 _ (3 + 3g + 3g 2 + g 3 ) (1 + 3g + 3g 2 + 3g 3 ) 

2_^ A n\ C \q) - „6c+3a n _ q 3\ + q 6N +6c+3a-3 (l _ q3) 

3(l + g)(l + g a ) 3(l + g)(l + g a ) 

+ g 5c + 3a (l — g) g5iV+5c+3a-3M _ g) + 



+ 



3 (1 + 2q a + g 2a + q 1+a ) 3 (q + q a + 2q 1+a + q 1+2a ) /g_g) 

„4A r +4c+3a-3^ _ „\ „4c+3aQ _ g\ 

(1 + 3g a + 3g 2a + q 3a + 3q 1+a + 3q 2+a + 3q 1+2a + 3q 2+2a ) 

g3iV+3e+3a-3 ~R _ q3\ 

(q 2 + 3q a + 3g 2a + 3g 1+a + 3g 2+a + 3g 1+2a + 3g 2+2a + g 2+3a ) 

„3c+3a-l n _ „3\ ' 
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and 



JV-1 



v- X 4/ n (4 + 4g + 8g 2 + 8g 3 + 6g 4 + 4g 5 + g 6 ; 

1 + 4g + 6g 2 + 8g 3 + 8g 4 + 4g 5 + 4g' 



n=0 



+ 



„8A r +8c+4a-4Q _ g4^ 



4(l + 2g + g 2 + g 3 )(l + g a ) 4 (1 + g + 2g 2 + g 3 ) (1 + g a ) 

„77V+7c+4a-4(]_ _ „\ + „7c+4a+2Q _ „) + 

4 (1 + q a ) (g 2 + q a + 2g 1+a + 2g 2+a + g 2+2a ) 

g5c+4a+l( 1 _ g ) 

4 (1 + 3g a + 3g 2a + g 3a + 2g 1+a + q 2+a + 2g 1+2a + g 2+2a ) 

g5N+5c+4a-4n _ g\ ^ 

2 (3 + 6g + 4g 2 + 2g 3 + 6g a + 3g 2a + Uq 1+a + 12g 2+a ) 

q6N+6c+4a-4 ~R ~ „2\ '" 

2 (6g 3+a + 2g 4+a + 6q 1+2a + 4g 2+2a + 2q 3+2a ) (34) 

„67V+6c+4a-4 Q _ „2) 

2 (2g + 4g 2 + 6g 3 + 3g 4 + 2g a + 6g 1+a + 12g 2+a ) 

g6c+4a+2 M — g 2 ) 

2 (14g 3+a + 6g 4+a + 2g 1+2a + 4g 2+2a + 6g 3+2a + 3g 4+2a ) 

g6c+4a+2 n _ g2\ 

(1 + 4g a + 6q 2a + 4g 3a + g 4a + 4g 1+a + 4g 2+a + 4g 3+a + 8g 1+2a ) 

„47V+4c+4a-4 7± _ „4\ '" 

(10g 2+2a + 8q 3+2a + 4g 4+2a + 4g 1+3a + 4g 2+3a + 4g 3+3a ) 

g47V+4c+4a-4 J\ _ „4\ 

(g 4 + 4g 2a + 4g 1+a + 4g 2+a + 4g 3+a + 4g 4+a + 8g 1+2a + 10g 2+2a ) 

g4c+4a Jl _ g 4) 
/Q„3+2a I g„4+2a _i_ ^„l+3a _i_ A„2+3a , A„3+3a _i_ ^„4+3a _i_ „4+4a\ 

g4c+4a (1 - g4) 



respectively. 

Remark 3.1.1. If we divide (3.1) by 1 - q, (3.2) by (1 - g) 2 , (3.3) by (1 - g) 3 , (3.4) by 
(1 — g) 4 and let g — > 1~, we obtain the Newton sum rules for the zeros of the associated 
Laguerre polynomials, which have been found in [16, 24]. Also, for c = we obtain the 
Newton sum rules for the Laguerre polynomials which were given in [2]. 
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3.2 Associated q-Charlier polynomials 

The associated q-Charlier polynomials Cn (q~ x ;a\q) and the associated q-Laguerre 
polynomials Ln (x; a\q) are related in the following way 

it»(xi.|«)= ^ • 

Hence, if A^(o, c|g) and A^(o, c|g) are the zeros of the associated q-Laguerre and asso- 
ciated q-Charlier polynomials respectively, it holds 

JV-l / 1 / \ \k N-l 

E( A n(-^p,c|,)) =J2(- q - xCM) ) k , A; = 1,2,.... (3.5) 

n=o ^ y / n=0 

JV-1 

By using relation (3.5) we can find the following sums 2_, Vni c 'i °l<?)> were y n (c; a\q) = 

71=0 

q-Ki c 'A<i) _ \ f or the associated q-Charlier polynomials. From these, by setting a(l — q) 
instead of a, dividing by (1 — q) k and taking the limit q — *• 1~ we get the Newton sum 
rules for the associated Charlier polynomials, which for k — 1,2,3,4 are the following: 



N-l 

J2^n(a,c) = -N(N + 2c + 2a-l), (3.6) 

n=0 



\-*\ 2 , n 2 Ar /V (1 + 6 (c - 1) c - 3/V + 6c/V + 2/V 2 ) 
> \l (a, c) =a 2 N + —± 5: 1 — L + 

tf> 6 (3-7) 

+ 2a((N - 1) N + c(2N - 1)) , 



N-l 



^ 3 jV(-l + 2c + AQ(2c 2 + 2c(-l + iV) + (-l + iV)iV) 
2^ A n(«. c) =a TV + + 

rz=0 

+ 3a ((-1 + N) 2 N + c 2 (-2 + 3JV) + c (-1 + N) (-1 + 37V)) + 

3a 2 (3 (-1 + N) N + c (-4 + 6AQ) 
+ 2 

and 



(3.J 
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N-l 



£ A*(«, c) = a 4 7V + ((c - l) 2 c 2 - 1] TV + (c - 1) c (2c - 1) iV 2 + 

n=0 ^ ' 

+ (1 + 6(C - 1)c)iV3 + (c-l)iV 4 + ^ + 4.3(2(iV-l)iV + c(4iV-3)) + (3.9) 

+ 4a ((TV - 1) 3 /V + c 3 (4iV - 3) + c(7V - l) 2 (4/V - 1) + c 2 (3 - 9iV + QN 2 )) + 
+ 2a 2 ((-1 + N)N (-7 + 67V) + c 2 (-17 + 187V) + 2c (3 + TV (-13 + 97V))) 

Remark 3.2.1. For c = 0, from relations (3.6)-(3.9) we obtain the Newton sum rules for 
the zeros of Charlier polynomials, which were also given in [2]. 



3.3 Associated continuous q-Ultraspherical polynomials 

The associated continuous q-Ultraspherical polynomials satisfy the recurrence relation 

(2.2) with 



a n +c(q) 



1 (l-q n+c+1 )(l -AV+ C ) 



2'V (1 -A(/"+')(:i -Ag^ 1 ) 6 " +c(g) °' 
From (2.6) and (2.8) we have 



JV-1 



N-l 



J2 An(ck) = J2 X n(c\q) = 0. 



n=0 



n=0 



From (2.7) and (2.9), using the relation 

(1 -<f +c+1 )(l -AV +C ) 
(1- Ag"+ C )(l -\q n + c+1 ) ~ 
(l-A)(A-g) 
"' A(l-g) 

after some manipulations we obtain: 



g n+c (l-A)(A-g) 
(1- \q n+c )(l - \q n+c+l ) 
1 1 



1 - \q n+c 1 - \q 



n+c+l 



(3.10) 



N-l N-l , 

n=0 n=Q ^ 



q n+c+1 )(l - X 2 q 



2„n+c\ 



Xq n+C )(l - Xq n+C+1 ) 
1 



7V-1 (l-A)(A-g) 

2 2A(l-g) 



1 



1 - \q c 1 - \q 



c+N-l 



(3.H) 



NEWTON SUM RULES OF THE ZEROS... 



55 



and 






















n=0 n=0 *• \ 1J 


1 
1 - \q n+c 


1 


}"♦ 


1 -Ag n+C+1 _ 


+4 iy( 1+ (i-A)(A-,) 


1 
1 - \q n ~ 


1 


) 


he ]_ A(3 ra+C+1 


f 1 , (l"A)(A-g) 
I A(l-g) 


1 
_1-Ag n+C+1 ] 


1 


}- 


- Ag"+ c+2 _ 


3iV-5 (l-A) 2 (A-g) 2 ^ 
8 ' 8A 2 (l-g) 2 




( l l Vi 1 l 






\l-\q c + N - 2 l-\q c + N - l J ' (1-Ag c ) 2 (1 - \q c + N - 2 ) 2 




(l-A)(A-g) 


1 2 2 
_1-Ag c+1 l-Ag^^- 1 ' 1 - \q c 


1 




4A(l-g) 


l-Ag c +^ 2 _ 




(l-A) 2 (A-g) 2 


q \ l g 


4A 2 (l-g) 2 (l-g 2 ) _ 


1 - \q c+1 1 - 


\q c ' l-Ag c+iV - 


2 1-, 


\<J 


C+AT-l 



(3.12) 



Remark 3.3.1. Setting in (3.11) and (3.12) q x instead of A and taking the limit q — ► 1 _ , 
we find the Newton sum rules for the associated Ultraspherical polynomials, which can 
also be obtained, as special cases (a = b = X — 1/2) from the corresponding formulas for 
the associated Jacobi polynomials which are given in [16, 24, 25]. 

Remark 3.3.2. The associated continuous q-Legendre polynomials Pn (x\q) are related to 
the associated continuous q-Ultraspherical polynomials Cn (x; \\q) in the following way 

C®(x;qi\q) = q-$ n PJ?>(x\q). 

Therefore, the Newton sum rules for the zeros of the associated continuous q-Legendre 
polynomials can be obtained from the corresponding Newton sum rules for the zeros of the 
associated continuous q-Ultraspherical polynomials by setting \ = q? . Moreover, taking 
the limit q — *■ 1~ we get the Newton sum rules for the zeros of the associated Legendre 
polynomials, which for c = (Legendre polynomials) were also given in [2]. 

Remark 3.3.3. The continuous associated q-Hermite polynomials can been obtained from 
the continuous associated q-Ultraspherical polynomials, by setting A = 0. Thus the 
Newton sum rules for the zeros of the continuous associated q-Her mite polynomials are 
obtained from (3.11) and (3.12) for A = 0. From these, by setting x\ / -^ instead of x and 
letting q — *• 1~ we obtain the Newton sum rules for the associated Hermite polynomials 
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found in [12, 16, 18, 24]. Moreover, for c = we find the Newton sum rules of the zeros 
of Hermite polynomials which were also given in [2] . 



3.4 q-Lommel polynomials 

The q-Lommel polynomials satisfy the recurrence relation (2.2) with 

1 



a>n{v\<l) 



q 



u+n 



2 y (1 -q u+n+1 )(l -q u+n ) 
From (2.6) and (2.8) we obtain 



, K{v\q) = 0. 



JV-l 



JV-1 



^ A>|g) = ]T A^(%) = 0. 



n=0 



Also, from (2.7), using the relation 



Q 



n=0 



1 



we obtain 

JV-1 



£ A >I*) = 2(T 



1 - q n+u+1 ){l - q v+n ) 1-q 
1 



n=0 



?) 



1 



l-q v I- q"+ N - 1 



\ gv+n -y qv+n+i 



Also, from (2.9) using (3.13) and the relations 

1 1 



(l_ g i/+n+l)(l_ g i/+n+2) l_ g 

1 _ 1 

(1 - q»+ n )(l - <f+»+2) ~~ 1 - q 2 
after some manipulations we obtain 



2(1 - q)(l - q")(l - g^"- 1 )' 



q 



\ — qv+n+l ]_ _ qV+n+2 



(f 



\ gV+n ^ qU+n+2 



N-l 1 

^A^(z/|g) = -- 
n=0 " " 

1 AT-3 

+ 2^ 



9 



2;/+2(7V-2) 



H _ Q l/ + Ar - 1 ) 2 (l — q v+N-2\2 
q 2(u+n) 



2q 



2{v+n)+l 



(\ — qV+n+l\2(\ — qv+n\2 H _ qV+n\(\ — q"+ n + 1 ) 2 (l — qV+n+2) 

2v+2(N-2) 



(3.13) 



(3.14) 



23 (i _ qu+N-iy^i _ q u+N-2y 



(3.15) 



+ 



2 3 



1-^)2 (l_ g v+iV-2)2 t _ q 2 y 1 _ q u+N-2 X _ q 

2q 



1-q 2 yi-q^ 1 l-q"+N-i 



'i-qy 
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Remark 3.4.1. It is known [17] that when N — >■ oo then \ n (v\q) — ► ±- — ^— rr, where j u ,n(q) 
are the zeros of the q-Bessel function. Thus, from (3.14) and (3.15) for N — *■ oo we obtain 



OO -. 



,^+1 



n=0 



f(q) A(l-q)(l-q^Y 



oo 



n=0 Jl/ >™ 



#n(?) 23 



+ 



1-9 



(1- 5^+1)2 (l + g )(l_g^+l)(l_^+2) ' 1 + g 



;i-?) : 



(3.16) 



, (3.17) 



If we multiply (3.16) by (1 — g) 2 , (3.17) by (1 — g) 4 and let q — ► 1 , we obtain the 
known [31] Rayleigh sums for the zeros j UyU of Bessel functions. 



3.5 Associated q-Meixner polynomials 

The associated q-Meixner polynomials satisfy the recurrence relation (2.2) for 
x = q~ x — 1 and 



a n (r,b,c\q) 



'r(l - g™+ c +!)(r + g n+c+1 )(l - bq n+c+l ) 

4n+4c+3 



b n (r, b, c\q) = q- n - c + r[l + q - (1 + h)q n+c+l ]q- 2n - 2c ~ l - 1, 

where c > — 1, r > and 6 < q~ c ~ 1 . Setting y n (r, b, c\q) = q- Xn ( r < b < c \i) — 1 and after some 
manipulations, from (2.6) - (2.8) we obtain 



iV-l 



N-l 



N-l 



N-l 



n=0 



J2 Vn(r, b, c\q) = J2 K(r, b, c\q) = ^ (-1) + g c J^ <7~ n + 

n=0 n=0 n=0 

N-l N-l N-l 

+ rq~ 2c ' 1 J2 ^ + r( l~ 2C Yl q ~ 2U - r ^ + b "> q ~ C Yl q ~ H = ^' 18 ^ 



-N + 



n=0 

-c-N+1 

i-q 



n=0 



n=0 



-c-N i 



,2JV\ 



[(1 - q N )(l -r-rb)+ rq- c ~ N (1 - O], 



N-l 



N-2 



N-l 



N-2 



n=0 



Y yl(r, b, c\q) = 2 £ <£(r, b, c\q) + £ b 2 n (r, b, c\q) = 2r V 4 ^ 3 £ g~ 4 "+ 

n=0 n=0 n=0 

AT-2 iV-2 AT-2 

2r(l - r - r%- 3c ~ 2 ^ g" 3 ™ - 2r(l + b - r&)g _2c_1 J^ ^ + 2r6 <T C X! q 



n=0 



n=0 



n=0 
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N-l N-l N-l 

+ Y. 1 + r2 ( X + ^ 2( f AC ' 2 Yl ^ + 2r ( 1 + ?)(!- r - rb)q- Zc - 1 Y, (f* n 

n=0 n=0 n=0 

N-l N-l N-l 

+ (1 - r - r6)V 2c ^ g~ 2 " - 2r(l + g)g~ 2c_1 ^ 9~ 2n + 2(1 - r - r%~ c ^ g' 

n=0 n=0 n=0 

g" 4c+1 (2 + g)r 2 g- 4JV " 4c+2 (l + 2g)r 2 2g~ 3c+1 r(l - r - r&) 
1 — g 2 1 — g 2 1 — g 

2g- 3JV - 3c+2 r(l - r - r&) , 2g~ c+1 (l - r - 2r&) 



+ 



1 — g 1 — g 

2g _JV_c+1 (l — r — rb — rbq) 

g _2c+1 (g — Ar — 2br — Aqr — 2bqr + 26r 2 + gr 2 + 2&gr 2 + b 2 r 2 q) 

1-g 2 + 

q- 2N ~ 2c+1 (q - 2(1 + g)(l + g + bq)r + g((l + bf + 26g)r 2 ) 



(3.19) 



1-g 2 
and 

JV-1 

Y^ yl{r, b, c\q) = A + Br + Tr 2 + Ar 3 , (3.20) 

n=0 

where 

Zql-cQ _ q -N} | 3g 2-2c (1 _ g -2JV) g 3-3c (1 _ g -3tf) 

j\ — — _/V — — 



1-g (1-g 2 ) (1-g 



Y l-4c-4iV 



B J^- {g 2 - q 4N + q c+N [(3 + b) q 3N - g (2 + g + 6g)] + g 3 ^ [-1 + g w + 

+ b (-1 - 2g + 3q N )] + q 2(c+N) [l - 3 (1 + b) q 2N + g (2 + 6 (2 + g))] }, 
3(l + g) 3g 3 " 5c ~ 5Af (1 + g) 3 (& + 3g + 5&g + & 2 g) 



l + g)g 5c -1 + g (-l + g)g 3c 

Sg 1 -^ (36 + b 2 + g + 36g + 26 2 g) 3 g 2-3c-3iv ( 2 + 2& + g + 3&g + 6 2 g + 6g 2 ) 



(-1 + g) (1 + g) -1 + g 

3 (1 + b + 5g + 36g + 3g 2 + 26g 2 ) 

(-l + g)g 4c (l + ?) + 

3g 2-2c-27v (i + 26 + & 2 + 36g + 6 2 g + 6g 2 + 6 2 g 2 ) 

+ (-1 + g) (1 + g) + 

3g 2~4c-4iv (i + 4 g + 26g + 3g 2 + 36g 2 + g 3 + 6g 3 ) 

(-1 + g) (1 + g) ' 
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and 



-3(l + 6)(l + g) 3 {1 + b) q 3 ~ 5c ~ 5N {1 + q) 3q 3 - 4c - 4N (1 + 26 + b 2 + bq) 

(-l + q)q 5c -1 + q -1 + q 

3(b + q + 2bq + b 2 q) (1 + b) g 1 ^ (36 + 3bq + q 2 + 2bq 2 + b 2 q 2 ) 

+ (-l + g)g 4c (-l+q)(l + q + q 2 ) + 

q 3-3c-3N (1 + 35 + 3^2 + b 3 + 3bq + 3b 2 g + 36g 2 + 3^2) 



+ 



(-l + g)(l + g + g 2 ) 
3 + 3q + 3g 2 + g 3 g 3-6c-67V ( X + 3g + 3g 2 + 3g3 > 



'-l + q)q 6c (l + q + q 2 ) (-1 + g) (1 + q + q 



2^ 



Remark 3.5.1. Setting q 13 1 , and instead of 6 and r respectively and taking the limit 

1 — \x 

q — » 1 _ in (3.18) - (3.20), we obtain the following Newton sum rules for the zeros of the 
associated Meixner polynomials. 

EA„(ft..c) ^ (1 - JV - (JV :; + _ 2 f^- 2c(1 + " )) . (3.21) 



n=0 
JV-1 



2(fi 



Y^%(P,l*,c) = - / rTV(l + 6(-l + c)c-3TV + 6cTV + 2TV 2 ) 

^ 6(-l + /i) 

+ 2 (6c 2 (27V - 1) + 6c (27V - 1) (TV + /3 - 1) + (TV - 1) TV (47V + 6(3 - 5)) fi 

+7V (1 + 6c 2 + 27V 2 + 6 (-1 + (3) (3 + 6c (-1 + TV + 2(3) + TV (-3 + 6(3)) /j, 2 ] 



(3.22) 



(3.23) 



N-l 

J2^l (P, H c) = — -3 [(7V(2c + TV - l)(2c 2 + 2c(7V - 1) + (TV - 1)TV)+ 

t^o 4(1 -/i) 

3(4c 3 (3TV - 2) + 2c 2 (3TV - 2)(3TV + 2(3 - 3) + (TV - 1) 2 TV(3TV + 4(3- 4) + 

c(TV - 1)(2 - 2(3 + 3TV(2TV + 2(3- 3)))/x + 3(4c 3 (-2 + 3TV) + 2c 2 (-2 + 3TV) 

x (3TV + 4(3 - 3) + (TV - 1)TV(4 + TV(3TV - 7) - 10(3 + 8N(3 + 6(3 2 ) + 

2c(6TV 3 + Q(3 - 2 - 4(3 2 + 3N 2 (4(3 - 5) + 7V(11 + 6((3 - 3)(3)))/j 2 + 

7V(2c + TV + 2(3 - l)(2c 2 + TV 2 + 2((3 - l)(3+ 

N{2(3 - 1) + 2c(TV + 2(3- l))/i 3 )] . 

N-l 

Also, from the sum Yl (q~ Xn ^ r ' b ' c ^ — l) 4 , which can be obtained in a similar way, but 

n=0 

which we omit due to its complexity and lack of space, we get the following Newton sum 
rule of the fourth power of the zeros of the associated Meixner polynomials 
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N-l 



J2 K(P, V, c) = -— ^ -,{A + Bfi + I> 2 + A/i 3 + £//}, (3.24) 

^^ 30(-l + /z) 



n=0 



where 



A =TV (-1 + 30c 4 + 60c 3 (-1 + TV) + 30c(-l + N) 2 N+ 

30c 2 (-1 + TV) (-1 + 2iV) + TV 2 (10 + 3iV (-5 + 2N))) , 

B =4 [30c 4 (-3 + 4TV) + 30c 3 (-3 + 4iV) (-2 + 2TV + (3) + 

(-1 + TV) AT (-31 + 89TV - 81N 2 + 24TV 3 + 30(-l + N) 2 (3) + 
30c(-l + TV) 2 (1 - (3 + 27V (-3 + 2N + 2(3)) + 

30c 2 (-1 + N) (4 - 3/? + N (-13 + 8JV + Q(3))] , 

T =6{10c 4 (-17 + 187V) + 20c 3 (-17 + 187V) (-1 + TV + (3) + 

(-1 + TV) TV [-79 + TV (181 + TV (-139 + 36TV)) + 150/3+ 

10TV (-23 + 9TV) j3 + 10 (-7 + 6TV) (3 2 ] + 10c 2 [-25 + 36TV 3 + 
(40 - 17/3) (3 + 6TV (-4 + /3) (-4 + 3/3) + 3TV 2 (-35 + 18/3)] + 

20c (-1 + TV + (3) (-4 + 3/3 + TV (22 - 13/3 + TV (-26 + 9TV + 9/3)))}, 

A =4{30c 4 (-3 + 4TV) + 30c 3 (-3 + 4TV) (-2 + 2TV + 3/3) + 

30c [(-1 + TV) 2 (1 - 6TV + 4TV 2 ) + 2 (-1 + TV) (2 - 9TV + 6TV 2 ) (3+ 
6 (-1 + TV) (-1 + 2TV) /3 2 + (-3 + 4TV) /3 3 ] + 30c 2 [8TV 3 - (2 - 3/3) 2 + 
3TV 2 (-7 + 6/3) + TV (17 + 6/3 (-5 + 2/3))] + (-1 + TV) TVx 
[-31 + 24TV 3 + 9TV 2 (-9 + 10/3) + 

30/3 (4 + (3 (-5 + 2/3)) + TV (89 + 30/3 (-7 + 4/3))]}, 
and 

E = N[-1 + 10TV 2 - 60cTV 2 + 60c 2 TV 2 - 15TV 3 + 30cTV 3 + 6TV 4 - 60TV 2 /3 + 120cTV 2 /3+ 

30TV 3 /3 + 60TV 2 /3 2 + 30(-l + c + /3) 2 (c + /3) 2 + 

30TV (-1 + c + /3) (c + (3) (-1 + 2c + 2/3)] . 

Moreover for c = from (3.21)-(3.24), we obtain the Newton sum rules for the Meixner 
polynomials. The first three of them were also given in [2]. 
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Remark 3.5.2. The associated q-Charlier polynomials can be obtained from the associated 
q-Meixner polynomials for 6 = and r = a. Thus from (3.18)-(3.20) we immediately find 
the corresponding formulas for the associated q-Charlier polynomials. Moreover, setting 
a = a(l — q) and taking the limit a — ► 1~ we obtain the Newton sum rules for the 
associated Charlier polynomials (see (3.6)-(3.9)). 

Remark 3.5.3. The associated Al-Salam-Carlitz II polynomials can be obtained from the 
associated q-Meixner polynomials by setting b = —t~ l a and taking the limit t — ► + . 
Then from (3.18)-(3.20), after some manipulations, we find 

EA.(^.)^£^ = %^ , (3.25) 

n=Q H n=0 H y H > 



N-l 9 N-2 +c+1 , , V N-l 

n=0 y n=0 y y n=0 



2n 



2a(l - g 2jV - 2 ) - 2a(l + a)(l - Q "-i) g °+*+i + (q + 1) 2 (1 - g 2jV )a 

g 2c+27V-3( 1 _ g 2) 



(3.26) 



JV-1 



v 3 , ,, = _ 3o(l + a) (l + a)((l + a) 2 + 3aa(l + a)) 

Z^ A n\ a i C \<1) q _ \ 2iV+2c-3 + g3Af+3c-3Q _ Q 3) 

(1 + a)(3a(l + a + q c+l ) + a 2 (l + a) 2 - 3aa c (l + a) 2 ) 

-,3c- 1 



(3.27) 



gdc-l(l -gd) 

JV-1 

Also, from the formula of ^ (g-^n(r,M?) _ -^4^ we g n( j 

n=0 

^ 4 (1 + q)V-«^ (1 - Q 2«q-^-^ f 6 

n=0 ^ ^ 

+ a 47V (2a + aq 2 ) + 2(1 + a) 2 (l + a + q 2 ) (-a 5 + a 1+4iV ) + (3.28) 

+ aq 2(c+N ^ (q + a 3 ) (q 2N (2 + a) - q 3 (1 + 2q)) + 2q c+N (1 + a) X 
x (1 + a 2 ) (-q 3N (a + (1 + a) 2 g) + a 4 (1 + a (2 + a + a))) }. 

3.6 Associated Al-Salam Carlitz I polynomials 

The associated Al-Salam Carlitz I polynomials satisfy the recurrence relation (2.2) 
with 
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a n+c (a\q) = ^-a{l - g n+ c +i) g n+ C) b n+c {a\q) = (1 + a)g n+c , a < 0. 
From equations (2.6)-(2.9) we find 



> A n o,cg = 

^— ' 1 — g 

n=0 ^ 



V*\ 2 , , ,_ g 2c (l + «) 2 (l-g 2JV ) , 2ag 2c + 4 (l - g 2N ~ 2 ) 2a?{l- q N ^) 

71=0 H 11 



■ V ~ «■» '- ■ ^ 2c-2/^2 „2iV I „3N+c\ 



$^(a,c|g) 



3a(l + a)g 2c " 2 (g 2 - q 2N + g 3 



1-g 

q 3N+3c (a 2 - a + I) (a + 1) (1 + a)g 3c [(1 + a) 2 + 3ag(l + g)] 
1 — g 3 1 — g 3 

and 



^\ 4 , , , 4ag 37V+3c - 4 (a + g + 2ag + a 2 g) 2a 2 g 2iv+2c-3 (2 + n 

z^ A >> c i?) = r^ r^ 

n=0 y H 

q 4(N+c-i) ^ 4a 2 + 4o ^ + a ^2 q + 2a (2 + a) (1 + 2a) g 2 + 4o(l + a) 2 g 3 + (1 + a) 4 g 4 ] 



+ 



1-g 4 
g 2c [g 2c + a 4 g 2c - 4ag c (1 + g) (1 + g 2 ) (1 - g c ) - 4a 3 g c (1 + g) (1 + g 2 ) (1 - g c )] 

1-g 4 
g 2c {2a 2 (1 + g 2 ) (1 - g c ) [1 + 2g - g c (3 + 2g (2 + g))]} 



1-g 4 
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Abstract 

In this paper we formulate a version of the Kondurar theorem and 
a generalization of the Ito formula for functions taking values in Riesz 
spaces with respect to a convergence, satisfying suitable axioms. When 
the involved space is the space of measurable functions, both convergence 
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almost everywhere and convergence in probability are included. Finally 
we present some comments and possible applications of the Ito formula. 
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1 Introduction 

In this paper we establish the Kondurar theorem and the Ito formula in Riesz 
spaces. 

The classical (scalar) version of the Kondurar theorem ensures the ex- 

f b 
istence of the Riemann-Stieltjes integral / / dg, as soon as / and g are 

J a 

Holder-continuous, of orders a and (3 respectively, with a + (3 > 1. 

Here we chose [a, b] = [0, 1], and fixed the Riesz space setting as a product 
triple (Ri,R2,R) such that / is i?i-valued, g is i?2-valued, and the integral 
takes values in R. 

More generally Riemann-Stieltjes integration is investigated also with re- 
spect to an interval function q in the place of g: we obtain meaningful exten- 
sions of the Kondurar theorem, and deduce a version of the Ito formula for in- 
tegrands in a Riesz space. The classical stochastic integrals (Ito, Stratonovich, 
Backward) and the classical Ito formula are included. 

Finally, we present some examples in order to illustrate the possible appli- 
cations. 
Our warmest thanks to the referees for their helpful suggestions. 
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2 Preliminaries 

Definition 2.1 Throughout the paper, R will denote a Dedekind complete 
Riesz space. An axiomatic notion of convergence in R is defined by choosing 
a suitable order ideal M (in the sense of [6], p. 93) on the Riesz product 
space 1R . More precisely, this ideal M is assumed to satisfy the following 
additional conditions: 

a) Every element of M is a bounded sequence. 

b) Every sequence in R whose terms eventually vanish belongs to J\f. 

c) Every sequence of the form (^) , with u G R and u > 0, belongs to M. 

By means of the ideal M, it is possible to define the concept of convergence 
for nets in the following manner. Let (T, >) be any directed set. Given any 
bounded net fy : T — ► R, we say that it M- converges to an element y of R 
(or that it admits y as J\f -limit) if there exists a sequence {s n ) n of elements 
of T such that the sequence (p n ) n defined by p n = sup tGTt>Sn \ip(t) — y\ 
belongs to J\f . The ideal N then coincides with the space of all bounded 
sequences in R which converge to zero. For A^-convergence all usual properties 
of limits hold; in particular, uniqueness of the limit and Cauchy criterion for 
convergence: a bounded net ^ : T — > R converges if and only if there exists 
a sequence (s n ) n of elements of T such that the sequence (q n ) n defined by 
q n = sup s tcT sAt>s n l^( s ) — ^(*)l belongs to J\f. Moreover, for a fixed directed 
set T, the space of all bounded nets of the form ^ : T — > R for which the 
limit exists is a Riesz subspace of R T , and the operator which assigns to each 
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convergent net the corresponding limit is linear and order-preserving. 

Now, let us denote by J the family of all (nontrivial) closed subintervals 
of the interval [0, 1], and by T> the family of all finite decompositions of [0, 1], 
D = {0 = to < t\ < . . . < t n -\ < t n = 1}, or also D = {I±, . . . , I n }, where 
Ii = [U-i, U] for each i = 1, . . . , n. 

Given any decomposition D = {I±, . . . , /„}, the mesh of D is the number 
5{D) := max{|ij| : i = l,...,n}, where |/| as usual denotes the length of 
the interval /. Then the set T> can be endowed with the mesh ordering: 
D\ > D21S S(Di) < 5{D2)] this makes T> a directed set, and, unless otherwise 
specified, convergence of any net \l/ : T> — ► R will be always related to this 
order relation. However, besides this order relation, a weaker ordering will be 
helpful: for any two decompositions, D±, D2, we say that Di is finer than D±, 
and write D2 >- D\, if every interval from D2 is entirely contained in some 
interval from D\. Moreover, we shall say that a decomposition D is rationale 
all its endpoints are rational, and that a decomposition D is equidistributed if 
all intervals in D have the same length. If D is equidistributed, and consists 
of 2 n intervals, we say that D is dyadic of order n. Equidistributed and dyadic 
decompositions of any interval [a, b] are similarly defined. In general, the 
family of all decompositions of any interval [a, b] C [0, 1] will be denoted by 

From now on, we shall assume that an ideal N has been fixed, according 
with Definition 2.1, and consequently all limits we shall introduce (unless oth- 
erwise specified) are related to A^-convergence, without a particular notation. 
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Definition 2.2 Let q : J — > R be any interval function. We say that g is 

int^aUe, if the net S (£>) - £ «(/) I. convergent to some element F : = / ,. 

ieD J 

A very useful tool to prove integrability is the Cauchy property We first 
introduce a notation: for every interval function q : J — ► i?, we set 



OB(g)(J) = supj 

Now we have the following: 



J2 q(J) - E «W 

JeD H&D' 



:D,D'e Vi 



Theorem 2.3 Assume that q : J — ► R is any interval function. The following 
three conditions are equivalent: 

(i) q is integrable; 
(ii) (r n ) n £ M, where 

r n := sup||5(D) - S(D )\ :D,D e V,S(D ) <^,D>- D \; 

(iii) JoB(q)=0. 

Proof. It is easy to prove that (i) implies (ii). To prove the implication (h)=> 

(iii), one can proceed in a similar fashion as in the proof of Theorem 1.4 in [4]. 

So we only prove that (iii) implies (i). By supposition, we have (n n )n & A/", 

where n n = sup < 2_, OB(q)(I) : 5(D) < — >. Let us fix n, and choose two 
[ieD n ) 

decompositions, Do and D, such that 5(Dq) < — and D y Dq. From 

n 



S(D ) - S(D) = J2 
ieDo 



q(I)- E ^( J ) 



J<=D,JCI 

we obtain \S(Dq) — S(D)\ < n n . From this one can easily deduce that 

\S(D 1 )-S(D 2 )\<2K n , (1) 
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as soon as 8(D\) and 8(D2) are less than — . Now define 

n 

M n = sup j S(D) : 8(D) < - 1 , m n = inf j 5(D) : 8(D) < - 
I n ) [ n 

Of course, m n < M n . Moreover, thanks to (1), it follows easily that M n —m n < 

2k h . Then inf^^y M^ = sup fcg jv m^, and now we prove that the common value 

L is the integral: L = J q. For every integer n, and each decomposition Dq 

with 5(Dq) < — , we have: 
n 

s(D ) - L < s(D ) -m n < M n -m n < 2k„; 

L - s{D ) <M n - s(D ) <M n -m n < 2n n . 

Therefore \L — s{Dq)\ < 2n n , and this completes the proof, by arbitrariness of 
D . □ 

Our next goal is to prove that, if an interval function is integrable in [a, b], 
then it is integrable in any subinterval, and the integral is an additive function. 

Theorem 2.4 Let q : J — > R be an integrable function. Then, for every 
subinterval J C [0,1], the function qj is integrable, where qj is defined as 
qj{I) = q{I n J), as soon as I n J is nondegenerate, and otherwise. More- 
over, if{J\,J2} is any decomposition of some interval J C [0,1], we have 

Q = / Q + / Q- (Here, as usual, I q means the integral of qj) 
J J Jji Jj 2 J J 

Proof. Fix any interval J C [0, 1], and, for every positive integer n, define 



cr„(J) := sup 



£ q(I) - £ q(H) 



I&D'j H&D'j 



■.D^D'^Vj^iD'^K^diD'^K 1 - 



It is easy to deduce that a n (J) < a n ([Q,l]). As (cj n ([0, 1]))„ G A/", the same 
holds for (c n (J)) n . Therefore, by Theorem 2.3, it follows that qj is integrable. 
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To prove additivity, fix an interval J = [a, b], an integer n > 0, and a point 

c £]a, b[. Now, choose any decomposition Dq of [a, b], such that 5(Dq) < — , 

n 

and such that c is one of its intermediate points; next, denote by D' the 
decomposition consisting of the intervals from Dq that are contained in [a, c] 
and by D" the decomposition consisting of the remaining intervals from Dq. 
Clearly we have 



q- / q 

a,c] -'[c,£>] 



fq- X>G0 + E <?0O - / <z+X>G0-/ 

•^ J JsDn IgD' ^[ a ' c l 7eD" l c ' 



< 7n, 



/eA) ^-'^' '''"■'' /'-"" * / ' c '^ 

where (7 n ) n is a suitable element from M. By arbitrariness of n, we can infer 
that 



Q- Q- Q 

J J[a,c] J[c,b] 



0, i.e. additivity of the integral. □ 
A further consequence of the previous result is the following. 



Theorem 2.5 Let q : J — > R be any integrable function, and let us denote by 



t\) its integral function, i.e. ip(I) = I q, I € J ■ Then the function \q — ip\ has 
null integral. 



Proof. Let us denote by Z the function Z = \q — ip\. We must show that the 
sequence ((3 n ) n belongs to Af, where (3 n = sup < > Z(I) : 5(D) < — >. For 

every n > 0, let us set o~ n := sup < \, OB(q)(I) : 5(D) < — >. Fix 

Ugd n ) 



now an 



integer n > 0, and a decomposition Dq, with 5(Dq) < —. For every element 

n 

I G Dq, we have q(I) — ip(I) = lim^g-p (q(I) — S(D)) (intended as A^-limit of 
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a net, depending on I), and therefore 

£ Z(/) = £ | lim (q(I) - S(D) )| < £ OS(g)(/) < a n 

/e-D /eflo Dei; ' /eD 

according with all properties of convergence. But {<J n ) n G A by Theorem 2.3, 
hence also ((3 n ) n £ A, and the proof is finished. □ 

We now introduce some structural assumptions, which will be needed later. 

Assumptions 2.6 Let R±, R 2 , R be three Dedekind complete Riesz spaces. 
We say that (Ri, R2, R) is a product triple if there exists a map • : R\ x R2 — ► R, 
which we will call product, such that 

2.6.1) (n + si) • r 2 = n ■ r 2 + S\ ■ r 2 , 

2.6.2) r\ ■ (r 2 + s 2 ) = r\ ■ r 2 + r\ ■ s 2 , 

2.6.3) [n > si, r 2 > 0] => [ri ■ r 2 > si ■ r 2 ], 

2.6.4) [ri > 0, r 2 > s 2 ] =^ [ri ■ r 2 >r\- s 2 ] for all r^, Sj e Rj,j = 1,2; 

2.6.5) if (a\)\ e \ is any net in R 2 and b G i?i, then [a\ J, 0, 6 > 0] =>- [6-oa | 0]; 

2.6.6) if (a\)\ e \ is any net in R\ and b £ R 2 , then [a^ | 0, b > 0] => [a^-6 J, 0]. 

A Dedekind complete Riesz space i? is called an algebra if (i?, i?, -R) is a product 
triple. 

Let now {R\,R 2 ,R) be a product triple of Riesz spaces. Given a bounded 
function g : [0,1] — ► i? 2 , we can associate with g its jump function A(g): 
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A(g)([a, b]) := g(b) — g(a). Moreover, the interval function 

u(g)(I)=sup{\A(g)([u,v])\:[u,v}Cl} 

is called the oscillation of g in the interval I. 

Definition 2.7 Let / : [0, 1] — ► R\ and q : J — ► i?2 be two functions. In 
order to properly define the Riemann-Stieltjes integral of / with respect to q, 
we need a slight complication of the directed set T>. In fact, we shall denote 
by T> the set of all pairs (D,t), where D runs in T> and r is a mapping which 
associates to every element I E D an arbitrary point tj £ I. The set T> will be 
ordered according with the usual mesh ordering on T>, i.e. (D, r) < (Di, n) iff 
$(Di) < 5(D). Given an element (D,t) £ T>, we call Riemann-Stieltjes sum 
of f with respect to q (and denote it by S(D,t)) the following quantity: 

S{D,T) = Y,f{<n)q{I). 

ieD 

Definition 2.8 Assume that / : [0, 1] — ► R\ and q : J — > R<i are two func- 
tions. We say that / is Riemann-Stieltjes integrable with respect to q, if the 
net (S (D , t)) , D r -, ^ is AA-convergent, i.e. if there exists an element Y G R, 
such that the sequence (7r„) ra belongs to A/", where 

7r n = sup||y-5(Z),r)| : (D,t) EV,S(D) < -1, n G W. 

If this is the case, the element Y £ R is called the Riemann-Stieltjes integral 

and denoted by Y := (RS) / / <ig. When q = A(g), for some suitable func- 

Jo 

tion g : [0, 1] — ► i?2, integrability of / with respect to g will be expressed by 

saying that / is Riemann-Stieltjes integrable w.r.t. g, and its integral will be 

denoted by (RS) / / dg. 
Jo 
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3 The Kondurar theorem in Riesz spaces 

Definition 3.1 Let / : [0, 1] — ► R± and q : J — > R2 be two fixed functions. 
We say that / and q satisfy assumption (C) if the interval function <f> : J — > R, 
defined as <j>(I) = u)(f)(I)\q(I)\, is integrable, and its integral is 0. 

The next result is easy. 

Proposition 3.2 Let f : [0, 1] — ► R\ and q : J —> R2 be two bounded func- 
tions, satisfying assumption (C). Then the Riemann-Stieltjes integral 

(RS) / f dq exists in R if and only if the interval function Q(I) = f(aj)q(I) 
Jo 

is integrable, where aj denotes the left endpoint of I: if this is the case, the 
two integrals coincide. 

In the next theorems, the concept of Holder-continuous function will be crucial: 

Definition 3.3 Let R be an arbitrary Riesz space. We say that an interval 
function q is Holder-continuous (of order 7) if there exist a unit u £ R, that 
is an element R 3 u > 0, u 7^ 0, and a real constant 7 > 0, such that 
\q(I)\ 5; l^l 7n f° r an I C [0, 1]. As usual, a function g : [0, 1] — ► R is said to 
be Holder-continuous of order 7 if the function A (5) is. 

We shall assume in addition that the interval function q is additive, i.e. q([a, b]) = 
q([a, c]) + q([c, b\) as soon as0<a<c<6<l. This means also that q = A(g) 
for some suitable bounded function g : [0, 1] — ► R2, but we shall mantain our 
notation, without mentioning g. 

The next step is the following result. 
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Proposition 3.4 Assume that f : [0, 1] — ► R\ and q : J — ► R 2 are two 
Holder-continuous functions, for which assumption (C) is satisfied. Suppose 
also that q is additive, and that {p n ) n S N ' , where 



p n = SUp < 



J2 f(aj)q(J) ~ £ f(ai)q(I) 

JeD ieD () 



V3 D ,D rational, S(D ) < -,Dy D 

n 



for every n £ M. Then, there exists in R the (RS)-integral of f w.r.t. q. 

Proof. Since assumption (C) is satisfied, from Proposition 3.2 it's enough to 

prove that the i?-valued interval function Q(I) := f(aj)q(I) is integrable. As 

usual, for every decomposition D of [0,1], we write S(D) = Y2i<ed Q(I) = 

^2ieD f( a i) < l(I)- By using Holder-continuity and boundedness of / and q 

(which is a simple consequence), one can obtain the following key tool, which 

is rather technical, but not difficult. 

Key Tool: There exists a unit w £ R such that, for every n G JN and 

every D £ T> with 6(D) < —, one can find a rational decomposition D$ such 

n 

that 5 (Do) < — and 
n 

\S(D)-S(D )\<™. (2) 

n 

Let us now turn to the proof that Q is integrable. We first observe that 

sup I \S(Di) - S{D 2 )\ : Di and D 2 rational ,<5(ZM < -, S(D 2 ) < - 1 < 2p n 
I n n ) 

for every n; hence, using the key tool above, we see also that 



sup I \S(D) - S(D')\ :D€V,D'eV, 5(D) < -, S(D') < - \ < 2p n + 2 
[ n n ) 
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for every n. Now, the assertion follows from Theorem 2.3. □ 

Unless otherwise specified, we always assume that q is additive, that / and 
q are Holder-continuous of order a and (3 respectively, and related units u\ 
and U2 respectively. Moreover, we shall require that 7 := a + (3 > 1. 

Lemma 3.5 Let [a,b] be any sub-interval of [0,1], and let us denote by c its 
midpoint. Then 



\Q([a,b}) - (Q([a,c]) + Q([c,b]))\ <niu 2 ' '' ~ " " 



Proof. We have: 

\Q([a,b])-(Q([a,c]) + Q([c,b])\ = \f(a)q([a,b])-f(a)q([a,c]) 
- f(c)q([c,b])\ = \f(a)q([c,b}) - f(c)q([c,b])\ 
< \f(c)-f(a)\ q ([c,b])\< UlU2 ( b -^) a ' . D 



Proposition 3.6 Let [a, b] be any subinterval of [0, 1], and assume that D is a 

dyadic decomposition of [a, b], of order n. Then there exists a positive element 

v G R, independent ofa,b andn, such that \Q(\a,b\) — NQ(/)| < v \b — a\ y . 

ieD 

Proof. Let us consider the dyadic decompositions of [a, b] of order 1,2, ... ,n 

and denote them by D\, D2, ■ ■ ■ , D n = D respectively. Then we have 



|Q(M])-^Q(/)|<|Q(M])-^Q(/)|+^|^Q(J)- Y, QW\- 
IeD ieDi i=i JeDi i€D i _ 1 

Thanks to Lemma 3.5, the first summand in the right-hand side is less than 

ui u 2 I ) • By the same Lemma, for every index i from 2 to n, we have 
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E^( J )" E QCOI^i^^f^Y, hence 

\Q([a,b])-^2Q(I)\<u lU2 /!, ~"" 



ieD 



i=2 V y j=l ^ ^ 

< I„ lU2 (6- a )7g^_i_j = _i _ ( 6 _ a )7 Uin2 . 

The assertion follows, by choosing w = — = ui no. □ 

' J 6 2(2T- 1 - 1) 

Proposition 3.7 Let [a,b] be any subinterval of [0, 1], and assume that D is 
an equidistributed decomposition of[a,b], consisting of N elements. Then 



|Q([a,6])-^Q(/)|<r(6-a)T 
ieD 

for some unit r G R, which does not depend on N, D and [a, 6] . 



Proof. Of course, if N = 2 for some integer h, the result follows from 
Proposition 3.6. So, let us assume that N is not a power of 2, and write TV 
in dyadic expansion, N = eo2° + e\2 l + . . . + eh2 h , where (eo, e±, . . . , e^) is a 
suitable element of {0, l} h+1 , and h = [log 2 N\. Clearly then, e^ = 1. Now let 
us define, for j = 1,2, . . . ,h: 

to := a, r^+i := o, and ij := a + y ej_i 2 



i=i 



N 



Let us denote by Dq the decomposition of [a, b] whose intermediate points are 
to,ti,..., th+i- From Proposition 3.6, it follows: 

\s(d ) - s(D)\ < y, \Q(i) - E ^ J )i < E ^r < 

ieD () JeL>, Jci ieD 
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h / h — n\ 1 o(h+l)l 

^£( 2 SH <v{b-ay——<v{b-aV2\ 
i=0 ^ ' 

Thus, setting v x := 2^v, we get \S(D ) - S(D)\ < vi(b - a) 7 . 
Let us now evaluate |Q([a, b]) — S(Dq)\. We find 

\Q([a, b]) - S(D )\ < |(/(a) - f(h))q([h, fe])+ 

+(/(o) - /^MMs]) + • • • + (/(a) - /(th))<z([t h ,&])| < 

ft ft 



< El/W " /(*i)l l?([*i.*i+i])l ^ X> lU2 ^ -«) Q fe+i -*i 



i=i 3=1 



For all j = 1, 2, . . . , h we have easily tj — a < 2- ? -^, hence 



|Q([a,&])-S(A))|<X>in 2 (V^y(V^) < Ul u 2 2\b-a)\ 



h /j. \ a / t \/9 

E 

3=1 

Thus, setting v 2 : = u\ ti22 7 , we get |Q([a, b\) — S(Dq)\ < V2(b — a)' y , and finally 
we obtain the assertion by setting r = v± + v 2 . n 
We are now ready for the main result. 

Theorem 3.8 (The Kondurar Theorem) Let f : [0, 1] — ► R\ and q : J —> R 2 
be Holder- continuous of order a and (3 respectively, with 7 = a + (3 > 1, and 
suppose that q is additive. Then f is (RS)-integrable w.r.t. q. 

Proof. We first observe that the real valued interval function W(I) := |/| 7 
is integrable, and its integral is null. This immediately implies that / and 

q satisfy assumption (C). Let r be the unit in R given by Proposition 3.7, 

2r 
and set b n : = — . Fix n and choose any rational decomposition Dq such that 
n 



8 (Do) < — and > I Jl 7 < — for every decomposition D, finer than Dq. If D 
n *— ' n 

JeD 

is any rational decomposition, finer than Dq, then there exists an integer N 
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such that the equidistributed decomposition D* , consisting of N subintervals, 
is finer than D. Of course, D* is also finer than Do, so we have, by Proposition 
3.7: 



\S(D*) - S(D )\ < Y r\lP < -r and \S(D*) - S(D)\ < V r\JP < -r. 
ieD JeD 

Therefore, by axioms of 2.1, we obtain: 

(sup {\S(D) - S(D )\ : D, D are rational, S(D ) < 1/n, D >- D }) n G M, 

and the theorem is proved, thanks to Proposition 3.4. □ 

More concretely, we have the following version of the previous theorem. 

Theorem 3.9 Let f : [0, 1] -► i?i and g : [0, 1] -► R 2 be two Holder- 
continuous functions, of order a and (5 respectively, and assume thata+/3 > 1. 
Then f is (RS)-integrable with respect to g. 

However, we can obtain a more general result. 

Theorem 3.10 Assume that f : [0, 1] — ► R\ is any Holder- continuous func- 
tion of order a, and q : J — ► R2 is any integrable interval function (not 



necessarily additive). If the integral function ip(I) = q is Holder- continuous 
of order (3, and a + (3 > 1, then f is (RS) -integrable with respect to q and to 
ip, and the two integrals coincide. 

Proof. In 2.4 we proved that ip is an additive function; hence, if it is Holder- 
continuous of order f3, and a + (3 > 1, we can deduce that / is (_R5)-integrable 
with respect to ^, thanks to 3.8. Moreover, we also know from 2.5 that 
\q — ip\ has null integral. This fact, together with boundedness of /, implies 
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that / / d(q — ip) = 0, for every interval J C [0, 1]. Now the conclusion is 
obvious. □ 

Remark 3.11 Assume that W is the standard Brownian Motion, on a prob- 
ability space (X,B,P), and g : [0,1] — ► L°(X,B,P) is the function which 
associates to each t £ [0, 1] the random variable Wt £ L°. We can endow 
the Riesz space L° with the convergence in probability (which satisfies all as- 
sumptions in Definition 2.1); thus the interval function q(I) = (A(g)(/)) 2 is 
well-known (from the literature) to be integrable, and its integral function is 
ip(I) = \I\. So, Theorem 3.10 implies integrability with respect to q = A(g) 2 
of every function / which is Holder continuous (of any order), and also of more 
general continuous functions (but we shall not discuss this here). 

Remark 3.12 The previous existence theorems remain true, if the defini- 
tion 2.8 is modified, replacing the value /(tj) with any element Qj such that 
inf{/(x) : x € 1} < 9j < sup{/(x) : x £ I}. This mainly rests on Proposition 
3.2 and on the fact that |0 7 - /(o/)| < u)(f)(I). 

4 The Ito formula in Riesz spaces 

In [4] we can find some results about the Ito formula for Riesz space-valued 
functions of one variable. Here we deal with functions of two variables; from 
now on we shall assume that our Riesz space R is an algebra, hence the involved 
functions and their integrals will take values in R. 

Definition 4.1 Let R be an algebra, and / : [0, 1] x R — ► R a fixed function. 
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We say that / satisfies Taylor's formula of order 1 if there exist two R- valued 

df df 
functions, defined on [0, 1] x R and denoted by — , — — , such that for every 

(t, x) e [0, 1] x R, h € M and k € R, such that t + hG [0,1], we have: 



/(/ + l,..r+ /,•) - /(/..,-) + [h^ + k^] (l..r) + (\h\ + \k\) B(L.r.h.k). 



where B is a suitable i?-valued function, defined on all points of the type 
(t, x, h, k) with t + h £ [0,1], and bounded on bounded sets. 

Moreover, we say that / satisfies Taylor's formula of order 2 if / satis- 
fies Taylor's formula of the first order, and moreover there exist three more 

d 2 f d 2 f d 2 f 



functions, denoted by 



dt 2 ' dtdx ' dx 2 
h £ M and k € R, (t + h€ [0, 1]), we have 



such that for every (£, x) in [0, 1] x R, 



df df 

f{t + h,x + k)- f{t, x) = h-±(t, x) + k-±(t, x) 



1 

+ 2 



h 2 ^{t, x) + 2hk^-{t, x) + k 2 



d 2 f 



dt 2 v dtdx 

+ [h 2 + \hk\ + \k\ 2 ] B(t,x,h,k) 



a 2 / 
dx 2 



(t,x) 



(3) 



where B is a suitable function, bounded on bounded sets. 

We now introduce a "weaker" concept of integrability for Riesz space- valued 
functions. As above, N will always denote any fixed ideal as in 2.1. 



Definitions 4.2 Let F : [0, 1] X R — ► R and g : [0, 1] — ► R be two functions. 
Following the Stratonovich approach ([8]), for every A G [0,1] we say that 
F(-,g(-)) is (A) -integrable with respect to g (or to q(I) := A(g)(I)) if there 
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exists an element Y\ € R such that 



sup 



Y x - J2 F (^i + (1 - X)vi, \g{ Ul ) + (1 - X)g( Vi ))A(g) (/) 



ieD 



6(D) <±l) eM'. 



where D = {([ui,vi\) : i = 1, . . . , N} is the involved decomposition of [0,1]. 

We denote the (A)-integral of a function F with respect to g by the symbol 

(A) / Fdg. 
Jo 

Similarly, we say that the function F(-,g(-)) is (A) -integrable with respect to 

q(I) := (A(g)(/)) 2 if there exists an element J\ G R such that 



sup 



J x - Y, H^i + (1 - AM, Xg( Ul ) + (1 - X)g(vi)) (A(g)(I)Y 



ieD 



6(D) <±l) G.V 



where D = {([ui,vi\) : i = 1, . . . , N} is the involved decomposition of [0,1]. 

In this case, we write (A) / F(s,g(s)) (dg) (s) := J\(F). We now prove the 

Jo 

following: 

Proposition 4.3 Let R be an algebra, and f : [0, 1] X R — ► R, (t, x) ^ f(t, x), 
satisfy Taylor's formula of order 1; suppose also that g : [0, 1] — ► R is Holder- 
continuous of order (3, where (3 > -. If f is (1) -integrable with respect to 
q(I) := (A(g)(I)) 2 , i.e. there exists the integral Ji(f), then for every X £ [0, 1] 
the integral J\(f) exists in R, and J\(f) = Ji(f)- 

Proof. Let D = {[ui,Vi] , i = 1, . . . , n} be a decomposition of the interval [0, 1] 
and A £ [0, 1]. By hypotheses, we have: 
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Yli=if( Xu i + ( l -X)Vi,\g{ui) + (1 - X)g(vi))-q([ui,Vi\) = £" =1 / («», 5 («»))• 

+ E"=i [/(A«i + (! - X)vi,Xg(ui) + (1 - A)g(vi)) - /(ui,5(ui))]-g([ui,t>j]) = 
E?=i f( u i,9(ui)) + (1 - \){vi-Ui)%{ui,g{ui)) + 

(1 - A) (A(g)([ztj,7; i ]))||(ui,5(ui)) • g([uj, Vj]) + £" =1 £([uj, Vj])|v* - «i| T = 
Vi + V2 + V3 + V4, where i? : {/} — ► i? is a suitable interval function, bounded 
on bounded sets (with bound independent on A), and r > 1 by virtue of 
Holder-continuity of g (we denote the consecutive terms of the above sum by 
^i) V2, V3, V4). The first part V\ tends to Ji(f) as 5(D) tends to 0. Now we 
can conclude, observing that the expressions V2, V3, V4 are negligible because 

n 

we can present them in the form Y^ So([tti, v«]) |t>i — Uif , where Bq : J ^ R 

i=i 
is bounded on bounded sets and C > 1- n 

We now prove our generalization of the Ito formula in the context of Riesz 
spaces: 

Theorem 4.4 Let R be an algebra, F : [0, 1] X R — ► R satisfy Taylor's for- 

dF d 2 F 

mula of order 2 and — — : [0, 1] X R — ► i?, : [0, 1] X i? — ► i?, satisfy Tay- 

lor's formula of order 1. Assume that g : [0, 1] — ► i? is Holder- continuous of 
order j3 > 3. Assume also that q(I) = (A(g)(L)) 2 is integrable and that its 
integral function is Holder- continuous of order 7 > 1 — /3. T7ien 

/•1 ^2^7 

1) /or every A G [0, 1] t/ie integral J\ := (A) / — — - (s,g(s)) (dg) (s) exists 

Jo ^ x 

m i?, and is independent on A; 

2) /or every A G [0, 1] the integral (A) / — — (s,g(s)) dg(s) exists in R; 
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' 0F 's,g(s))ds+(\) f 1 ^(s,g(s))dg(s) + l(2X-l) J, 



3) the following formula holds: 

F(l,g(l))-F(0,g(0)) 

f 1 dF 
Jo 9t J dx 

where J denotes any of the integrals J\ above. 

d 2 F 
Proof. The function t h^ (t, g{t)) is Holder-continuous of order /?, because 

ox 2 

of Taylor's formula and of Holder-continuity of g. Thus, using Theorem 3.10, 

d 2 F 
we deduce that the function t h^ (t,g(t)) is (i?S')-integrable with respect 

ox 1 

d 2 F 
to q, and thus by virtue of Proposition 4.3 (where / = ), for every A € [0, 1] 

ox 1 

f 1 d 2 F 
the integral J := (A) / 2 (s,g(s)) (dg) (s) exists in R and is independent 

Jo ux 

on A. This shows the assertion 1). 

Let now D = {[v,i, Vi] , i = 1, . . . , n} be a decomposition of [0, 1] and fix A G 

[0,1]. We have: 

F(l,g(l))-F(0,g(0)) = 

E?=i [F (vug (vi)) - F (Xm + (1 - A) Vi , Xg (m) + (1 - A) g ( Vi ))] - 

YJi=i [F (ui,g(ui)) - F(Xui + (1 - X)vi,Xg(ui) + (1 - X)g(vi))]. Now we shall 

apply Taylor's formula of order 2: 

F(l,g(l))-F(0,g(0)) = 

(E?=i If ( A ^ + (1 " A ) «i. A S («i) + (1 - A) g ( Vi )) ■ [X ( Vi - Ui )\ + 

E?=i If (A«i + (1 - AH, A«7«) + (1 - A) g( Vi )) • [A(A( 5 )(K,^]))] + 

E?=i m£ ( Xu i + (1 " A) Ui, A 5 (ui) + (1 - A) g ( Vi )) 

• [A 2 (ui - Ui ) (A(g)([ui,Vi\))] + 



E?=i W ( A ^ + ( X " A ) ^> A ^ («i) + (1 - A ) 5 («i)) • 2 A (^ " «i) 



+ 
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E?=i (A«i + (1 - A)«i, A^K) + (1 - A) <?«)) • [±A 2 g(K,^])] + 

E?=i #i (K, «*]) |vi - wi| 7 }- 

{E?=i If ( A ^ + (1 - A) «i, Xg («i) + (1 - A) g ( Vi )) ■ [(A - 1) ( Vi - u t )] + 
E?=i If (A«i + (1 - A)^, A 5 (u,) + (1 - A) 5 («i)) • [(A - 1) (A( 5 )(K *;*]))] + 
EIli SI (An, + (1 - A) Wi) Xg (m) + (1 - A) g (v t )) 



;i-A) 2 K-^)(A( 5 )([^,^])) 



+ 



+ 
+ 



E?=i ^ ( Au * + (! - A ) ^' X 9 («i) + (1 - A) <7 (Vi)) • [| (1 - A) 2 ( Vi - ^) 2 
E?=i (A«i + (1 - A) Vi, Xg (ut) + (1 - A) g ( Vi )) ■ [§ (1 - A) 2 g([ui, Vi ]) 

E"=l ^2 (K, fj]) |Wj - Uj| 7 }, 

where B\,Bi : {/} — ► R are suitable interval functions, bounded on bounded 
sets (with bound independent on A), and 7 > 1. By collecting the similar 
terms we obtain: 



F(l,g(l))-F(0,g(0)) = 

E?=i § (A^ + (1 - A) v it Xg ( Ui ) + (l-\)g ( Vi )) ■ ( Vi - m) + 
E?=i If (A^ + (1 - A) Vi, Xg ( Ui ) + (1-X)g (v t )) ■ (A(g)([ Ui , Vi ])) + 
E?=i SI (A«i + (1 - A) Wi) A 5 ( Ui ) + (1-X)g (v^ 
■[(2X-l)(vi-Ui)(A(g)([u i ,v i }))} + 

E?=i S ( Au * + (1 " A) Ui, A ff fa) + (1 - A) g ( Vi )) ■ [§ (2A - 1) ( Vi - mf] + 
E?=i (A«i + (1 - A) t*, A ff (ui) + (1 - A) g ( Vi )) ■ [\ (2A - 1) q([u t , «,])] + 
E"=i (-Bi([-"i,^]) - £ 2 (K,nj])) |uj -Uj| 7 = 

•Si + S*2 + 53 + S4 + S5 + 56 (where S\ , S2 , . . • , Sq denote the consecutive terms 
of the above sum, and the expressions S3,S4,Sq are negligible, as previously- 
observed) . 
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dF 

Moreover, since — — satisfies Taylor's formula of order 1, we have: 
at 

S\ = Y^i=i l)t { u ii9 ( u i)) ' ( v i ~ u i) + W> where W as usual is negligible. 

f 1 dF 
The first summand, and hence Si, tends to / -—— (s,g (s)) ds as n tends to 

dF dF 

+00 (the function — — (•,<?(•)) is Holder-continuous, so -j— (-,g( m )) is (RS)- 

integrable w.r.t. dt). Now, 

1 n d 2 F 

S 5 = - (2A - 1) J2 -q^2 ( An * + ( X " A ) n " X 9 («i) + (1 - A) 5 ( Wi )) ^(K, Wi ]) 

tends to - (2A — 1) J, as already observed. Hence it follows that 

n dF 
S 2 = ^^ (\ Ul + (1 - X)vi,Xg(ui) + (1 - X)g( Vi )) ■ (A(g)([ Ui , Vi })) (4) 

converges, and its limit is the (A)-integral of -^—(-, g(-)) with respect to g, that 

ox 

is the assertion 2). The formula in assertion 3) follows now easily. □ 



Remark 4.5 

I) Sometimes, the (A)-integral exists, without assumptions on the function g. 

For example, let F{t,x) = x 2 , and A = -: so we are looking for the integral 

If 1 

(-) / 2g{s)dg{s). By definition, this integral is the limit of 
2 Jo 

~g(ui+i) + g{ui)~ 



2 ^2 [ff(«i+i) - 9(ui)] 
ieD 



(5) 



as <5(-D) — ► 0, where D = {[zii,Uj+i] : i = 0, ...,n}. But the quantity (5) always 

1 Z" 1 
coincides with g 2 (l) — g 2 (0), so we obtain (-) / 2g(s)dg(s) = g (1) — g (0). 



*2' jo 
II) On the other hand, once we have a function 5 satisfying the hypotheses of 

Theorem 4.4, at least in particular spaces R it is possible to find many other 

functions g with the same properties. For example, let R = L°(X,B, P) be as 

in the Remark 3.11 and assume that g : [0, 1] — > R is the standard Brownian 
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Motion. Now, choose any C 2 -function <fi : M —> M and define, for every 
t G [0, 1]: g(t)(x) = (f)(g(t)(x)) for almost all x £ X. We shall see that A(g) 2 
is integrable, and its integral function is Lipschitz. Indeed, if < u < v < 1, 
we get (a.e.) 

(g(v) - g{u)) (x) = 4> (g(v)(x)) - <p (g(u)(x)) = (g(v)(x) - g(u)(x))(f)'(g(T)(x)), 

where r is a suitable point in [u,v], depending also on x. So we have 

[g(v) - g(u)] 2 (x) = [g(v)(x) - g{u){x)] 2 (0 \g(r)(x))) 2 . (6) 

(We remark here that (<j>'(g(r)(x))) is an element of R, between the extrema 
of the function t i— ► f(t) = 4>'(g{t)) 2 in the interval [u, v]). Now consider the 
function t h^ f(t) = (f)'(g(t)) 2 , for all t G [0,1]. This is a Holder-continuous 
function, hence Riemann-Stieltjes integrable with respect to q = A(g) 2 by The- 
orem 3.10. From this, (6) and the Remark 3.12, we deduce that (A(g)(I)) 2 
is integrable, and its integral function coincides with the Riemann integral 
/ 4>'(g(t)) dt (which can be computed pathwise), and this is clearly a Lips- 
chitz function of interval. 
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Abstract 

There are many information and divergence measures exist in the literature on 
information theory and statistics. The most famous among them are Kullback- 
Leiber [15] relative information and Jeffreys [14] J-divergence. The measures like 
Bhattacharya distance, Hellinger discrimination, Chi-square divergence, triangular 
discrimination and harmonic mean divergence are also famous in the literature on 
statistics. In this paper we have obtained bounds on triangular discrimination and 
symmetric chi-square divergence in terms of relative information of type s using 
Csiszar's f-divergence. A relationship among triangular discrimination and har- 
monic mean divergence is also given. 



Key words: Relative information of type s; Harmonic mean divergence; Triangu- 
lar discrimination; Symmetric Chi-square divergence; Csiszar's f-divergence; Information 
inequalities. 



1 Introduction 

Let 



n 



P = (Pl,P2,-,Pn) 



it 



Pi >o,j2pi = i \, n > 2 > 



i=i 



be the set of all complete finite discrete probability distributions. For all P,Q G r n , the 
following measures are well known in the literature on information theory and statistics: 
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Bhattacharya Distance (Bhattacharya [2]) 

n 

B(P\\Q)=J2VMi- 

Hellinger discrimination (Hellinger [13]) 

1 n 
h(P\\Q) = 1 - B(P\\Q) = -J2(VPi-VQi) 

X 2 — Divergence (Pearson [18]) 



(i) 



(2) 



X 



<h 



(3) 



i=l a ' i=l 

Relative Information (Kullback and Leibler [15]) 



JT(P||Q) = 5>]n( 



i=i 



(4) 



The above four measures can be obtained as particular or limiting case of the relative 
information of type s. This measure is given by 



Relative Information of Type s 

' K.(P\\Q) = [8(8 - I)]' 1 



$s(P\\Q) = { 



i=l ^ ' 

K(P\\Q) = Epiln(*), 

< i=\ yH ' 



%=\ 



s = 

s = 1 



(5) 



The measure (5) admits the following interesting particular cases: 

(i) $>^{P\\Q) = \ X \Q\\P). 



(ii) * (P\\Q)=K(Q\\P). 



(hi) *i/ 2 (P||Q) = 4 [1 - B(P||Q)] = 4/i(P||Q). 



(iv) * 1 (P||Q)= J K'(P||Q). 
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(v) $ 2 (P||Q) = | X 2 (P||Q). 

Thus we observe that $ 2 (P||Q) = $_i(Q||P) and $i(P||Q) = $o(Q||P). 

For more studies on the measure (5) refer to Liese and Vajda [16], Vajda [27], Taneja 
[19], [20], [22] and Cerone et al. [4]. 

Recently Taneja [23] and Taneja and Kumar [25] studied the (5) and obtained bounds 
in terms of the measures (l)-(4). Here we shall extend the our study for the other mea- 
sures known in the literature as triangular discrimination, harmonic mean divergence and 
symmetric chi-square divergence. 

The triangular discrimination is given by 

A( PH Q) = ^^L. (6) 

After simplification, we can write 

A(P\\Q) = 2[l-W(P\\Q)}, (7) 

where 

W(P\\Q) = J2^, (8) 

is the well known harmonic mean divergence. 

We observe that the measures (3) and (4) are not symmetric with respect to probability 
distributions. The symmetric version of the measure (4) famous as Jeffreys-Kullback- 
Leiber J- divergence is given by 

J(P\\Q) = K(P\\Q) + K(Q\\P). (9) 

Let us consider the symmetric chi-square divergence given by 

^(P\\Q) = x 2 (P\\Q) + x 2 (Q\\P) = J2 iPl ' qtnPl + qt) - ( 10 ) 

Dragomir [12] studied the measure (10) and obtained interesting result relating it to 
triangular discrimination and J-divergence. 

Some studies on the measures (6) and (8) can be seen in Dragomir [10], [11] and 
Tops0e [26]. Recently, Taneja [23] and Taneja and Kumar [25] studied the measure (5) 
and obtained bounds in terms of the measures (l)-(4). Similar kind of bounds on the 
measure (9) are recently obtained by Taneja [24]. In this paper, we shall extend the 
our study for triangular discrimination and symmetric chi-square divergence. In order to 
obtain bounds on these measures we make use of Csiszar's [5] j-divergence. 
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2 Csiszar's /—Divergence and Its Particular Cases 

Given a convex function / : [0, oo) — > R, the /—divergence measure introduced by Csiszar 
[5] is given by 

n , 

f (Pi 
Qif [ 

i=l 

where P, Q G T n . 



<WIIQ) = £fc/ - , (11) 



It is well known in the literature [5] that if f is convex and normalized, i.e., /(I) = ; 
then the Csiszar's function Cf(P\\Q) is nonnegative and convex in the pair of probability 
distribution (P, Q) G T n x T n . 

Here below we shall give the measures (6) and (10) being examples of the measure (11). 

Example 2.1. (Triangular discrimination) . Let us consider 

/a(x)= K x + I , xG(0,oo) (12) 

in (11), we have 

(Pi-Qi) 2 



C f (P\\Q) = A(P\\Q) = J2 



~i Pl + q t 



where A(P\\Q) is as given by (6). 
Moreover, 



and 



£<*> = (^. (14) 

Thus we have f&(x) > for all x > 0, and hence, /a(^) is strictly convex for all 
rr > 0. Also, we have /a(1) = 0. In view of this we can say that the triangular discrimi- 
nation is nonnegative and convex in the pair of probability distributions (P, Q) G T ra x r n . 

Example 2.2. (Symmetric chi-square divergence). Let us consider 

„ / x (x — l) 2 (x + 1) , , . 

U(x)= y - ^ '-, xe 0,oo 15 

in (11), we have 

C / (PHQ)-^(PllQ)-E (p '~ gt)2(p ' + gj) , 

where \l/ (P||Q) is as given by (10). 



BOUNDS ON TRIANGULAR DISCRIMINATION... 95 



Moreover 



= (s-l)(2^ + » + l) 

and 

%(*) = 2 -^p±. (17) 

Thus we have f%{x) > for all x > 0, and hence, f^(x) is strictly convex for all 
x > 0. Also, we have /*(1) = 0. In view of this we can say that the symmetric chi-square 
divergence is nonnegative and convex in the pair of probability distributions (P, Q) G 

1 n * 1 n . 

3 Csiszar's /—Divergence and Relative Information 
of Type 5 

During past years Dragomir done a lot of work giving bounds on Csiszar's /— divergence. 
Here below we shall summarize the some his results [6], [7], [9]. 

Theorem 3.1. Let f : IR + — ► [0, oo) be differ entiable convex and normalized i.e., /(I) = 0. 
If P,Q G Y n , then we have 

0^C f (P\\Q)^p Cf (P\\Q), (18) 

where pc f (P\\Q) is given by 

-q\\P) -CAP\\Q) = ^( Pi -q t )f'(^). (19) 



If P,Q G T n are such that 

<r <- <:R<oo, Vi G {1,2, ...,n\, 

for some r and R with 0<r^l^i?<oo ; then we have the following inequalities: 

0^C f (P\\Q)^a Cf (r,R), (20) 

0^C f (P\\Q)^p Cf (r,R) (21) 



and 



0^p Cf (r,R)-C f (P\\Q) (22) 

< j Cf (r,R) [(R-l)(l - r) - X 2 (P\\Q)} < a Cf (r,R), 
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where 



1 



a Cf (r,R) = -(R-r) 2 1Cf (r,R), (23) 

1 R — r 



and 

1Ci(r , R) = m^m. (25) 

The following proposition is due to Taneja [23] and Taneja and Kumar [25] and is a 
consequence of the above theorem. 

Proposition 3.1. Let P,Q ET n and s el, then we have 

0^$ s (P\\Q)^p* s (P\\Q), (26) 

where 

P*AP\\Q) = C?(^\\P > )-Ck(P\\Q) 

n , x s-1 

t (ft - ft) ^ (|) , 
If there exists r,R(0<r^l^R< oo) such that 



s = 1 



and 



where 



(fl-l)] nj;+(l-r )ln^ 

(fl-r) 

nr+(l- 



(27) 



0<r^-^i?<oo, Vi G {1,2, ...,n}, 
ft 

t/ien we /jave the following inequalities 

0^® s (P\\Q)<a* s (r,R), (28) 

0^$,(P\\Q)<l3 9 ,(r,R) (29) 



0^Aj, s (r,i?)-$ s (P||Q) (30) 

< 7*.(r,i2) [(P- 1)(1 -r) - X 2 (P||Q)] < a* s (r,P), 



a $s (r,P) = i(P-rf 7 * a (r,P), (31) 

(fl-l)(r'-l) + (l-r)(fl J -l) /«, 

(fl-r)s(s-l) ' * ' U ' 



^.(r,fi) = r ; (gtr B » s=0 (32) 

(R-l)rlnr+(l-r)R\nR _ -, 
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and 



R s-l_ r s-l 



*.<r,fl) = <{£*-'>• '*J 



(33) 



R-r ' 

We can also write 7$ s (r, i?) as follows 

L'-$(r,R), s^l 



7*,(r,-R) 



Lz\(r,R) s=l' 



(34) 



where L p (a,b) is the famous (Bullen, Mitrinovic and Vasic [3]) p-logarithmic power mean 
given by 



L p (a,b) = < 



j,p+i_ a p+i 

(p+l)(6-o) 

6— a 



In 6— In a' 

l 

l.b b — a 
a" 



p = — 1 

J9 = 



for all p G R, a 7^ 6. 

The expression (27) admits the following particular cases: 



(i) p^ 1 (P\\Q)=3^(Q\\P)- 1 , X 2 (Q\\P)- 



(35) 



(ii) P ^{P\\Q) = x\Q\\P). 



(hi) p« 1 (P||Q) = J(P||Q). 



(iv) P» 1/a (P||Q) = 2E(ft-Pi 



(v) P* 2 (p||g) = x 2 ( J p|iQ) 



The expression (32) admits the following particular cases: 



(ii) ^ (r,P) 



( R _i)i n i + (i_ r )i n j- 

R-r 



(hi) /3 $1 (r,i?) 



(i?-l)rlnr+(l-r)fllnfl 
R-r 
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iv) /3*. 


W2 (P\\Q)- 


*i 


yn 1^1 v'V 


(v) (3„, 


,(P\\Q) = 


(R- 


-l)(l-r) 

2 



The following theorem is due to Taneja [23] and Taneja and Kumar [25]. 

Theorem 3.2. Let f : I C R+ — ► [0, oo) the generating mapping is normalized, i.e., 
/(I) = and satisfy the assumptions: 

(i) f is twice differentiable on (r, R), where O^r^l^i?^ oo; 

(ii) there exists real constants m, M such that m < M and 

m < x 2 ~ s f"(x) ^ M, Wxe (r, R), seR. (36) 

If P,Q G T n are discrete probability distributions satisfying the assumption 

0<r^-^R<oo, 

Qi 

then we have the inequalities: 

m$,(P\\Q) ^ C f (P\\Q) ^ M$,(P\\Q), (37) 

m\p;(P\\Q)-* a (P\\Q)] (38) 

^ pc f (P\\Q) - C f (P\\Q) 
<M[p..(P||Q)-*.(P||Q)] 

and 

m[fe s (r,R)-® s (P\\Q)\ (39) 

^(3 Cf (r,R)-C f (P\\Q) 
<M[/3*,(r,i2)-$ 8 (P||Q)], 

where C/(P||Q), $ 8 (P\\Q), p Cf (P\\Q),p*.(P\\Q), Pc f (r,R) and /3$ s (r,R) are as given by 
(11), (5), (19), (27), (24) and (32) respectively. 

The above theorem unifies some of the results studied by Dragomir [8], [10], [11]. 

In the papers Taneja [23] and Taneja and Kumar [25] considered the particular values 
of s and $ s by taking s = — 1, s = 0, s = |, s — 1 and s = 2. The aim here is to 
obtain results by taking different values of / given by examples 2.1-2.2, and then obtain 
particular cases for different values of s. 

Remark 3.1. If is it not specified, from now onwards, it is understood that, if there are 
r,R then 0<r^ 2i ^P<oo ; ViG {1,2, ...,n}, with 0<r^l^P<oo where 
P = ipi,P2, -;Pn) e T n and P = (gi, q 2 , ...., q n ) G T n . 
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4 Triangular Discrimination and Inequalities 

In this section, we shall give bounds on triangular discrimination based on the Theorems 
3.1 and 3.2. 



Theorem 4.1. For all P,Q G T n , we have the following inequalities 

0^A(P\\Q)^p A (P\\Q), 
where 



n / \ 2. 

Pa(P||Q) = £ ^-f (ft + 3*). 

._, \Pi -r Hi/ 



If there exists r,R(0<r^l^R< oo) such that 

<r ^- ^R<oo, Vi G {1,2, ...,n\, 

then we have the following inequalities: 

0^A(P\\Q)^a A (r,R), 
0^A(P\\Q)^(3 A (r,R) 



and 



0^P A (r,R)-A(P\\Q) 
< 7 A(r, R) [(R - 1)(1 - r) - X 2 (P| \Q)\ < « A (r, i?), 



where 



a A (r,R) = -(R-r) 



(R-l)(R + 3) (l-r)(r + 3) 



(i? + l) 2 



r + 1 



/3 A (r,i2) 



2(R-l)(l-r) 

(R+l)(l + r) 



and 



lA {r,R) = {R-r 



,-i 



(R-l)(R + 3) (l-r)(r + 3) 



(R + 1) 



(r + iy 



(40) 
(41) 



(42) 
(43) 

(44) 



(45) 
(46) 



(47) 



Proof. Follows from the Theorem 3.1 by considering / by f A and making necessary cal- 
culations. □ 

Theorem 4.2. Let P,Q G T n and s G R. Lei i/iere eaxste r, i? (0 < r < 1 < i? < oo) 
such that 0<r^^^R<oo,Vi<E {1,2, ...,n}. 
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(a) For s ^ —1, we have the following inequalities: 



^y^ s (P\\Q) < A(P||Q) < ^?^*.(P||Q), (48) 

K(P||Q)-$ S (P||Q)] (49) 



irt-j^ s 



and 



(r + 1) 3 

^ A * (p||g) ^ (Iri^ ta(J'IIQ) " *.(p\\Q)\ 



S, '~ " [0*.(r,i2)-*,(P||Q)] (50) 



(r + 1) 3 

^/3 A (r,P)-A(P||Q) 

(6) Por s ^ 2, we nave the following inequalities: 

^y^s(PWQ) < A(P||Q) s= ^^*.(p||q), (51) 

8i?2 ~" K(P||Q)-®.(^IIQ)1 (52) 



(p + i; 



^2-s 



and 



< A*(P||Q) ^ -— [p* s (P\\Q) - *,(P\\Q)] 



Ri " [/^(r,P)-$ s (P||Q)] (53) 



(P+l) 2 

^ A (r,P)-A(P||Q) 






^7TTT^[^.(''» i2 )-*.(^llQ)], 



where 



(r + 1)' 

A*(P||Q)=p A (P||Q)-A(P||Q) = 2j> ^-f • (54) 

i=1 V"* "r ?»/ 



n / x 2 



Proof. Let us consider 



„2-s /•// ' "^ 



2- 



5A (a;) = x 2 -7 A (^) = r — -r^, X6(0,oo), (55) 

(x + l)" 1 
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where f&(x) is as given by (14). 
We have 

8X 1 - 3 [(s + l)x + (s - 2)] J > 0, s < - 1 

^ 0, s > 2 



9a{ x ) 



{x + iy 

In view of (56), we conclude the followings: 



m = inf g(x) = min g(x) 

xe[r,R] xe[r,R] 



8,--' 



3 ' 



(r+1) 
8R 2 - S 
(R+1) 3 ' 



S^ -1 

s> 2 



and 



SR 2 



M 



sup g{x) 

x&[r,R] 



max g{x) 

xe[r,R] 



(R+1) 3 ' 

8r 2 ~ s 

(r+1) 



S < -1 

-• s>2 



^From (57) and (58) and Theorem 3.2, we have the required proof. 
The following propositions are the particular cases of the above theorem. 
Proposition 4.1. We have the following bounds in terms of x 2 ~ divergence: 

4r 3 4/? 3 

x 2 (Q\\P) < A(P||Q) < t^^x 2 (Q||P), 



r + 1 



(« + l) s 



(56) 



(57) 



(5* 



□ 



(59) 



and 



(r + 1) 



3 [3<& 3 (Q||P)-x 2 (Q||P)] 



< 



IR 



A * (p||g) ^ (]?Tiy [ 3$s(g||p) - * 2(g||p 



4t> 3 



r + 1 



(i?-l)(l-r) 



< 



€ 



rR 
2(R-l)(l-r 

(P+l)(l + r) 
4P 3 



-x\Q\\P) 



A(P||Q) 



(P+l) 



M^-*W) 



(60) 



(61) 



Proof. Take s = — 1 in (48), (49) and (50) we get respectively (59), (60) and (61). 
Proposition 4.2. We have the following bounds in terms of ' x 2 — divergence: 

1 X \P\\Q) < A(P\\Q) < t--^X 2 (P||Q), 



(P+l) 3 

4 
(P+l) 3 



x 2 (P||g)^A*(p||g)^ 



V + l) 3 

4 
(r + l) ; 



x 2 (P\\Q) 



D 

(62) 
(63) 



102 I.TANEJA 



and 



(R 



^-y 3 [(R-l)(l-r)-x 2 (P\\Q)] (64) 

2(fl-l)(l-r) _ 

<j^[(R-W-r)-x 2 (P\\Q)]. 

Proof. Take s = 2 in (51), (52) and (53) we get respectively (62), (63) and (64). □ 

We observe that the Theorem 4.2 is not valid for s — 0, \ and 1. These particular 
values of s we shall do separately. In these cases, we don't have inequalities on both sides 
as in the case of Propositions 4.1 and 4.2. 

Proposition 4.3. The following inequalities hold: 

32 

0^A(P\\Q)^-K(Q\\P), (65) 

32 

< A*(P||Q) < - [x 2 (Q\\P) - K{Q\\P)] (66) 



and 



39 

0^X(Q||P)-A(P||Q) (67) 



< 



32(i?-l)lni + (l-r)ln^ 2(i?-l)(l 



r 



27 R-r (i?+l)(l + r) 

Proof. For s = in (55), we have 



lx 2 



9dx) = --^ (68) 



This gives 

ix(x - 2) I > 0, x < 2 
(x + lY I < 0, x > 2 



9a( X ) = JZ. , 1N 4 S^ « .. ^ n ■ ( 69 ) 



Thus we conclude that the function gw{ x ) given by (68) is increasing in x G (0, 2) and 
decreasing in x G (2, oo), and hence 

32 
M = sup g A (x) = max g A (x) = g A {2) = — . (70) 

a;S(0,oo) a;e(0,oo) 11 

Now (70) together with (37), (38) and (39) give respectively (65), (66) and (67). □ 
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Proposition 4.4. The following inequalities hold: 

0^A(P\\Q)^4h(P\\Q), (71) 



0<A*(P||Q)<2 Y,{q^-P^)^ q --±h{P\\Q) (72) 

~1 V Pi 



and 



^ 4 h(P\\Q) - A(P\\Q) (73) 

4(VR-1)(1- y/¥) 2(R-l)(l-r) 



€ 



VP + v^ (P + l)(l + r)' 

Proof. For s = | in (55), we have 



8^3/2 

»*<*) = T^Wr < 74 > 



This gives 



, iy£(£-i) i>o. i < i 

gaW = ~ (s+1)' k0, X> 1- (75) 



Thus we conclude that the function g&(x) given by (74) is increasing in x G (0, 1) and 
decreasing in x e (1, oo), and hence 

M = sup g/\{x) = max <7a(#) = <7a(1) = 1- (76) 

xe(o,oo) xe(o,oo) 

Now (76) together with (37), (38) and (39) give respectively (71), (72) and (73). □ 
Proposition 4.5. We have following inequalities: 

32 
0<A(P||Q)<-tf(P||Q), (77) 



and 



32 

(KA*(P||QK-K(Q||P) (78) 



39 

0^K(P||Q)-A(P||Q) (79) 



32(P-l)rlnr + (l-r)PlnP 2(P - l)(l-r) 



27 P-r (P+l)(l + r) ' 
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Proof. For s = 1 in (55), we have 



»*<*) = 77T7F (80) 



This gives 

8(2x-l) J^O, x^| 

(x + iy ~ \< o, x > 



»w«) = -^=^? = -I : : ::!■ («) 



2 



Thus we conclude that the function g&(x) given by (80) is increasing in x G (0, |) and 
decreasing in x G (|, oo), and hence 

1 32 
M = sup g A (x) = max g A (x) = g(-) = — . (82) 

a;S(0,oo) se(0,oo) 2 ^/ 

Now (82) together with (37), (38) and (39) give respectively (77), (78) and (79). □ 

Remark 4.1. In view of relation (7) and Propositions 4-1-4-5, we have the following 
main bounds on harmonic mean divergence: 

2r 3 2 R 3 

' : X \Q\\P) < 1 - W{P\\Q) ^ —-—^(QIIP), (83) 



( r+ l)3- V-H , - V U-W - (i2+l)J 

2 rX 2 (P||g) < 1 - W(P||Q) < —^- % X 2 {P\\Q), (84) 



and 



(#+1)3* v M-W - v ll«W - (r + 1) ; 

0<1-W(P||Q)<^(Q||P), (85) 

0<l-W(P||Q)^2/i(P||Q) (86) 

0^1-^(P||g)^pK(P||Q). (87) 



The inequalities (84) were also studied by Dragomir [8]. The inequalities (87) can 
be seen in Dragomir [10]. The inequalities (71) can be seen been in Dragomir [11] and 
Tops0e [26]. The inequalities (77) can be in and Dragomir [10]. 

5 Symmetric Chi-square Divergence and Inequalities 

In this section, we shall give bounds on symmetric chi-square divergence based on the 
Theorems 3.1 and 3.2. 

Theorem 5.1. For all P,Q G T n , we have the following inequalities: 

0^(P||QKp*(P||Q), (88) 



BOUNDS ON TRIANGULAR DISCRIMINATION... 105 



where 

p^P\\Q) = *(P\\Q) + J2 iPt " q%) Y l + — • (89) 

If there exists r, P(0<r^l^P< oo) stic/i £/ia£ 

0<r^-^P<oo, Vi6{l,2,...,n}, 

then we have the following inequalities: 

0<tf(P||Q) ^a*(r,P), (90) 

0^*(P||g)^^(r,i?) (91) 



and 



where 



and 



0^/3*(r,P)-*(P||Q) (92) 

s= 7 *(r,P) [(P- 1)(1 - r) - x 2 (P||Q)] < a^fl), 



a*(r,P) = ^(P-rf [2Lj x (r, P) - L~\r, R)] , (93) 

/^(r,P) = (P-l)(l-r)(P + r) (94) 



7 *(r,P) = 2L2 1 (r,P)-Lr 1 (r,P). (95) 



Proof. Follows from Theorem 3.1 by considering / by fa and making necessary calcula- 
tions. □ 

Theorem 5.2. Let P,QET n and s£l Let there exists r, P (0 ^ r ^ 1 ^ P ^ oo) 
swc/i £/ia£ 0<r^^^P<oo, Vie {1,2, ...,n\. 

(a) Por s ^ — 1, we have the following inequalities: 

2(V 3 4- \\ 2(R 3 + 11 

^^^(PIIQ) < *(P||Q) < ^ J ^(P||g), (96) 

2(, " >+n K(^IIQ)-^(^IIQ)] (97) 



^1+s 



2fR 3 + I) 

< **(P\\Q) < { R1 l lp*s( p WQ) - *s(P\\Q)] 
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and 

2 -^^[(3* s (r,R)-®s(P\\Q)\ (98) 

</3*(r,i2)-tt(P||Q) 

^ ^^ \JhAr,R)-*.(P\\Q)]. 

(b) For s ^ 2, we have the following inequalities: 

2(R 3 4- 1") 2(V 3 -I- 1") 

^ig W IIQ) < *(P||Q) < ^^^^(Plig), (99) 

2(r 3 + 1 



r 



l+s 



K(P||Q)-$ S (P||Q)] (100) 

< ^IIQ) < %^ \p:(p\\Q) ~ *.(P\\Q)\ 



and 



where 



^±^[/^(r,P)-$ s (P||Q)] (101) 

^Pv(r,R)-V(P\\Q) 

<%^-[P* s (r,R)-®s(P\\Q)], 

**{P\\Q) = p*(P\\Q) - *{P\\Q) = E {Pl ~ qd Y* + ^ . (102) 

Proof. Let us consider 

g 9 (x) =x 2 - s fl(x) = 2x~ l - s (x 3 + l), ie(0,oo), (103) 

where fy(x) is as given by (17). 
We have 

g'„(x) = -2x~ 2 ~ s [(s - 2)x 3 + (s + 1)] P °' * J" 1 . (104) 



^From (104), we conclude the followings: 



^±±> s<-l 



and 



m = infWs) = min^(x) = <^ f^* ' (105) 

M = sup gm{x) = maxo»(i) = < a^,^ ' (106) 

In view of (105) and (106) and Theorem 3.2, we have the required proof. □ 
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Proposition 5.1. We have the following bounds in terms of x 2 — divergence: 

(r 3 + i)x 2 (Q\\P) < *(P\\Q) < (R 3 + i)x 2 (Q\\P), 



2(r 3 + l)[3^(Q\\P)- X 2 (Q\\P 

< **(P\\Q) < 2(R 3 + 1) [3, $ 3 (P||Q) - X 2 (Q\\P 



(107) 
(108) 



and 



(r 3 + 1) 



(fl-l)(l-r) 
rR 



x 2 (Q\\P) 



(109) 



< (i?-l)(l-r)(i? + r)-*(P||Q) 



^ (P 3 + 1) 



(fl-l)(l-r) 
rR 



x\Q\\P) 



Proof Take s = -1 in (96), (97) and (98) we get respectively (107), (108) and (109). □ 
Proposition 5.2. The following bounds on in terms of x 2 ~ divergence hold: 



R 3 



R 3 



-x 2 (P||QK*(P||QK 



l 



x 2 (P\\Q), 



R '' ' V(P||Q) < **(P\\Q) < r -^x 2 (P\\Q) 



and 



R 3 



R 3 + l 
P 3 



[(R-i)(i-r)-x 2 (P\\Q)} 

^fa(r,R)-*(P\\Q) 

r 3 + 1 



(110) 
(111) 

(112) 



< 



[(R-l)(l-r)- X 2 (P\\Q)]. 



Proof. Take s = 2 in (99), (100) and (101) we get respectively (110), (111) and (112). □ 

We observe that the above two propositions follows from Theorem 5.2 immediately 
by taking s = — 1 and s = 2 respectively. But still there are another values of s such as 
s = 0, s = 1 and s = | for which we can obtain bounds. These values are studied below. 

Proposition 5.3. We have following bounds in terms of relative information: 

^3^2 K(Q\\P)^V(P\\Q), 
< 3^2 [ X 2 (Q\\P) ~ K(Q\\P)] ^ **(P\\Q) 



and 



<tf(P||Q)- 3^2 K{Q\\P) 
<■ (P-l)(l-r)(P + r)-3 



(113) 
(114) 

(115) 



,^ (P-l)ln^ + (l-r)lnl 
R — r 



R 
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Proof. For s = in (103), we have 






, N 2(x 3 + 1) 

X 






This gives 






, , ^ 2(2x 3 - 1) 






2(^2 x-1)(^4i 2 + ^2i+1) 


J>o, 


x > 4= 


a; 2 


i^o, 


T < -J- ' 



;ii6) 



;ii7) 



Thus we conclude that the function gy(x) given by (116) is decreasing in x G (0, -4=) 
and increasing in x G (4=, oo), and hence 

m = inf <?*(x) = min g-yix) = g^(—=) = 3v2. (H8) 

xG(0,oo) xe(0,oo) ^2 

Now (118) together with (37), (38) and (39) give respectively (113), (114) and (115). 

□ 

Proposition 5.4. We have following bounds in terms of Hellinger's discrimination: 

^16 h(P\\Q)^V(P\\Q), (119) 



0^ 16 



1 n r~ 

2 tr v Pi 



^**(P||Q) (120) 



and 



Proof. For s — \ in (103), we have 



0^*(P||Q)-16/i(P||Q) (121) 

^(i ? -l)(l-,)(i ? + ,)-^^- 1)(1 -^ 



This gives 



<?*(*) = ^^. (122) 



3(x 3 -l) 3(rr-l)(a; 2 + x + l) j ^ 0, x^l 
0*0*0 = 572 — = r^ < . „ . . ■ 123 



Thus we conclude that the function gy(x) given by (122) is decreasing in x G (0, 1) 
and increasing in x G (1, oo), and hence 

m = inf g^(x) = min g-q>(x) = g^(l) = 4. (124) 

xe(o,oo) xe(o,oo) 

Now (124) together with (37), (38) and (39) give respectively (119), (120) and (121). 

□ 
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Proposition 5.5. We have the following bounds in terms of relative information: 

^3^2 K(P\\Q)^*(P\\Q), (125) 

^3^2 K(Q\\P) ^**(P||Q) (126) 

and 

^V(P\\Q) -3^2 K(P\\Q) (127) 

^(R-l)(l- r )(R + r )-3r2 {R - 1)rlnr o +{1 ' r)RlnR - 

R — r 



Proof. For s = 1 in (103), we have 



9*(x) = ^!±12. (128) 



x 2 



This gives 



<&(*) = ^-1T^ ( 129 ) 

2(s- v / 2)(x 2 + v / 2x+ ^4) f^O, x > v^ 
x 3 |^0, x < </2 

Thus we conclude that the function g$,(x) given by (128) is decreasing in x G (0, \/2) 
and increasing in x G (\/2, oo), and hence 

m = inf gy(x) = min ^(x) = g*(v2) = 3v2. (130) 

xe(0,oo) x6(0,oo) 

Now (130) together with (37), (38) and (39) give respectively (125), (126) and (127). 

□ 
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1 Introduction 

Fuzzy numbers allow us to model the linguistic expressions appeared in dif- 
ferent scientific areas mainly because of dependence on human judgement, 
finite resolution of measuring instruments, finite representation of numbers 
in computers. This explains the increasing interest on theoretical aspects 
of fuzzy arithmetic in the last years, especially directed to: operations over 
fuzzy numbers and properties ([4], [16], [19], [20], [22], [23], [24], [26], [27], 
[30], [31]), ranking of fuzzy numbers ([6], [11], [13], [28], [36]), canonical 
representation of fuzzy numbers ([8], [9], [12], [14], [17]). 

Generally, the addition (or triangular norm-based addition) of fuzzy num- 
bers and the scalar multiplication are considered. The operations of product 
type of fuzzy numbers are few studied because the known definitions lead to 
difficult handling. 

The main disadvantage is that the shape of L — R type fuzzy numbers is 
not preserved. In many papers (see e.g. [5], [33], [35]) approximative methods 
are given to estimate the result of the product of two fuzzy numbers, but these 
may lead to large computational errors after successive applications. 

That is why in the paper [2] we introduced and studied a new product, 
called cross product, over fuzzy numbers and explained the advantages of the 
use of this one. 

In this paper we prove that good results can be obtained on power series 
of fuzzy numbers with cross product. 

The paper is divided as follows. In Section 2 we present some necessary 
basic concepts including the definition of a fuzzy number, addition and scalar 
multiplication of fuzzy numbers, distance between fuzzy numbers, definition 
and properties of the cross product of fuzzy numbers (proved in [2]). The 
third section contains the definition of a fuzzy power series with cross product 
as a particular fuzzy-number-valued function series, important examples and 
results on convergence and expected value of a fuzzy power series. As an 
application, in Section 4, the fuzzy differential equation y'(x) = a © y(x) © 
b(x), where a is a strict positive fuzzy number and b is a continuous fuzzy- 
number valued mapping with all the values strict positive or all strict negative 
is studied. Finally, a consequence of the main result of this section and an 
example are given. 
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2 Basic concepts 

Firstly, let us recall the following parametric definition of a fuzzy number 

(see [10], [29]). 

Definition 2.1. A fuzzy number is a pair (u, u) of functions u r ,u r ,0 < r < 1 
which satisfy the following requirements: 

(i) u r is a bounded monotonic increasing left continuous function; 

(ii) u r is a bounded monotonic decreasing left continuous function; 

(Hi) u r < W , for every r G [0, 1]. 

We denote by Mjr the set of all fuzzy numbers. Obviously K C IRjr (here 
M. is understood as M. = {x = X{x}]% is usual real number}). For arbitrary 
u = (u, u) G M.p, v = (v, v) G M.jr and k G R we define the addition of u and 
v, u © v, and the scalar multiplication of u by fc, A; • u or m • k, as 

(M0t;) r = w r + tf 



Mtt3f 



Lfc 


1 i£ 5 


— T 

= u 


■ + u r 


ku r , 


if fc > 0, 


ku r , 


if k < 0, 


ku r , 


if fc > 0, 


ku r , 


if A; < 0. 



(fc-^ r = 

We denote by Qu = (—1) • u the symmetric of u G K^- and - • u by - if 

A fuzzy number w G Mjr is said to be positive if u 1 > 0, strict positive if 
u 1 > 0, negative if u 1 < and strict negative if u 1 < 0. We say that w and v 
have the same sign if they are both strict positive or both strict negative. If 
u is positive (negative) then Qu is negative (positive). 

The following definitions and results are useful in the paper. 

Definition 2.2. For arbitrary fuzzy numbers u = (u,u) and v = (v,v) the 
quantity 

D(u,v) = sup {max{|M r — v r \ , \u r — v r \}} 

0<r<l 

is called the distance between u and v. 
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It is well-known (see e.g. [7]) that (R^, D) is a complete metric space and 
D has the following properties: 

(i) D (u® w,v ®w) = D (u, v) , for all u,v,w G R^; 

(ii) D (k • u, k • v) — \k\ D (u,v) , for all u,v G Mjr and fcel; 

(in) D(u®v,w®t) < D(u,w) + D (v, t) , for all u, v,w,t G R^. 

If we denote ||w||^ = D(u, 0),Vw G IRjr, where = X{ } is the neutral 
element with respect to ©, then || • ||^ has the properties of an usual norm 
on Mjf, i.e., \\uW-p = if and only if w = 0, ||A; • u\\-p — \k\ \\u\l-p , ||w © v \\jr < 
\\ u \\f + \\ v \\f 5 IIMI.f — IMW — D(u,v). 

Definition 2.3. (see [1]) A fuzzy-number-valued function / : [a, b] — ^-R^ is 
called Riemann integrable to I gMjf, if for any e > 0, there exists 5 > such 
that for any division P = {[u,v],£} of [a, b] with the norm A(P) < 5, we 
have 

u)Qf(0,l\<e, 

where ^ is the addition with respect to © in R^. 
We write I = (FR) J* f(x)dx. 

Let x, y G R^. If there exists z G R^- such that x = y © z, then we call z 
the H-difference of x and y, denoted by x — y. 

Definition 2.4. ([18], [32]) A function / : A -> R? is said to be differentiable 
at rr G A if there exists /'( x ) ^ ^^ such that the limits lim^^o — 1~ an< ^ 
lim/jx^o ( exist and are equal to f'(x). We call /'(x) the derivative 

of / at x. If / is differentiable at any x £ A we call / differentiable. 

Lemma 2.5. (i) Let f : [a,b] — *• Rj? be differentiable at c G [a, b]. Then f is 
continuous at c (see [1, Lemma 5, Section lj). 

(ii) Let f,g : (a, b) — *■ R? be continuous functions. If the H-difference 
function f — g exists on (a, b) then f — g is continuous on (a, b) (see [1, 
Lemma 1, Section 2]). 

(Hi) Let I be an open interval ofR, and let f ',g : I — > R^ be differentiable 
functions with the derivatives /', g' . Then (f®g)' exists and (f®g)' = f ' ®g' 
(see [1, Proposition 5, Section 2]). 

The concept of expected value of a fuzzy number was introduced and 
studied in [12]- [14] as a good representation of a fuzzy number as a crisp 
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number. In our notations, if u is a fuzzy number then the expected value 
EV(u) is given by (see Definition 2 and Lemma 3 in [12]) 



i 



EV{u) = - f (u r + u r ) dr. 



o 



It is obvious that EV (Qu) = — EV (u), for every fuzzy number u. 

Let us denote R*^ = {u G R^; u is strict positive or strict negative} and 
let Rf = R^ U {0}. 

Definition 2.6. ([2])The binary operation on R®r defined by w = u 

v, [w] r = [w r ,w r ], for every r G [0, 1], where 

u r v l + w 1 ^ 7 * — u^v 1 , if m 1 > and y 1 > 
w 7 "^ 1 + m 1 ^ — u 1 ^ 1 , if m 1 < and v l < 



IU 



w 7 "^ 1 + m 1 !" r — m 1 !" 1 , if u 1 < and w 1 > 
w 7 "!; 1 + w 1 !; 7 " — u 1 !) 1 , if U 1 < and v l < 



and 



■u 1> 



w 



+ w 1 !; 7 " — w 1 ^ 1 , if u 1 > and w 1 > 

w 7 "^ 1 + w 1 ^ 7 " — w 1 ^ 1 , if u 1 > and w 1 < 

m 7 "^ 1 + w 1 ^ 7 " — u l v}, if u 1 < and w 1 > 

w 7 "^ 1 + u 1 v r — yJ-y 1 , if m 1 < and v l < 

for any u,v £ R^ and u0O = O0u = O for any w G K°r is called the cross 
product of fuzzy numbers. 

Remark 2.7. 1) Starting from the formulas of calculus in the case u and v 
strict positive we can deduce: u v = (u (0t> )) if u is strict positive 
and v is strict negative, w v = ((0m) Qv) if w is strict negative and i> is 
strict positive and u Qv = (0m) (Qv) if w and t> are strict negative. The 
cross product u © v is strict positive if w and i> have the same sign and strict 
negative contrariwise. 

2) The cross product extends the scalar multiplication of fuzzy numbers 
because R C Rf. 

3) Similar operation can be defined on the set 1R* = {«£ R^; there exist 
a unique xq G R such that u(xo) = 1} as follows w = u Q v, [w] r = [yf, vf], 
for every r G [0, 1] , where yf = u r y 1 +u 1 y r —y}y} and vf = v7'v l +u 1 v r — u 1 v 1 
for every u, v positive fuzzy numbers. Let also, u v = (u (Gi>)) if u 
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is positive and v is negative, u v — Q ((Qu) v) if u is negative and v is 
positive and u v = (Qu) (Qv) if u and v are negative. We observe that 
the results of this paper hold with respect to this operation too. The main 
algebraic properties of the cross product are given by the following. 

Theorem 2.8. ([2])Ifu,v,w E M.f then 

(z) (Qu) Qv = uQ (Qv) = Q(uQv); 

(ii) u v = v u; 

(Hi) (uQv)Qw = uQ(vQw); 

(iv) If u and v are strict positive or u and v are strict negative then 
(uQv)Qw = (uQw)Q(vQw). 

We present other important properties of the cross product. 

Theorem 2.9. ([2]) (i)If u,v have the same sign and w E M.^ then 

D (w u,w v) < K W D (u, v) , 

where K w = max-flti; 1 ! , |w x |} + w° — w°. 

(ii) Ifu,v E M* and we denote u 1 = u 1 = u 1 , v 1 = v 1 = v l then 

EV (uQv)= u l EV (v) + v l EV (u) - u l v l . 

(Hi) IfuER* then 

EV (u &n ) = n (u 1 ) 11 ' 1 EV(u) - (n - 1) (u l ) n 

for every n E N*, where u &n = uQ ... Qu. 

n times 

(iv) If (u n ) is a sequence of strict positive or strict negative fuzzy numbers 
such that u n — *■ u E R^ then cQu n — > cQu, for every c E M.^ (the convergence 
in the metric D is considered). 

(v) If f,g : [a, b] — > IRjr are continuous at x E [a, b] and f (x ) , g (x ) are 
strict positive or strict negative then f © g is continuous at xq. 

(vi) If f,g '■ [a, b] — ► IRjr are differentiate at x$ E [a, b] , f (xq) , g (xq) 
are strict positive or strict negative and for sufficiently small h > the In- 
differences f(x + h) — f(x ) and f(x ) — f(x — h) exist and have the same 
sign as f(x ), the H- differences g(x + h) — g(x ) and g(x ) — g(x — h) exist 
and have the same sign as g(xo), then f g is differentiate at xq and 

(f Q g)'(x ) = f (x ) g'(x ) Q f'(x ) g(x ). 
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(vii) If f : [a, b] — ► IRjr zs differentiable at x G [a, 6] , / (rc ) zs strict 
positive or strict negative and for sufficiently small h > the H- differences 
f(xo + h) — f(xo) and f(x ) — f(x — h) exist and have the same sign as f(x ) 
then c / is differentiable at xq for any c G R®r and 

(c0/)'(xo) = c0/'(xo). 



3 Power series with cross product 

A series of fuzzy- number- valued functions is a function series Yl n fm where 
fn '■ A(C K. or IRjr) — ► R^, and Yl means the countable sum with respect 
to the addition of fuzzy numbers. The concepts of convergence and uniform 
convergence are considered in the metric space (R^, £)). We say that the 
series J^® /„ is absolutely (uniformly) convergent if J^ n ||/ n ||^ is (uniformly) 
convergent. Because (R^,©,-) is n °t a linear space over R, (R^, ||-||^) is 
not a normed space. We need to prove some lemmas which are analogous to 
some classical results in normed spaces. 

Lemma 3.1. (i) If the series J^ n /„ is absolutely convergent on a set A then 
it is convergent on A. 

(ii) If the series J^® /„ is absolutely uniformly convergent on a set A then 
it is uniformly convergent on A. 

Proof, (i) Let x G A and J2 n \\f n (x)\\j: be convergent. By [34, Theorem 1] 
we have 



£ 9 /« 



X 



£[/»(*)]' 



y^ Jnjxf ^Jnix) 1 



Then 



^2\\fn(x)\\- F = ^2D(f n (x),0) = Y^ SUP max{| / w (a:) r |,|/n(x) r |}. 



re[0,l] 



For any r G [0, 1] we obtain 



Eh 



x 



< 



YMn(xy\<YjUx)\\ F . 
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Since the last series converges, it follows that Y2 n fn{ x Y converges. The same 

f 

reasoning implies that Y2 n fn( x ) converges. 

(ii) For any e > there exists N(e) G N such that 



\\fn+l(x) © ... © f n+p (x)\\r < \\f n+1 (x)\\ :F + ... + Wfn+pix)^ < € 



Vn > N(e),p > 1, Vx G A. The rest is obvious by Cauchy criterion and the 
invariance to translation of the Hausdorff metric D. □ 

Lemma 3.2. If f n : A(c R or Mjr) — ► Mjc- are continuous functions and if 
the series of fuzzy-number-valued functions Y2 n fn is uniformly convergent to 
f : A — > IRjr then f is continuous. 

Proof. By the properties of the distance D we have for n G N 

(71 e N 

/(*),E /*(*) 
fc=0 / 

(n ® n © \ 

E /*(*).£ amj+^IE A(y)»/(i/) 
fc=0 fc=0 / V fc=0 

/ 71 © \ 71 

<L> /(x),E fk{x))+Y, D Uk{x)J k {y)) 

V fc=0 

(71 © N 

E /*(!/)»/(!/) 
fc=0 , 

for every x,y £ A and n G N. 

The property of uniform convergence applied to the first and the last term 
and the continuity of each function fa, k = 0, ...,n complete the proof. □ 

In what follows we study fuzzy power series as particular series of fuzzy- 
number-valued functions by using the cross product of fuzzy numbers. 

Definition 3.3. The function series X^o °™ & x @n , where a n ,x G R®, 
n G N and x &n denotes xQ...Qxiin>l and by convention x &0 = 1 = X{i}i 

n times 

is called ©-power series. 

The following theorem is an analogous of Abel's first theorem. 



fc=0 / fc=0 
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Theorem 3.4. Let E^Lo a ™ ® x&n ^ e a &-P ower series. Then there exist 
Ri,R 2 g R, -Ri < i?2 snc/i i/iai 

(*) E^Lo® ™©^ ™ converges on 5(0, i?i)n(R|), w/jere B(6, i?i) = {x G 
K^; ||x||^ < i?i}; 

(ii) E^Lo °™ © x0n converges uniformly on B(0,R) fl (Mf-), V-R < R\ 
(A means the closure of the set A); 

{Hi) If a n and x have the same sign then E^=o a « © x&n diverges for 
every x with {x 1 ] > R 2 or \x^-\ > R 2 . 



Proof, (i) For x G M.^, by Theorem 2.9, (i) we have: 

D(a n x en , x Gn ) < K n x D(a w 0) = K™ \\a n \\^ 



Lti<ri V_y *Aj ! 



T 



(1) 



X 



x°. The case x = is obvious. Let us de- 



where K x = maxjlx 1 !, Ix 1 )} 

note by r\ the ray of convergence of the classical power series ^„: ,, \\<i n | r a 

Then the series Y2 



oo II I i n 

n I n ' 
n=0 \\ a n\\jr 



n=0 ll^nlljc 



u n converges for u G (— r±, ri) and converges uni- 
formly on [— r, r] for all r < r\. Let i?i = \r\ and x G B(0,Ri) C Mjp i.e. 
I^H^ < /?!. Then 

sup max{|af|, \x r \} < R\ 

re[0,l] 



therefore 



^ < maxjlx 1 !,!^ 1 !} + |x°| + |x°| < 3i?i 



n. 



By (1) and Lemma 3.1, (i) it follows that, for x G 5(0, i?i), the series 

EOO © ~ f^)/i 

n=0 a n x u " converges. 

(ii) It follows from Lemma 3.1, (ii) and the above proof. 

(hi) Let R 2 be the ray of convergence of the series J2 n ^i M " an d R 2 be the 
ray of convergence of the series En^n 14 ™ • We denote R 2 = m&x{R 2 ,R 2 }. 
Let (a; 1 ! > R 2 or la; 1 ] > R 2 and let us suppose that the 0-power series 
E^Lo a ™ © x&n converges. If a n and x are positive, then by [34, Theorem 

1] " 

we have 



Y, a n Qx &n 



n=0 



E^^'E^ 



,n=0 



n=0 



But at least one of the series E^Lo Qn( x J an d E^Lo a n( x i diverges, which 
is a contradiction. As a conclusion E^Lo °™ © • r0 ™ * s divergent. D 
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Remark 3.5. On R* a similar result can be obtained. 

Corollary 3.6. If a n G R^, n G N and x G K. i/ien i/iere exists R\ such 
that the series Y^=o a ™ ' • r ™ converges on (— R^R-i), converges uniformly 
on [-R, R], Vi? < R\ and diverges onl\ [— -Ri, -Ri]. 

Proof. Since ||o n • x ra ||jc- = |^| n • ||a„|| -p, choosing Ri the ray of convergence 
of the crisp power series Xl^Lo ll "!!^ - "™' we obtain the statement of the 
corollary. □ 

Remark 3.7. If Yl^=o °« © x&n converges uniformly on a set A C Rj^ then 
it is continuous on A. Indeed, by Theorem 2.9, (i) and (v) we obtain that 
a n x &n is continuous as a function of x and by Lemma 3.2 it follows that 
J2^=o a n © x &n is continuous. 

Remark 3.8. If Xl^Lo ll a n||jr M ™ converges for any u G R then Xl^Lo a n Qx &n 
converges for all x G R^- and the convergence is uniform on any closed ball 
in this set. 

Theorem 3.9. If Y^=o a nQx &n is a Q-power series with a n ^ 0, for every 
jiGN, then the number Ri in Theorem 3.4 is R\ = ^ lim. n _ OCl (\\a n \\ jr)' ^ or 
iii 3 nm n _ +00 || an+1 ||^- 

Proof. Directly from Theorem 3.4 

and Abel's second Theorem for crisp series. □ 

The following examples of 0-power series define some fuzzy analogous of 
exponential, logarithmic, sine and cosine functions. 



Example 3.10. (i) The series Yl^=o "i ' x&n converges for any x G R^ 
because the number Rj 
denote its sum by e . 



because the number R\ in Theorem 3.1 is Ri = \ lim n ^oo ,} f, = +oo. We 



(ii) The series Y^=i — — ' x&n converges for any strict positive or 
strict negative fuzzy number x G B(0, |) because liuin^oo iu f = 1- We 



denote its sum by ln (l + x). 

(iii) The series Yl^o (2n+il! ' x &<y2n+l ' > converges for any x G Rj^ and 
we denote its sum by sin x. 

(iv) The series Y^=o feV ' ^ 0< - 2n - ) converges for any x G R^ and we 
denote its sum by cos x. 
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Similar results can be obtained for the operation defined on R*. 
In the following theorem we compute the expected value of a 0-power 
series. 

Theorem 3.11. (i) If the power series Xl^Lo a ™ ® x&n converges, where 
a n , x G Rjr, then 



EV[J2 a n Qx Gn )= EV{a ) + J^i^i^T' 1 ( EV ( 

+ EV(a n )(x 



iAj I tXJ 



. ro=0 / n=l 



(ii) If, in addition, a n are symmetric fuzzy numbers (i. e. a} n — a n r = a n r — a\ 
for all r G [0, 1]) then 

(oo ffi \ oo 

J2 an&x en ) =EV(a )+Y,EV(a n )[n(x 1 ) n - 1 EV(x)-(n-l)(x 1 ) n }; 
?1=0 / 71=1 

(Hi) If, in addition, x is a symmetric fuzzy number then 

(oo ffi \ oo 

J2 a n Qx Qn ) =J2EV(a n )(EV(x)) n . 
n=0 / ra=0 

Proof, (i) We observe that if (u n ) is a sequence of fuzzy numbers converging 
to u then EV(u n ) -> EV(u). We get 



EV [ V a„0i " = lim £1/ V a k Qx &k ) = lim V £\/(a fc 0a; 0A; ). 

\ ^— ' / n— »oo \ ^— ' / n^oo ^— ' 

\n=0 / \fe=0 / fc=0 

Then by Theorem 2.9, (ii) we have 

(oo ffi \ n 

Y a n © x Gn ) = lim Y{a\EV{x &k ) + (£V(o fc ) - alKx 1 )'). 
n=0 / k=0 

By Theorem 2.9, (iii) we obtain 

/ oo ffi 

EV[J2 a n Qx Qn 



. n=0 
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EV(a )+ lim J y(a 1 k [k(x 1 ) k - 1 EV(x)-(k-l)(x 1 ) k } + (EV(a k )-a 1 k )(x 1 ) k ] 

fe=l 

n 

= EV(a ) + lim V (ai^s 1 )* -1 (£7(i) - x 1 ) + ^(o^x 1 )*), 

n^oo ^— ' 



n— >oo 

fe=l 



which proves (i). For (ii) we observe that EV(a n ) = a\, Vn e N, and for (iii) 
we have -EV(x) = x 1 . □ 

Example 3.12. We compute the expected values of the Q-power series in 
Example 3.10. We have 



(oo ffi -. \ °° 1 

?1=0 / 71=1 



l\nl 



(x) -(n- l)(x l ) 



OO / 1 n „ 1 oo 



x l)n-l » (n-l)^ 1 )" 



v 7 ^ (n- 1)! ^ n! 

n=l n=l 

= W^e* 1 - xV 1 + e xl = e x \l + EV(x) - x 1 ), 



for any x G TE " ' 



PFe observe that if x is symmetric then EV(e%,) = e EV( - x \ 
Also, 

00 ('_i'i™+ 1 
£V(ln (l + x)) = J2 ~ " Hx'r^EVix) -{n- l){x l ) n ] 



n 

n=l 



J2(-l) n+1 (EV{x) - x l )(x l ) n - 1 + ln(l + x 1 ) 



71=1 



EV(x)-x 1 , . x . 

1 — X 1 

for any x E IR* n B (0, |) . In addition, if x is symmetric then EV(\n & {\ + 
x)) = \n(l + EV(x)). 
It is easy to check that 

EV(sm Q x) = (EV(x) — x 1 ) cos x 1 + sin x 1 

and 

EV(cos Q x) = (x 1 — EV{x)) sin x 1 + cos x 1 , 
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for every x G R*. 

For almost symmetric fuzzy numbers, or fuzzy numbers with small sup- 
port, the expected values of the power series presented in Example 3.10 are 
near to e EV ^ x \ ln(l + EV(x)), sin(EV(x)), cos(EV(x)), respectively. This 
suggest us the possible use of these series as definitions for fuzzy exponential, 
logarithmic, sine and cosine functions. 



4 Application to fuzzy differential equations 

In this section we study the fuzzy differential equation 

y'(x) = aQy(x)®b{x), (2) 

where a is a strict positive fuzzy number and b : K. — *■ IRjc- is continuous and 
all its values are strict positive or all are strict negative. 

First we prove the following lemma on differentials of function sequences. 

Lemma 4.1. Let (/„) n eN, fn '■ [a,b] — ► Rjf be a sequence of differentiable 
functions converging uniformly to f : [a, b] — ► Rjr. // i/iere exists f3 > 
swc/i £/ia£ t/ie H-differences f n (x + h) — f n (x), f n ( x ) — fn( x — h) exist for 
all < h < (3 and n e N and i/ /^ zs uniformly convergent to g then f is 
differentiable and f — g. 

Proof. Let x G [a, b]. Since / n is differentiable, the H-differences f n (x + h) — 
f n {x), n G N exist for sufficiently small h, i.e., there exists /3 n G K. such 
that for < h < j3 n the H-differences f n (x + h) — f n (x), n G N exist. We 
can choose f3 n such that inf ne jj /3 n > (3. Then for < h < (3 there exists 
u n (h) such that m„(/i) © / n (^) = /n^ + h), for every n G N. We prove that 
the function sequence (u n ) is uniformly convergent on (0, f3). Indeed, by the 
invariance to translation of the Hausdorff distance we obtain 

D(u n {h),u m {h)) = D(u n {h) © f n (x),u m (h) © f n (x)) 
= D(f n (x + h) : u m (h) © f n (x)) 
= D(f n (x + h)® f m (x),u m (h) © f m (x) © f n (x)) 
= D(f n (x + h) © f m (x), f m (x + h) © /„(x)), 

for every m,n G N and /i G (0, /3). Then by the property (iii) of D (see 
Section 2) we obtain 

D(u n (h),u m (h)) < D(f m (x), f n (x)) + D(f n (x + /i), / m (x + h)). 
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The uniform convergence of the sequence (/„) implies (u n ) uniformly fun- 
damental. Since (Mjr, D) is complete it follows that (u n ) is uniformly con- 
vergent. Let us denote u the limit of the function sequence (u n ), that is 
limn^oo u n {h) = u(h) for every h G (0, (3). Since f n (x + h) = f n {x) © u n (h) 
for every n6N and h G (0, f3), we have 

D(f(x + h),f(x)®u(h))< 

D{f{x + h), f n (x + h)) + D{f n (x) © u n (h), f{x) © u{h)) 

< D(f(x + h), f n (x + h)) + D(f n (x), /(:r)) + D(u n (h),u(h)), 

for every n G N and h G (0, f3). Passing to limit with n^oowe obtain that 
f(x) © u(h) = f(x + h) for < h< (3, i.e., the H-difference f(x + h) - f(x) 
exists for < h < j3. Also, we get 

D (g{x), /(X + ^~ /(x) ) < D (g(x), f n (x)) (3) 

+ D U(x), f^ + h)^-Ux) 

n f fn(x + h)-f n (x) f( X + h)-f(x) 

+ V h ' h 

for every n &N and h G (0,/5). The properties of the Hausdorff distance 
D in Section 2 imply 

D i fn(x + h) - f n (x) f(x + h)- f(x) 



h ' h 

= \d (f n (x + h)- f n (x), f{x + h)- f{x)) = 

h 

= \d (f n (x + h)(B fix), fix + h)® f n ix)) < 

< l - [Dif n ix + h), fix + h)) + Dif n ix), fix))} , (4) 

for every n G N and h G (0,/9). Passing to limit with n — ► oo in (3) and 
taking into account (4) we obtain 

r>( f \ f( x + h ) ~ f( x )\ ^ v nfff \ fn(x + h) - f n ix)\ 
D (gix), j < kD ^/ B (x), ^ J 
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for every h G (0, /3), and finally passing to limit with h \ we obtain 
D (g(x), lim f±±lpm ) < lim D (f n{x)) lim Mx + h)-f n (x) 

f(x+h)-f(x) 



i.e., the limit lim^o — ^ exists and it is equal to g(x). Analogously 

can be proved that lim^xo { = g(x) and the proof is complete. D 

Lemma 4.2. If a is a strict positive fuzzy number and e a & is defined by 

the power series in Example 3.10 then e ^ x ~ x °> i s differentiate and 

(e»'M)' = fl0 e ; ( " o) , 

for every x, xq G R, x > Xo- 

Proof. Because (A + /i) • u — A • u © /J • u for every A, /i G R, A, // > and -u 
a fuzzy number, we get 

^ ■ a ek ■ (x - x + h) k = ]- ■ a ek ■ (x - x ) k (5) 

for all h > 0, k G N and x, Xq G R, x > Xo- Let n6N*. In the above relation 
we obtain 

n e n e 

X] -•a 0fc -(x-x o + / i ) fc =^ - • a 0fe • (x - x )* (6) 

fc=0 ' fc=0 

®5Z ^' aQfc ' [(^-^o + ^-Oe-Xo)*], 

fc=0 

for all h > 0, x, x G K, x > x . Let us denote S n (x) = X]fc=o M ' a&k ' ( x ~ 
Xo) k . Then the H-differences 



S n {x + h)- S n (x) = Y^ Tj ■ a&k ■ l( x - x o + h) k - (x - x f 

fc=0 

exist for all h > (that is the first condition in Lemma 4.1 



140 



B.BAN.B.BEDE 



is verified), x,x G R, x > Xo- Because 

(x - x ) fc = (x - x - h + h) k = (x - x - h) k + v, 

with v > for all /i > 0, /i < x — x , we similarly obtain the existence of the 
H-differences 



a &k ■ (x - x ) fc - 77 • a ek ■ (x - x - /i)' 



A;! 



(7) 



— • a &k ■ [(x - x ) fe - (x - x - /i) fc ], 



A;! 



for all < h < x — Xq, x, Xo G K, x > xo- The same reasoning as above 
implies that 

n e 

5 n (x) - S n (x -h) = Y^ 77 • «° fe • [(^ - ^o) fe - (x - x - h)% 



fc=0 



i.e., the H-differences S n (x) — S n (x — h) exist for all < h < x — xq. The 
condition in Lemma 4.1 

is satisfied with (3 = x — x > 0. Also, by (5) and the properties of the 
metric D we get 



lim — 
h\0 h 



— ■ a Gk ■ (x - x + hf - — ■ a ek ■ (x - x ) h 
ft! ft! 



= lim - - 
h\o h ft! 



I i 

— ■ a &k ■ [(x - x + h) k - (x - x ) fc ] = 77 • a Gk ■ ft(x - x ) 

^■' ft! 



k-1 



and by (7), 



lim — 

h\0 h 



— ■ a &k ■ (x - x ) fc - tt • a Gk ■ (x - x - h) 



ft! 



A;! 



' ' 0fc -"- • ^ ' • *^i ^ I . o 0fc • ft(x - xo) fe ~\ 

ft! 



= lim -77 • a 0fe • [(x - x ) fe - (x - x - /i) 
h\ohk\ 

for every x, xq G R, x > xq and k G N*. We obtain 



(^ • a 0fe • (x - a*)*) = ttt^ttj • «° fc • (a: - a*)*" 1 , ^ k e N*. 



POWER SERIES OF FUZZY NO. ..FUZZY DIFFERENTIAL EQUATIONS 141 



Because the terms a &<yk ^ • i^\\\ — are strict positive for every k G N*, 
Lemma 2.5, (iii) implies 



S'n(x) = 2^ (k-l)\ ' ' ( X " X °> a& S n-l( X )- 

k=l \ >' 

Because (S n ) ne ^ converges uniformly to e ^ x ~ xo > anc i S n is a strict positive 
fuzzy number for every n G N, it follows, by Theorem 2.9, (iv), that (S' n ) neN 
converges uniformly to a e^ . Finally, Lemma 4.1 implies e^ dif- 

ferentiable and ie% j = a e a & , for every x, Xq G R, rr > rc . □ 

Theorem 4.3. TTie fuzzy-number-valued function y : K. — *• IRjf gzi> en fry 

w (a;) = c © e £(*-*°) © (Fi?) f 6(t) e^dt, (8) 



where a is a strict positive fuzzy number, is a solution of the equation (2) for 
all x > Xo and c G M^ having the same sign as b(t), t > xq (if c ^ 0). 

Proof. First we observe that, by Remark 3.7, Cq is continuous for t G 

[xo, x]. Then in Theorem 2.9, (v) it follows that b(t) e% is continuous 
as a fuzzy-number- valued function of t, and by [7, Theorem 3.7] 

it is integrable. So, we have proved that the function y is well defined. If 
the last term in (8) is differentiable, then by Theorem 2.9, (vii), Lemma 2.5, 
(iii) and Lemma 4.2 

we get 

y '( x ) = C QaQ e a Q (x - Xo) © ((FR) f b(t) e^^dt) (9) 

Let us prove that (FR) J x b(t)®eQ dt is differentiable and to compute 
its derivative. We have 



(FR) I b(t) e% {x+h - t] dt = (FR) / b(t) e% [x+h - t] dt 

JXQ 

(FR) f b(t) e a & {x+h - t] dt. 

Jx 
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Since the H-difference u(t) = e a & ~ e % exists (by Lemma 4.2) and it 

is continuous (by Lemma 2.5, (ii)) for any h > and t G [xq, x], it follows that 
u(t)(BeQ = e a Q a . We observe that u(t) and e a & are strict positive 
and by Theorem 2.8, (iv) we have b(t)Ou(t)®b(t)Qe a Q {x ~ t] = b(t) ® e% {x+h ~ t] 
with all the terms continuous and so integrable (see [7, Theorem 3.7]). Then 
we get [7, Theorem 2.5 and Theorem 2.6] 



{FR) I b{t) e% {x+h - t] dt = (FR) I bit) u(t)dt 
®(FR) J b(t) e% { 



M*-t) dt 



and it follows 



(FR) f X b(t) e a Q (x+h ~ t] dt = (FR) I" b(t) u(t)dt 

Jx Jx 

© (FR) f b(t) e a & {x ~ t] dt © (FR) f X b(t) e% {x+h - t] dt. 

J Xq J X 

Then the H-difference (FR) J x + h b(t)Qe a Q {x+h ' t] dt-(FR) J x q b(t)Qe% {x ~ t] dt 



exists and we have 



1 



x+h r-x 



lim i- • ( (FR) J b(t) e% {x+h ' t] dt - (FR) / b(t) e a e {x+h - t] dt 



rx+h 



1 / (*X PX-\-fX > 

lim - • ( (FR) / b(t) u(t)dt © (FR) / b(t) e% {x+h ~ t) dt 

h\0h V. Jx Jx , 

i • (W) f 6(t) (e-^-*) - e-^"*)) eft (10) 



XQ 

x+h 



lim , 
h\0 h 



By [7, Theorem 2.5 and Theorem 2.6] 
we obtain 



(FR) / b(t) e% {x+h - l) dt 



lim 1 ■ ((Fi?) £ 6(t) (4 (x+fc - 4) - e^) eft) 



POWER SERIES OF FUZZY NO. ..FUZZY DIFFERENTIAL EQUATIONS 143 



a-(x+h— i) a-(x-t) 



lim (FR) / bit) ^ f%> dt 



Also, [7, Remark 3.1 and Remark 3.2] 
and Theorem 2.9, (i) imply 



a-(x+h— t) a-(x-t) 



(FR) / b(t) -^ 2 dt, (FR) / b(t) a e^'^dt < 

Jso "- Jxo J 

(a-(x+h-t) _ a-(x-t) \ 

&(*) © ^ ,&(*) © a © 4 (X " 4) rf * < 



.<■() 



a-(i+h— t) o-(x— t) 

7| , a eg 1 "'' ) dt, 



**)!> I ^ C& - ,a0 e£ M I dt 



where -f^b(t) = sup te r a , oa .i{max{|6(t) |, \b(t) |} + 6(t) — b(t) }. Lemma 4.2 im- 
plies 

/ a-(x+h-t) _ a-(x-t) \ 

Um ^ % ^0 a ^(.-t) = 



therefore 



lim 1 • f(Fi?) f 6(t) ^(^ h -*) _ e £(*-*)) <ft 

= (Fi2) I* b(t)®aQe% {x ~ t] dt. 



J x 

In relation (10) we get 



x+h px 



lim \ ■ [(FR) J* b(t) e% {x+h - l) dt - (Fi?) £ b(t) G 



Oe^^dt 



' zo -> xo 

r-x+h 



px i px+h 

(FR) / 6(t) a e% (x - t] dt © lim - • (Fi?) / 6(t) e^' 1 ^ 



h\o h 

Theorem 2.6, Remark 3.2 in [7] 

and the properties of the distance D imply 

D I b(x), - ■ (FR) / b(t) e a & {x+h - t] dt 



>dt. 
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D (FR) 



x+h 



h 



x+h 



I I px-tn, 

- ■ b(x)dt, =- ■ (FR) / b(t) e a e {x+h - t] 



dt\ < 



< 



x+h 



D(^.b(x),b(t)Q^-e a Q {x+h - t) )dt 



x+h 



Dfbixlb^^^^Adt 



In addition, 



D (b(x), b(t) e^+^A < D (b(x), b(t)) + D (b(t), b(t) e^^) < 



a-(x+h—t)y 



(Theorem 2.9, (i)) < u(b,h) + K m D(l,e e 
for every t e [x,x + /i], with uj and i^&(t) as above. We get 



(11) 



D[b(x),--(FR) J b(t)Qe% 



x+h 



a-(x+h—t) 



(It 



< 



h 



x+h 



u>(b, h)dt + K, 



b{ty 



x+h 



D{l,e% (x+h - t] )dt. 



We also observe that 



D(l,e a & {x+h ~ t] ) = lim D ( 1, 1 © ^a ■ (x + h - t) 



1 
If 



lim D ( 0, — a • (x + h - t) 



nl 



a &n -(x + h- t) n 



(12) 



n\ 



a en -(x + h- t) 1 



< lim 

n— >oo 



a ■ (x + h — t) 



T 



III 



a en -(x + h- t) 1 



< lim ( \x + h — t\ 



1! 



+ ... + \x + h -t\ 



therefore 



x+h 



D(l,e Q 



T 



a-(x+h—t) 



,0n 



III 



T 



T 



)dt 
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< — lim 

fl n^oo 



1! 



a 



-,&n 



77! 



x+h 

\x + h — t\dt 

x+h 

\x + h-t\ n dt 



T Jx 



= — lim I — 

h n^oo y 2 

Passing to limit we obtain 



1! 



...+ 



T 



h n+l 

n + 1 



,&n 



77! 



T 



lim — 

h\0 h 

< lim lim — ( — 

n-»oo h\0 h \ 2 



x+h 



D(l,e Q 



a-(x+h—t) 



)dt< 



1 
V. 



h n+l 



T 



1 



III 



,0n 



^ 



0. 



n + 1 
Since b is continuous, o;(6, h) — ► for h \ (see e.g. [21]). We obtain 



D^b(x),\im^-(FR)^ + b(t)®e% { 



a-(x+h—t) 



dt =0 



(13) 



for every x > x , which means lim/i\ | • (FR) J x b(t) Qe a & dt = b(x), 

for every x > xq. Then in (10) we have 



i / px+h rx 

lim - • [{FR) J bit) el {x+h - l) dt - (FR) J b(t) d 



e% {x - t] dt 



a-(x-t) 



(FR) / 6W®a0e0 *®^)» 



(14) 



■I'D 



for every x > x . 

For the symmetric case we observe that 



a-(x-t) 



(FR) / &(*) e^~ i; dt = (FR) / &(*) e^~ IJ d£ 



•TO 



x—h 



a-(x-t) 



■I'D 



© (Fi?) f &(i) e% [x - t] dt, 

J x—h 



a-(x-t) a-(x-h-t) 



the H-difference v(t) = e^ — e a & ' exists and it is continuous for 
any t G [xq,x — h] and < h < x — xq (see Lemma 2.5, (ii)). Also, by Lemma 
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4.2, v(t) and e a & are strict positive and we get 

rx—h px—h 

(FR) / b(t) e a Q {x ~ t] dt = (FR) / b(t) v(t)dt 

Jxo Jxo 

© (FR) f b(t) e% {x - h - t] dt, 

Jxo 

for every < h < x — xq, therefore 

px px—h 

(FR) / b(t) e% {x ~ t] dt = (FR) / b(t) v(t)dt 



X J X() 

x—h px 



© (FR) / b(t) e a G {x - h ~ t] dt © (Fi2) / 6(t) e* (x_t) d*. 

Then the H-difference (Fi2) /* 6(i) e£ (x_t) dt - (Fi?) f x_h 6(t) e^'^dt 
exists and similar to (10) we have 

lim \ ■ ((FR) I" b(t) eZ^dt - (FR) [* b(t) eg'-^dt) 
h\0 h \ J X0 J X0 J 

= lim I ((FR) j'~\t) (4<-« - e-"-'-'») <ft) (15) 

e ^K ( ™ ) I/ W04M *) 

= (FR) [ X b(t) a eQ (x_t) dt © lim \ ■ (FR) [* b(t) e% {x - t] dt. 

Jx h \° h Jx-h 

Similar to the symmetric case we get 

D (b(x), i • (FR) f b(t) eg^d*) 

<i ^ D(b(x),b(t)Oe a Q {x - t] )dt, 

h Jx-h 

for every < /i < x — xq. As in (11) we have 

D (b(x), b(t) eg*-*) < u(b, h) + K m D(l, e% {x - t] ) 
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for every t E [x — h, x], < h < x — x . Similar to (12) we obtain 



< lim ( \x — t\ 

n— »oo 





D(l, e£ M ) 








1 

1! 


■ a 


+ ... + \x- 


-t\ n 


1 


■a Qn 



T 



for every t G [x — h, x], < h < x — Xq. Similar to (13) we get 

\im\-(FR) [ X b(t)Qe a Q {x - t) dt = b(x), 
h\o h J x _ h 

for every x > x . Then in (15) we have 



x—h 



lim =■ • (FR) / 6(t) e0 (x_t) dt - (FR) / 6(0 e^'^dt 
h\o h \ J X0 J X0 

l>X 

= (FR) / 6(0 a e% {x ~ t] dt © 6(x), 

Jxo 

for every x > xo, and by (14) and (16) we obtain that 

a 0eg 
'so 

for every x > xq. In (9) we get 

y'{x) = c&a& e% {x - xo) © (FR) I b(t) a e£ (x_t) dt © 6(x) 



(16) 



(Fi?) f 6(t) e^^tft) = (Fi?) f 6(t) a 4 M di © 6(.c). 



:<'() 



Because c and 6(t) have the same sign it is easy to prove that the fuzzy- 
number-valued function given by (9) is a solution of the fuzzy differential 
equation (2) and the proof is complete. □ 

It is immediate the following result. 
Corollary 4.4. The fuzzy-number-valued function y : K. — ► IRjr given by 

y ( x ) = yo& e «-(*-*o) © (FR) j X b(t) e a Q {x - t] dt, 



■to 



where a is a strict positive fuzzy number, is a solution of the fuzzy initial 
value problem 

y'(x) = a y(x) © b(x) 

y(x ) = y 

for all x > Xo, where yo £ ^f-; & : K. — ► IRjr zs continuous, yo and b(x) have 
the same sign for all x > x (if y ^ 0). 



(17) 
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The following example gives the solution of a fuzzy initial value problem 
with triangular fuzzy numbers as data. We recall that for a < b < c, a,b,c G 
R the triangular fuzzy number u = (a, b, c) determined by a, b, c is given 
such that u r = a + (b — a)r and u r = c — (c — b)r are the endpoints of the 
r— level sets, for every r G [0, 1]. If u t = (ai,bi,Ci), i G {1,2} are triangular 
fuzzy numbers then 

«i0m 2 = (ai& 2 + a 2 bi - bib 2 , hb 2 , c x b 2 + c 2 b x - b x b 2 ) (see [3]) 

and 

u 1 ®u 2 = (oi + o 2 , 6i + b 2 , c x + c 2 ). 

If u = (a, b, c) is a triangular fuzzy number and fcei then k-u = (ka, kb, kc) 
if fc is positive and k ■ u = (kc, kb, ka) if k is negative. 

Example 4.5. Let a = (a(l — e),a,a(l + e)) ,a,e > and b = {(3(1 — 
e'),/3,/3(l + e')), f3,e' > 0, strict positive triangular fuzzy numbers and let us 
consider the fuzzy initial value problem 



y'(x) = a © y(x) ® b 
j/(0) = 1 

Firstly, let us compute e^ x for x > 0,x G R. Because (see [3]) 

(a ■ x) en = (a n x n (l - ne),a n x n , a n x n (l + ne)), 

by direct computation we get 



(18) 



oo w 1 

y - 



n=0 



— ;— (1 - ne), — — , — — (1 + ne 

n=0 v 

E^r( 1 --)>E^r'E^ r ( 1 +- 

K n=0 n=0 n=0 



oc 



^-~v IX X ^— \ U. X ^-~ \ U. X ^— \ U. X ^— \ U. X 

2-" n\ ~ £ ^(n-l)V^ n\ ' ^ n\ + £ ^ (n - 1)\ 

• n=0 n=l v ' n=0 n=0 ra=l v ' 
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= (e ax (l - eax), e ax , e ax (l + sax)) . 
It follows that 

px px 

(FR) bQ e a & {x ~ t] dt = [2, Theorem 4.9, (iv)J =b& (FR) / e a & {x ~ t] dt 
Jo Jo 

= b © (FR) f (e^-^l - ea(x - t)), e a{x ~ l \ e a{x - l \l + ea{x - t))) dt 



o 



[7, Theorem 3.2} 



= bQ[ e a( ' x - t) (l-£a(x-t))dt, e^-^dt, e a(x_t) (l + ea(x - t))dt 
\Jo Jo Jo 

= ((3(l-e'),(3,(3(l+e'))Q 

(ax _ i ax _ i ax _ i 
(1 + e) - exe ax , , (1 - e) + exe c 
a a a 

(ax _ i ax _ i ax _ i 
(1 + £-£')- exe ax , , (1 + e ' - e ) + exe c 
a a a 

Then 

y(x) = e ax ■ (1 — eax, 1, 1 + sax)® 

(ax _ i ax _ i ax _ i 
(1 +e-e')- exe ax , , (1 + e' - e) + exe° 
a a a 

is the solution of the problem (18). 

Acknowledgement. We express our thanks to Professor S.G. Gal, 
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Abstract 

In this paper we obtain a numerical method for the solution of the 
delay integral equation (1) which is known in some anterior given points. 
In this purpose we construct a cubic fitting spline function through the 
least squares method on the anterior interval which realize here a subop- 
timal approximation of the solution. Afterwards, we use the successive 
approximations method combined with a quadrature rule to approximate 
the solution on [0,T]. 
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45D05. 
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1 Introduction 

The aim of this paper is to propose a numerical method for the approximation 
of the smooth positive solution of the delay integral equation, 

x(t)= f f(s,x(s))ds. (1) 



This integral equation has the origin in biomathematics where it models the 
spread of certain infectious diseases with a contact rate that varies seasonally. 
So that x(t) is the proportion of infectious in the population at the time t, t is 
the lenght of time in which an individual remains infectious and f(t, x(t)) is the 
proportion of new infections on unit time. 
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In [4], [14], [9] and [10] sufficient conditions for the existence of the positive 
continuous solution of (1), which can be periodic, were given by D. Guo, V. 
Laksmikantham, L.R. Williams, R.W. Legget and R. Precup. Using the Ba- 
nach's fixed point principle, LA. Rus obtains existence and uniqueness results 
of this solution in [11] and [12]. In [7] C. Iancu obtains a numerical method 
for the approximation of the positive bounded solution of (1) using the Picard's 
technique of successive approximations and the trapezoidal quadrature rule. In 
[2] we obtain some numerical methods for the approximation of the positive 
smooth solution of (1) according to the properties of the function / , ( that is 
Lipschitzian or of C 1 , C 2 smoothness class ). Continuing our ideas, in this paper 
we propose a numerical method using fitting spline functions and a pertubed 
trapezoidal quadrature rule in C 3 smoothness case. 

In this paper we consider r > 0, and T > fixed, suppose that we know the 
solution of the equation (1) in some p discrete points in the interval [— r, 0] and 
we want to obtain an approximation of this solution for t G [— r, T\. Firstly we 
give sufficient conditions for the existence and uniqueness of a positive bounded 
smooth solution of the equation (1). Using the above discrete values and the 
Ichida-Yoshimoto-Kiyono's method based on the least squares principle we con- 
struct a fitting spline function which approximates the solution on [— r, 0] ( 
[8] and [13] ). Afterwards, using the knots and the parameter values obtained 
with this method we construct an approximation of the solution for t G [0, T] 
based on the succesive approximations method and on a perturbed trapezoidal 
quadrature rule ([1] and [3]). 

2 The existence and the uniqueness of the pos- 
itive smooth solution 

Let T > be a fixed real number. Considering the initial condition, x(t) — &(t), 
t G [— t, 0], we have the initial value problem : 

*(*) = Sir /(*> X ( S )) ds > Vf e I ' T \ ( 2 ) 

x(i) =*(*), Vie [-t,0]. V ' 

We suppose that <3> G C[—t, 0] satisfies the condition 

*(0) = y f(aM*))da. (3) 

Supposing that / G C([—r,T] x R) and using the Leibniz's formula of 
derivation for an integral with parameters, we obtain the equivalence between 
(2) and the following Cauchy problem for a delay differential equation 

x'(t)=f(t,x(t))-f(t-T,x(t-r)), VtG[0,T] 

&(*) = $(*), VtG[-r,0]. [> 

To obtain the existence of an unique positive, bounded solution we consider 
these assumptions : 
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(i) 3a, (3 > such that $ is continuous on [— r, 0] and 
0<o<*(t)<AVte[-r,0]; 

(ii) / £ C{[-T,T\ x [a,/3]), f(t,x) > 0,V£ £ [-t,T\,Vx > and 3M > 
such that f(t,y) < M,\/t £ [-r,T],Vy G [a,/?]; 

(hi) $ £ C 1 [— r, 0] satisfies the condition (3) and 

$'(0) = /(0,6)-/(-t,$(-t)) 

where 6 = $(0) ; 

(iv) Mr < (3 and there is an integrable function g(t) such that 

f(t,x)>g(t), Vte[-T,T], Vx>a, 

with 



/ ff(s)rfs > a, We[0,T] 

Jt-T 



(v) 3L > such that \f(t,x) - f(t,y)\ < L\x-y\ for all t £ [-t,T] and 
x,y £ [a, (3). 

Theorem 1 Suppose that assumptions (i)-(v) are satisfied. Then the equation 
(1) has a unique continuous on [— r, T] solution x(t) , with a < x(t) < (3 , 
Vt £ [-T,T] such that x(t) = $(*) fort £ [-r,0]. Moreover, 

max{\x„(t) - x(t)\ : t £ [0,T]} — ► 

as n —* oo where x n (t) = $(£) /or £ <G [— r, 0] , n £ N , xo(i) = o and x„(t) = 
/,_ f($,x n -i($))d$fort£ [0, T] , n € N*. The solution x belongs to C[—t,T]. 

Proof. In the functional space C[— r, T] we consider the Bielecki's norm 

\\x\\ B = max{|ic(£)| • e - 0( - t+ ^ : t £ [-r,T]} 

for 9 > and define the operator A : C[-t, T] — ► C[-t, T] 

AWJj -\ *(*), tG [- T .0]. 



We have 



\A( Xl (t)) - A(x 2 (t))\ < I \f(s,x 1 (s))-f(s,x 2 (s))\d S 

Jt-T 



J L\\x 1 -x 2 \\ B -e 0(s+ ^ds<j\\x 1 -x 2 
for t £ [0, T] and consequently 



||i4(a;i)-A(ar2)|| < ^ ■ \\xi ~ x 2 \\ B 
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for X\,X2 G C[—t, T\. This operator is contraction for 6 > L. Using the Banach's 
fixed point principle we obtain the existence of an unique continuous on [— r, T] 
solution for (1) such that x(t) — $(£) for t € [— r.O] and 

max{\x„(t) - x(t)\ : te [0,T]} — >0 

as n — » oo . Using now the Chebyshev's norm, 

\\x\\ c = ma,x{\x(t)\:te [-t,T]} 

we obtain 

\x n {t) - x{t)\ < ^— — ■ \\x - xi\\ c , V* G [0,T]. 

From (iv) we see that 

x (t) = / f( s ,x(s))ds> / g(s)ds > a 



x(t) 



I f(s,x($))ds< I Mds<(3yte[0,T}. 

Jt-T Jt-T 



Because a < $(t) < /3,Vi G [-r,0] and x(t) = $(i) for t G [-r.O] we infer 
that a < x(t) < /3, Vi G [— r, T], and the solution is bounded. Since x is 
solution for (f) and we have x(t) — J._ f(s,x(s))ds, for all t G [0, T], and 
because / € C([— r,T] x [a,/?]) we infer that x is derivable on [0, T] , with x' 
is continuous on [0, T]. From the condition (hi) follow that x is derivable with 
x' continuous on [— r, 0] (including the continuity at the point t = ). Then 
x G C 1 [— r, T] and the proof is complete. ■ 

Corollary 2 In the conditions of Theorem 1, if f G C 1 ([— r,T] x [a,/?]) , $ € 

C 2 [-t,0] and 

$"(0) = g-(0, b) + g(0, 6) • [/(0, 6) - /(-r, $(-r))] - 

- d -l (-T, $(-r)) - g (-r, $(-r)) • $'(-r) 
thenxe C 2 [-t,T}. 
Proof. Follows directly from the above theorem and from hypothesis. ■ 

3 The construction of the fitting spline function 

The initial condition in (2) means that the proportion $(f) of infectious in 
population is known for t G [— r, 0]. 



ON A DELAY INTEGRAL EQUATION... 157 



But in the real world this knowledge is incomplete, more exactly we can 
know the function <E> only in some discret moments when we make measure- 
ments. For this reason we can consider many sufficient values of $, /i, fi, ■■■, f p 
experimentally found at the moments Ui,i = \,p such that 

0. 

Because these values are affected by errors we have to find an adequate 
fitting spline function which approximate the function $ on [— r, 0], using the 

least squares method combined with the algorithm of K. Ichida, F. Yoshimoto, 
T. Kiyono (see [8] and [13]) and the spline function of C. Iancu (see [5] and [6]). 
This algorithm have the knots as variables. Starting from three knots we 
insert another knot successively until a certain criterion is satisfied. The es- 
timator of the variance of errors (as well as in [8]) is used to determine if a 
satisfactory fit is reached. Then we obtain the new knots «W, i = 1, n + 1. Let 
hi =u (l+1 '> -u^,i = T~n. 

3.1 The cubic spline function 

The spline function, above mentioned, is the following piecewise cubic polyno- 
mial on [— t, 0] (see [5] and [6]) for which if t <G [vS l \ m^ +1 '] we have : 

si® = Mi+1 6 ~ Mi • (* - ^r +f-a- u^r+ (5) 

+m t ■ (t-u il) ) + y l , Vi = l,n- 1. 
From [5] and [6] we have, 



\ M, + i + M,. 2(m -;;- mi » i-T^r. 

From relation (6) we obtain the following recurrent relations 
f M i+1 = 6-l!^-%i-2M i 



(6) 



m i+ i = 3 • v -^p± - 2m, - |MA 



,i = l,n-l. (7) 



and we can also obtain 






i = l,n-l. (8) 



Replacing this value of m, in (5), we obtain a new expresion for Si(t). 
If we denote, 

ai[) ~ 6hi 6 
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(f) = (t-^) 3 , {t-^f _ hj-(t- #) 

lU 6/ii 2 3 

. . t- «('' , , , _, £ - u« 

6 hi 

then relation (5) becomes, 

Si(t) = M i+1 ai(t) + Mibi(t) + Vi+id(t) + Vidi(t) ■ (9) 

Here, yi,rrii,Mi are the values of Si^s^s" on uW, i = l,n. The computing 
algorithm may be summarized as follows ( [8] and [6] ): 

Step 1 : Calculate least squares fitting for initial two intervals. Construct 
the normal equation and go to step 4. 

Step 2 : Determine the interval to divide and insert a new knot. 

Step 3 : Construct the normal equation. 

Step 4 : Solve the normal equation. 

Step 5 : If the number of parameters (j/j together Mj, i = 1, n) is greater than 
that of data, then end. Else test the criterion. If the criterion is not satisfied, 
go to step 2. If it is satisfied, then end. 

The algorithm run if we choose a satisfactory e > to test the criterion. 

3.2 The algorithm 

First we take three knots u^, iS 2 \ u^ where u^ = u\ = —t,u^ = u p = 
and u^ is determined in order that there are equal numbers of data Ui in each 
interval [w^ 1 \u^ 2 - ) ] and [u' 2 ',u^ 3 ']. We have 

2/1 = *1 (V 1 ') , 2/2 = 8i ( U < 2 >) = S 2 (>)) , y 3 = S2 (V 3 ) 

ill i = S'i I m (1) ) , m 2 = $[ (u (2) ) = $2 (u (2) ) , m 3 = s 2 ( u (3) 



Mi = s '/ ( u w) , M 2 = s'i U 2 A = 4 (u^) , M 3 = 4 



(•>) 



The values of parameters 2/1, y 2 , 2/3, Mi,M 2 , M 3 will be determined by least 
squares fitting. From (9) we have, 

si(*) = M 2 Oi(t) + Mi6i(t) + 2/ 2 Ci(t) + yidi(t) (10) 

s 2 (t) = M 3 a 2 (£) + M 2 & 2 (i) + y 3 c 2 (t) + y 2 d 2 (t). 

Let the least and the largest values «j of data in the interval [i^ 1 -*,^ 2 )] be 
respectively u Pl — u± and u 9l . Similarly we denote u P2 and u q2 — u p in the 
interval [u^ 2 \u^]. The sum of squares of residuals is, 

91 92 

R(y 1 ,M 1 ,y 2 ,M 2 ,y 3 ,M 3 ) = £ [siK)-/ fc ] 2 + £ [« 2 (« fc ) - A] 2 . (11) 

fe=Pl fc=P2 
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We want to obtain the values of yi , Mi ,i = 1, 3 which minimize R. Differ- 
entiating this expresion with the 6 parameters yi , Mi and setting to zero, that 

is 

^=0,^=0,^=0 
dyi ' dMi ' dy 2 



dR_ = OR dR_ = 

dM 2 ' 8y 3 ' 0M 3 

we get a linear system in this 6 parameters, which can be written in the following 
normal equation : 

A 3 z 3 = g 3 (1 2) 

where the subscripts denote the number of knots and, 

zl = (yi,M 1 ,y 2 ,M 2 ,y 3 ,M 3 ) e K 6 



(13) 



<n 



91 



</i 



92 



T 
93 



(^2 dl(u k )f k , ^ b l( U k)fk, ^2 C l( U fe)/fe+ X] d 2 (u k )fk, 
k=p! k=pi k=pi k=p 2 



^2 a l( U k)fk + ^2 b z( U k)fk, ^2 C t( U k).fk, ^2 a ^ U k)fk) £ 
k=p\ k=p 2 k=p 2 k=p 2 

( 4? 0$ 0$ afl \ 



As, 



a {3) a {3) a {3) a {3) 

"21 "22 a 23 a 24 u u 

(3) (3) (3) (3) (3) (3) 

a 31 a 32 a 33 a 34 a 35 a 36 

(3) (3) (3) (3) (3) (3) 

a 41 a 42 a 43 a 44 a 45 a 46 

a (3) a (3) a (3) a (3) 

u u a 53 a 54 a 55 a 56 

(3) „( 3 ) „(3) „(3) 



V a$ a, 



&a^ G>a 



64 ""65 "66 / 

(3) (3) • • TS ■ -L ■ 

% =Oji i M = 1,6, «/.? 

ifl' = Yl \- dl ( U k)f i a 22 = X] IM u fc)f ' a 12 ) =^2 b l(u k )d 1 {u k ) 
k k k 

«i3 = ^Ci(«fe)di(«fe), afj = ^2ai(uk)di(uk) 

k k 

a 23 = ^hiu^ciiuk), a 24 = J^,ai(uk)h(uk), Vfc =pT7qi- 
k k 

91 92 91 

a 33 = Yl I C lK)] 2 + X! M2K)] 2 , «34 = Yl 0,l{Uk)ci{Uk) + 



k—p! 

92 



) a 34 
fc=p 2 fe=Pi 

91 92 

,(3) 



- Y b 2 (uk)d 2 (uk), a 4 3) = Y2 [ a i( u k)) 2 + Y [M u fc)]' 

k=p2 k=pi k=p2 



(14) 



(15) 



(16) 



(17) 
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a 35 = ^2 c 2{uk)d2(u k ), a 36 = y^ j a2(u k )d 2 {u k ) 

k k 

3-45 =^2 b 2(uk)c 2 (u k ), 4e = ^2a 2 (uk)b 2 (uk), 4s = ^2 M«fc)] 2 
,(3) _r^.„wf.,.i «(3) _ Vr^-.M 2 



a 56 ~ /_jW\u>kJ^2\wkJ, "66 ~ / ,, 



a 2 (wfe)c 2 (ufe), ajj 6 ; = 2^[a 2 (u fe )] ,\fk=p 2 ,q 2 . (18) 

fc fe 

Solving the equation (12) by the Gauss's elimination method we obtain the 
vector of parameters, z 3 , and the minimal value of R. 

We denote by i?i(j/i,Mi, y 2 ,M 2 ) and R 2 (y 2 ,M 2 ,y 3 ,M 3 ) the first sum and 
the second sum of i?. We see that R\ is associated to the interval [w^ 1 ),?/ 2 )] 
and i?2 to the interval [u^ 2 \u^]. We compute i?i and i? 2 and make compar- 
ison between — — , 1 and , , , where o, — p, ■ + 1 is the number of data 

qi-pi+l 92-P2 + 1 ' "ii VI i 

m from the interval \uS l \ U^ +1 ']. If — J +1 is greater , j £ {1,2} , then we 

divide the interval [vV>, u 1 -^ 1 '] and insert here the new knot in order that the 
two new subintervals have equal number of data u\. In this way we have four 
new knots and three intervals, three cubic polynomial as new functions, and 
eight parameters j/,,Mj,i = 1,4. With the least squares method we minimize 
R(yi, Ml, 2/2> M 2 , 2/3, M3, 2/4, M4), which is an expression with 3 sums as in (10) 
and (11), obtaining the values of these eight parameters, as above. We com- 
pute Ri (yi , Mi , y 2 , M 2 ) , R 2 (y 2 , M 2 , y 3 , M 3 ) , i? 3 (2/3 , M 3 , 2/4 , M 4 ) and ^+1 = 

max < ._ fli +1 , » = 1,2, 3> , in order to divide the interval [u^\u^ +1 ^j and to 

insert a new knot. The procedure continue and comes up with n — 1 intervals. 

Computing, 

Rj f Ri t T 

— ™°^ > " — l.n — 1 



we divide the interval [vV> , u^ +1 ^] and insert a new knot. We obtain n + 1 new 
knots, u^\u^- 2 \ ...,vS n \u( n+1 \i = 1, n. Similarly, we have n cubic polynomial 
functions Sj, i = 1, n and 2(n + 1) parameters j/j, Mi, i = 1, n + 1, 

2/! = ,si (u^) , Mi = s'{ (uW) , 2/„+i = s n (> +1) 



M„+i = < (> +1 >) , y i+1 = Sj (^ +1) ) = s i+ i(« (i+1) ) 

M+i = 4> (l+1) ) = ^'+i(« (i+1) ), * = I^T 

The values of the parameters were obtained by the least squares method, 
minimizing the similar expression R(yi, Mi, ..., y n +i, M„ + i) and solving the nor- 
mal equation A n+ iz n+ i = g n +\ , where z^ +1 and gj l+1 are (n + l)-vectors 
analogous with (13) and (14), and A n+ \ is a symmetric matrix of dimension 
(n + 1) X (n + 1) analogous with A3. The elements of A n+ \ have analogous 
form with (16), (17) and (18). This matrix has a band structure ( [8] and 
[13] ) and therefore we can apply the Householder reductions or the Gaussian 
elimination method to solve the normal equation. 
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In the following we present the criterion of convergence (as in [8] and [13]). 
Let, 

c, ,,, R(y 1 ,M 1 ,...,y n+1 ,M n+1 ) 

p - 2{n + 1) 

be the estimator of the variance of errors. 

This estimator decrease when we insert a new knot. When 6(n+l)—6(n) < e, 
for e > choosen, we consider that we have reached the adequate fitting. Then 
the number n + 1 is enough and we store the new knots u^\ ..., u^ n+1 ^ and the 
new spline parameters tji, M^i = l,n + 1. 

3.3 The fitting spline function 

With the knots «M and the values yi, Mi, i = 1, n + 1 we construct the fitting 
spline function s : [—t,0] — > M. , which has the restrictions s» ( as in (5 )) 
on [«W,u' ,+1 '] for each i = l,n. With the relations (8) we obtain the values 
rrij, l,n + l and then 

«(«(*)) = y u s '(u (i) ) = m„ s"{u (i) ) = M i; Vi = l,n+l. 

We have that s <G C [— r, 0]. Indeed, from (5) we obtain that 

Si( U ( i+ V) = s i+1 (u( i+ V), Vi = T^. 

The relations (8) are equivalent with 

*i(« (i+1) ) = «i+i(tt (i+1) ). V7 = T^ 

and since 

s'l(t) =M t + (t - uW) 



we 



have sf(u( i+1 )) = sj' + i(u (i+1) ), V» = l,n 



Remark 1 Unlike the papers [5] and [8], here we use only the parameters 
j/»,Mj. 0/ course, the values mi are directly obtained from the relations (8). 
In [5] the parameters are yi,rrii, Mi and the expression of the spline function is 
the same (5). In [8] the parameters are y%,rfii, but the expression of the spline 
function is more complicated ( see expression (1) in [8] ). Because we choose at 
the beginning of the algorithm u^ = — r and u^> = , then after the stop of 
this algorithm we have u^ = — r and t//" +1 ) = 0. The knots u^ l \i = l,n+ 1 
are not equidistant in general. Since the positive values j \, j "2, ■■■■, f p are large 
enough we can have s(t) > for t £ [— r, 0]. 

4 The approximation of the solution 

From Theorem 1 it follows that the equation (1) has an unique positive, 
bounded and smooth solution on [— r, T\. Let ip be this solution, which can be 
obtained by successive approximations method on [0, T]. 
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So, we have 



' <P m tt) = *(*) .for t G [-t, 0] , Vm e N 
forte [0,T]. 



(19) 



To obtain the sequence of successive approximations (19) we compute the 
above integrals using a quadrature rule. 

4.1 The quadrature rule 

We have seen that the fitting spline function approximates the solution ip on 
the interval [— r, 0] if <p G C 2 [— r, 0], and the knots u^\i = l,n + l cover this 
interval. We choose T > such that 3 ! £ N* with T = It, and we move by 
translation the knots uW, i = 1, n + 1 over the each subinterval of [0, T] having 
the length r. In this way we have q+1 = l-n+1 knots on [0, T]. We denote these 
knots by to, ti, ...,t q , and obtain a partition of [0, T], = to < t\ < ... < t q = T 
with 

t - t = -t = u (1 \ ...,t n -t = ii (n+1) = 0. 

Let /i (l) = u ( - i+1 '> -«W,i = T7nand ft; = i* - i;_i,i = 0^. 
We see that hi = h^ l > ,\/i = l,n, and 

ft = ftW ft ,j.- = /)W ft — ft(") 

Vz = l,n, Vft = l,i — 1. If we denote £»_„ = u^ +1 ',Vi = 0, n then we have 
t k -T = tk-n Vfc = l,g. 

We apply the following quadrature rule from [1]: 

F(t)dt = P n {F, I n ) + R n (F, I n ) , (20) 

where I n is a division of [a, b] , I n : a = xq < x\ < X2 < ■■■ < X n -\ < X n = b , 
with hi — Xi+i — Xi, i — 0, n — 1 and 

n-l 

2 



n-l 



Pn(F, I n ) = \Y, h ^F (Xi) + F (X i+1 )} - ^ E ^ I F ' (^+l) - F ' ( 



i=0 i=0 

with the remainder's estimation, in the case F <G C 3 [a, b): 

n-l 



\Rn(F,I n )\<^-\\F" 



E^ 

i=0 



(21) 
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For the integrals (19) we apply the rule (20) with the function F m (t) = 
fit, <p m -i(t)), and according to (21) we need to realize an estimation for F™(t) = 
[f(t,x(t))]'" , where x = ip m _ v 

After an elementary calculus we obtain : 

F'"(t) = ^(t,x(t))+3^L(tMt))x'(t) + 3-^(t,x(t)). (22) 

• W{t)f + 0(t,x(*)) [x'{t)f + 3^(t,x(t))x"(t)+ 

+3^l(t,x(t))x'(t)-x"(t) + ^(t,x(t))x'"(t). 

Remark 2 [f(t, x(t)] t has 7 terms and [f(t,x(t)] t has (after an elementary 
calculus) 13 terms. For this reason the use of a remainder which contains the 
fourth derivative is not efficient. Then we avoid the Simpson's or Newton's 
quadrature formulas. 



Let 



M = M = max{|/(i,x)| :te \-t,T] , x£ [a, (3}} 



d a f 



dt a ^dx a2 



= max 



d a f(t, 



dt a ^dx a2 



(t,x)e[-T,T}x[a,f3] 



for a = 1, 3 , ai, cti = 0, 3 , ct\ + a<i = a, 



Mi — max 
d 2 f 



df 



ot 



df 



dx 



Mi, = max 



Mi = max 
d 3 f 



dt 2 



d 2 f 



dtdx 



d 2 f 



dx 2 



<jf> 



• 


d 3 f 
dt 2 dx 


1 


d 3 f 
dtdx 2 


• 



d 3 f 



dx 3 



Then from (22) we obtain : 

|iC(*)l < M 3(l + M ) 3 + 5M 2 Mx(l + M Q ) 2 + 
+2M 2 (1 + M ) = M'", Vt e [-t,T\. 

4.2 The algorithm 

For the relations (19) and adapting the quadrature rule (20) at the knots ti, i 
0, q we obtain for m £ N*, and k = 1, q: 



V m (tk) 



f(s,V m -l(s))ds 



1 



J2 h l [f(t i ,ip m _ 1 {t l ))- 



(23) 



-k-r 
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1 . fc v Qf 

-/(*i+l.^m-l(*»+l))]-T^ X] ft *' [797 (**+*' Vm-l(*»+l))- 



2— te— n 



+ ^-(*»+l)¥'m-l(*»+l)) -^m-l^+l) - ^-(*») Vm-1 (*»))- 



9a; 



(ti.^-iCtoj-^-i^oi+rHa) 



Also, we have 



rZiU) 



M'" 
"160 V 



(24) 



if / e C 3 ([-r,T] x]a,/3]) . In (23), ?„,_!& -t) = afe-r) and <f/ m _i{U-T) = 
s'(ti — t), for i = l,n. Here, the values of the first derivative of ip m _ 1 are for 
m £ N,m > 2, 

f^m-iW = /(*. ^m-2(*)) - /(* - r, <p m _ 2 (t - r)),Vt £ [0,T] 
and tp' (ti) = ip[(U) = s'(ti) for U £ [-r,0], p' (i) = , Vt € [0,T]. We see that 

f(ti,b)-f(ti-T,s(ti)), Vi = T^ 



^i(ti) = 



f(ti,b)-f(ti-T,b), Vt = n + l,g 



and ^(ti) = «(ti) for t, £ [-r,0], <p (t) = 6, Vt € [0,7*]. 

Using for the successive approximations (19) and the formulas (23) with 
the remainder estimation (24), we can obtain an algorithm for the approximate 
solution of (2). 

So, we have for k = 1, q: 

1 k 

z— fc— n 



1 » 1 of of 

"9 X] ^[-37(^+1' ^0(^+1)) + ^-(^+l>yo( f i+l))yo(*i+l) 



9f, 



df 



9f, 






that is ^(tfe) = ^i(*fe) + r i fe(/) and 



1 fe 



i— fc— n 



i=k—n 
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f) f ft f 



»/ 



df, 



», 



» 



+^M (/)) - ^(U, Vh(ti) + r$(f)) ■ riiU)] + r$(/) 
With the Lipschitz's property of / we have 

k 

2 



!(*k)=2 ]C V[/ (*»,</>l (*»)) + /(*i+l,<Pl(ti+l))]- 

z— fc— n 



(25) 



?— fc— n 



(9/ __ 



5/ 

dx 



(U,<Pl(ti))- (/(*», Vo(*»)) -/(**-n,Vo(*i-n)))] + 



+r5(/)^(< fc ) + i ) (/), Vfc = l,g. 

Let ft = ^(/ n ) = max{ftW,i = l,n} . Then, h = max{/ii, i = 1, g — l}. With 
these, from (24) and (25) we obtain for the remainders the estimation : 



< M^l ? and 



.Km 



rtlif) 



M'" f n 2 h G 

~ lm [nh 4 +n 2 h 5 L+^-M 2 ) .vk =~ (2(i) 



Continuing by induction for m > 3 , from (23), (25) and (26) we obtain for 
to e N, to > 2, fc = T7g: 

i— fc— n 

+^"1 M+1 (/))]-^ E ^[^(*i+i.^^(*i + i) + rE^i(/))+ 



i=k—n 



<9x 



+ ^r(*i+l'^m-l(*»+l)+^m-l,i+l(/)) • [/( i i+l I ^^2fe+l) + 



> 



(,,) 



+ r m-2, 4 +l(/)) - /(*i+l-n,¥'m-2(*»+l-r l ) + 7 '„ l -2,i+l-™(/))] " 



■{/(*<> Vm-2(*i)+^! 2 ,i(/)) - /(*<-*. Vrr^fa-rO + ^-2,-n(/))}] 
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k 



t—fi—n 



df 



12 2^ ^ • [^ (*i+l^m-l(*i+l)) + ^ (ti+l^m-lW+l)) 



■{f (ti+l,<P m -2(ti+l)) -/(*»+l-n>¥'m-2(*»+l-n))}- 



~7i7 (*i'^m-l(**)) - 7^1 (*»,<Pm-l(**)) ' {/(**> <Pm-2(*»)) ~ 



(27) 



4.3 Main result 

Indeed, for m > 2 and fc = 1, g 



We can obtain a concise estimation for 
we have: 



r<&(/) 



r m.k(J) 



< 



» 
m.k 



(./') 



Lnft, • 



» 



i,fc(/) 



+ — ■2nh 2 {M 2 {M + l) + M 1 L) 



» 



i, fe (/) 



» 

m,k 



(/) 



+ [Lnft + - • nh 2 {M 2 (M + 1) + MiL)] 



» 



^li, fc (/) 



and 



r[ n) M) 



> 



S(/) 



< 



M'"nh 4 
160 



rS(/) 



< 



Vfc = 1, g . Then we obtain 



nh 2 



nl(f) +[Lnh+—(M 2 (M + l) + M 1 L)]- 



»/ 



r'H^hi 



^-(/■^[l + Lnft+^MaCM + lJ + MxL)].^^- 



and 



» 

3,fc 



(/) 



< 



n/i 2 



r-g(Z) 



»*3?fc(/) +[£n/*+— (M 2 (M + 1) + M 1 L)]- 

77/7 

< [1 + (Ln/i + — (M 2 (M + 1) + MiL))+ 



nh 2 M'"nh A 

+ {Lnh+ ™ { M 2 (M + l)+M 1 L)) 2 ]-—— yk = —q- 
6 160 

By induction we obtain for m £ N, m > 2, and k — l,q: 



rt\if) 



Till 

< [1 + (Lnft + — (M 2 (M + 1) + MiL)) + ...+ 
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1 M"'nh 4 

+ (Lnh + - ■ nh 2 (M 2 (M + 1) + M.L))^ 1 } ■ —f- = 
6 160 

1 - [Lnh + I ■ nh 2 {M 2 {M + 1) + M x L)] m M'"nh 4 



l-[Lnh+\-nh 2 {M 2 {M+l)+M l L)\ 160 

Since h = O(^) we can consider [i — ^. If L/it < | and n G N is such that 



Lnft + - • nh 2 (M 2 (M + 1) + MiL) < 1, 
6 

then for m G N, to > 2, and k = 1, q, we have the estimation 



» 

m,fc 



(/) 



< 



M'"nh 4 



160(1 - [Lra/i + | • nh 2 {M 2 {M + 1) + MiL)]) ' 



(28) 



In this way we got the sequence (<P m (i/c)) me N* > which approximates the 
sequence of successive approximations (19) on the knots tk,k — l,q, with the 



error : \<p m (t k ) - <P m (tk)\ = 



(n) 
i 



(/) 



which has the estimation (28). 



Proposition 3 Consider the initial value problem (2) under the conditions of 
Theorem 1 and of Corollary 2. If f G C 3 ([-r,T] X [a,/?]), $ G C 3 [-t,0], 
L\it < 4 and the exact solution if is approximated by the sequence ( l fi^ n {tk)) me N* i 
, on the knots tk,k — l,q , through the successive approximation method (19), 
combined with the quadrature rule (20), then the following error estimation holds 



With) - f m (tk)\ < 



M'"nh 4 



•17 



_m t m 



1-tL 

for n G N large enough. 



160(1 - [Lnh + i • nh 2 (M 2 (M + 1) + LM X )\) 
■ \Wo -^illc[o,T] « VmGN*,Vfc = T7g, 



(29) 



Proof. From Theorem 1, we have the estimation 

_m r m 



\f(t k ) - if m (t k )\ < 



1-tL 



■ \\<Po ~ <Pi\\c[o,T} > Vfc = ^9, 



Vm G N*. Since \<p m {t k ) - <fi m {t k )\ 



» 



(./') 



from this estimation and from 



the inequality (28), we get the estimation (29). 



Remark 3 In the equidistant case, hi = h = — , Vi = l,n, a/ter analogous 
calculus we obtain for to G N, m > 2, and fe = 1, q the estimation 



» 

771, k 



(./') 



< 



r 4 M'" 



1 - [tL + ^(r 2 (Af 2 (M + 1)) + LM 1 )Y 

1-[tL+ ^(t 2 (M 2 (M + 1) + LM X ))] ' 160n3 - 
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Finally, we obtain the main result of our paper : 

Theorem 4 In the conditions of Proposition 3 , if hi = ^>Vi = l,n, tL < | 
and ne N is such that n > [|(M 2 (M + 1) +LM 1 )]i then for any m € N , to > 2 
we have 



lv(*fc) " <P m (tk)\ < 



+ 



1 

am 1 " 



-^l ■\\fo- ( Pl\\c[O.T] + 



160n 3 (1 - [tL + ^(r 2 (M 2 (M + 1) + LM{))]) 



Proof. Follows from Proposition 3 and previous remark. ■ 

The above presented numerical method is also useful for first order ODE. 

Remark 4 If we use the trapezoidal quadrature rule, then we obtain the values 
<Pm(tk) from the first sum in (23). The remainder estimation is 

1 - (Lnh) m M"nh 3 



» 



(/) 



< 



f — Lnh 



12 



where, M" = M 2 {M + l) 2 + M t (M + 1). 



4.4 An example 

To illustrate the algorithm we give an example in the conditions of Theorem 4. 
Here, r = 1, T — 3, n = 10, q = 30 and 

$(£) = - [cos 2 7rf + 0.25 • sin 2 2nt\ 

,/ n 1 • 2 4x + 3 

f(t.x) = — sin irt H ; r 

M ' ' 20 10(4x + 5) 

We have j3 = 2, a = 0.1, m = 0.2, M = 0.5, p(0) 



0.1 



0.25832. 



L 



4 
125' 



M t 



20 ' 



M 2 = y^tt 2 and M'" < 24. 

For given e > we find the smallest to £ N such that 

\&n(t k )-p^(t k )\<e, Vfc = T7q. 

In the following table there are the values ^Vi(ife), for k = 1, 30. For e = 10~ 12 
we get to = 8. 



tk 


Pm(*fc) 


tk 


¥>m(*fc) 


tk 


^m(£fc) 


h 


0.34795627524 


hi 


0.35207611617 


tii 


0.35211158318 


*2 


0.34816606071 


ii2 


0.35208360617 


£22 


0.35211127612 


*3 


0.34849749458 


*13 


0.35209051377 


£23 


0.36211086721 


*4 


0.34906707741 


tl4 


0.35209665275 


£24 


0.35211053170 


*5 


0.34986045867 


iis 


0.35210167720 


£25 


0.35211041254 


*6 


0.35065567756 


£l6 


0.35210539510 


£26 


0.35211056646 


*7 


0.35123022656 


*17 


0.35210798938 


£27 


0.35211094266 


is 


0.35156856971 


£l8 


0.35210979766 


£28 


0.35211140258 


*9 


0.35178615824 


il9 


0.35211100019 


£29 


0.35211177352 


£io 


0.35197711605 


^20 


0.35211158784 


£30 


0.35211191551 
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Abstract. In this paper, we study set- valued variational inclusions with fuzzy map- 
pings in the setting of real Banach spaces. By using Nadler's Theorem and the 
resolvent operator technique for m-accretive mappings, we propose an iterative algo- 
rithm for computing the approximate solutions of this class of set- valued variational 
inclusions. We also discuss the existence of a solution of our problem without com- 
pactness assumption and prove the convergence of the iterative sequences generated 
by the proposed algorithm. 



Keywords: Variational inclusion, Algorithm, Convergence, Resolvent operators, 
m-accretive mappings. 
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1. INTRODUCTION 



The theory of variational inequalities have had a great impact and influence in 
the development of almost all branches of pure and applied sciences. Variational 
inequalities have been generalized and extended in different directions using novel 
and innovative techniques. An important and useful generalization of variational 
inequalities is called the variational inclusion, which is mainly due to Hassouni and 
Moudafi [10]. Ansari [1] and Chang and Zhu [8], separately, introduced and studied 
a class of variational inequalities for fuzzy mappings. Several classes of variational 
and quasi-variational inequalities with fuzzy mappings are considered and studied by 
Chang [3], Chang and Huang [7], Huang [11], Man [13] and Lee et al [14]. Recently, 
Chang et al [5, 6] introduced and studied the following class of set- valued variational 
inclusion problems in the setting of Banach space E. 

For a given m-accretive mapping A : E — > 2 E , a nonlinear mapping N : Ex E —> 
E, set- valued mappings T,F : E — > CB(E) and a single- valued mapping g : E — » E, 
find x G E, w G T(x) and q G F(x) such that 

0eN(w,q)+A(g(x)), (1) 

where CB(E) denotes the family of all nonempty closed and bounded subsets of E. 
The purpose of this paper is to study the set- valued variational inclusion (1) 
with fuzzy mappings without compactness condition in real Banach spaces. By us- 
ing the resolvent technique for m-accretive mappings, we establish the equivalence 
between the set-valued variational inclusions with fuzzy mappings and the resolvent 
equation in the setting of real Banach spaces. We use this equivalence and Nadler's 
Theorem [15] to propose an iterative algorithm for solving our class of set-valued 
variational inclusions with fuzzy mappings in real Banach spaces. The inequality 
of Petryshyn [16] is used to establish the existence of a solution of our inclusion 
without compactness assumption and prove the convergence of iterative sequences 
generated by the algorithm. 



2. PRELIMINARIES 

Throughout the paper, we assume that E is a real Banach space, E* is the 
topological dual space of E, CB(E) is the family of nonempty closed and bounded 
subsets of E, D(., .) is the Hausdorff metric on CB(E) defined by 

D(A,B) = max \ sup d(x,B), sup d(A,y) I, A,B G CB(E), 

[xeA y&B J 

We denote by (., .) the dual pairing between E and E* and by D(T) the domain of 
T. We also assume that J : E — > 2 E * is the normalized duality mapping defined by 

J(x) = {/ G E* : (x, f) =|| x || || / || and || / || = || x ||} , x G E. 

Definition 1. [2] A set- valued mapping A : D(A) C E — »■ 2 E is said to be 
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(i) accretive if for any x,y G D(A) there exists j(x — y) G J(x — y) such that for 
all u G Ax and i> G Ay, 

(u-vj(x-y)) > 0; 

(ii) k-strongly accretive, k G (0, 1), if for any x,y G -0(^4), there exists j(x — y) G 
J(:r — y) such that for all w G Arc and i> G Ay, 



{u — v, j(x — y)) > k || x — y 



|2. 



(iii) m-accretive if A is accretive and (I + pA)(Fv(A)) = F for every (equivalently, 
for some) p > 0, where / is the identity mapping, (equivalently, if A is accretive 
and (I + A)(D(A)) = E). 

Remark 1. If E = F* = H is a Hilbert space, then A : D(A) C if -> 2 ff is an 
m-accretive mapping if and only if A : D(A) C H — ► 2^ is a maximal monotone 
mapping, see for example [9]. 

Let F be a real Banach space. Let J~{E) be a collection of fuzzy sets over E. A 
mapping F : F —> F(F) is said to be fuzzy mapping. For each x E E, F(x) (in the 
sequel, it will be denoted by F x ) is a fuzzy set on E and F x (y) is the membership 
function of y in F(x). 

A fuzzy mapping F : E — > J~{E) is said to be closed if for each x G -E 1 , the 
function y i — ► F x (|/) is upper semicontinuous, that is, for any given net {y a } C F 
satisfying y a ^ y e E we have limsup a F x (y Q ) < F x (y )- 

For 5 G F(E) and A G [0, 1], the set (F) A = {x G E : S(x) > A} is called a 
X-cut set of F. 

A closed fuzzy mapping A : E — *■ F(F) is said to satisfy condition (*): 

if there exists a function a : F — » [0, 1] such that for each x G F, (A x ) a ( x ) 
is a nonempty bounded subset of F. 

It is clear that if A is a closed fuzzy mapping satisfying condition (*), then for 
each x G F, the set (A x ) a ( x ) G CB{E). 

In fact, let {t/ a } aer C {A x ) a{x) be a net and y a -> y £ F. Then (A x )(y Q ) > o(x) 
for each a G T. Since A is closed, we have 

A x (y ) >limsup^ x (y a ) > a(x). 

aer 

This implies that yo £ {A x ) ax and so (A x ) a ( x ) G CB(E). 

Let T,F : E ^ F{E) be two closed fuzzy mappings satisfying condition (*). 
Then there exists two functions a, b : F — > [0, 1] such that for each x G F, we 
have (F x ) a ( x ), (F x ) 6 ( x ) G CB(E). Therefore, we can define two set- valued mappings 
f,F:E^CB(E) by 

f(x) = (T x ) a(x) , F(x) = (F x ) 6(x) , for each i6fi. 
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In the sequel, T and F are called the set-valued mappings induced by fuzzy mappings 
T and F, respectively. 

Let N : E x E — > E and g : E — > £" be the single-valued mappings and let 
T, F : E — > J-{E) be fuzzy mappings. Let a,b : E —> [0, 1] be given functions. 
Suppose that A : i£ — > 2 £ is an m-accretive mapping. We consider the following 
set-valued variational inclusion problem with fuzzy mappings in Banach spaces. 

{Find x,w,q G E such that 
T x (w) > a(x), F x (q) > b(x) and 
G N(w,q) + A(g(x)). 

If T,F : E — *■ CB(E) are classical set- valued mappings, we can define fuzzy 
mappings T,F : E —> T{E) by 

X — > Xt(x)i x ~^ Xf(x)i 

where AV( X ) and AWs) are characteristic functions of T(x) and F(x), respectively. 

Taking a(x) = b(x) = 1 for all x G E, then (SVIPFM) is equivalent to problem 
(1). For a suitable choice of mappings T,F,A,g,N and the space E, a number of 
known and new classes of variational inequalities and variational inclusions studied 
in [4, 5, 6, 13] can be obtained from (SVIPFM). 



3. ITERATIVE ALGORITHM 

Definition 2. Let A : D(A) C E — > 2 E be an m-accretive mapping. For any p > 0, 
the mapping R% : E — ► -D(A) associated with A defined by 

i?^(a;) = (/ + pA)- 1 (a;), x G £?, 

is called the resolvent operator. 

Remark 2. We note that R% is a single- valued and nonexpansive mapping, see for 
example [2]. 

We first transfer (SVIPFM) into a fixed point problem. 

Theorem 1. (x, w, q) is a solution of (SVIPFM) if and only if (x, w, q) satisfies the 
following relation 

g(x) = R^[g(x)-pN(w,q)], (2) 

where w G T(x), q G F(x), and p > is a constant. 

Proof. By the definition of resolvent operator R^ associated with A, we have that 
(2) holds if and only if w G T(x) and q G F(x) such that 

g(x) - pN(w, q) G g(x) + pA(g{x)) 
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if and only if 

G N(w,q)+A(g(x)). 

Hence (x, w, q) is a solution of (SVIPFM) if and only if w G T(x) and q G F(x) are 
such that (2) holds. 

We also need the following lemma. 

Lemma 1. [12] Let g : E — * E be a continuous and /c-strongly accretive mapping. 
Then g maps E onto E. 

We now invoke Theorem 1, Lemma 1 and Nadler's Theorem [15] to propose the 
following iterative algorithm. 

Algorithm 1. Let T,F : E — > J~{E) be two closed fuzzy mappings satisfying 
condition (*) and T, F : E — »■ CB{E) be the set-valued mappings induced by the 
fuzzy mappings T and F, respectively. Let N : E x E — > £ be a single-valued 
bifunction and g : E ^ E a, continuous and A;-strongly accretive mapping. For 
given xo E E, Wo G T(x ) and g G F(xo), let 

g (xi) = Rp[g(x ) - pN(w , g )]. 

Since w G T(x ) G CB(E) and g G -^(^o) e CB{E), by Nadler [15], there exist 
u>i G T(xi) and gi G -F(^i) such that 

\\W - Wl ^(l + l^f^o),^)), 

||go-gi||<(H-l)£>(F(xo),^i)). 

Let 

( ? (x 2 ) = J R^[( ? (x 1 )-piV( Wl ,g 1 )]. 

Continuing the above process inductively, we can obtain sequences {x n }, {w n } and 
{q n } satisfying 

g(x n +i) = Rp[g(x n ) - pN(w n ,q n )], 

w n G f(x n ), || w n -w n+1 || < (H — - ) D(f(x n ),f(x n+1 )), 

V 71+ 1/ 

g n G F(x„), ||g n -gn+i||< (H — r ) D(F(x n ),F(x n+ i)), 

V n+ 1/ 

for all n = 0,1,2... 



4. EXISTENCE AND CONVERGENCE RESULTS 

In this section, we establish the existence of a solution of (SVIPFM) and prove 
the convergence of iterative sequences generated by Algorithm 1. 
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Definition 3. A set- valued mapping T : E — ► CB(E) is said to be !;- Lipschitz 
continuous if for any x,y G E 

D(Tx,Ty) <£ || x- y ||, 

where £ > is a constant. 

Definition 4. A mapping N : E x E —> E is said to be Lipschitz continuous in the 
first argument if there exists a constant o > such that 

|| N(xi, .) — N(x2, •) ||< o || X\ — X2 ||, for all x±,X2&E. 

In a similar way, we can define the Lipschitz continuity of N in the second argument. 

The following lemma plays an important role to prove our main result. 

Lemma 2. [16] Let E be a real Banach space and J : E — > 2 E be the normalized 
duality mapping. Then for any x,y G E, 

II x + y \\ 2 <\\ x || 2 +2 (y,j(x + y)) , for all j(x + y) G J(x + y). 

Theorem 2. Let E be a real Banach space. Let T,F : E —> F{E) be two closed 
fuzzy mappings satisfying condition (•) and T, F : E — > CB(E) the set- valued 
mappings induced by the fuzzy mappings T, F, respectively. Let A : E — > 2 £ 
be an m-accretive mapping and g : E -^ E a-Lipschitz continuous and /c-strongly 
accretive. Assume that T is /i-Lipschitz continuous, F is 7-Lipschitz continuous and 
N : E x E ^ E is Lipschitz continuous in both the arguments with constants a, (3, 
respectively. If 

2k-l-a 2 1 

P < —, s / , k > - (3) 

2(/37 + o/i) v / 2T^I 2 v ; 

then there exist x G E, w G T(x), g G F(x) such that (x, w,q) is a solution of 
(SVIPFM) and x n ^ x, w n — ► w, q n — >• g as n — >• 00. 

Proof. Since T is /i-Lipschitz continuous and F is 7-Lipschitz continuous, it follows 
from Algorithm 1 that 

II w n -w n+1 || < (H —) D(f(x n ),f(x n+1 ) < (H — )/i || x„-x n+ i ||, 

||9n-9n+i|| < (H — r ) D(F(x n ),F(x n+ i) < (H — - ) 7 II x n -x n+ i (I, 

V 71+ 1/ V 71 + 1/ 

, (4) 
for all n — 0, 1, 2 • • •. Let z n+ i = g(a;„) — p(N(w n , q n )) for all n = 0, 1, 2, • • •. Since 
g is a-Lipschitz continuous, N is Lipschitz continuous in both the arguments with 
constants a and /3, respectively, and by using Lemma 2 and (4), we have 

|| z n+ i-z n || 2 =|| g{x n )-g(x n _ 1 )-p[N(w n) q n ) - N(w n - U q n -i)] || 2 



178 



A.SIDDIQI ETAL 



< || g(x n ) - g(x n -i) || 2 -2p((N(w n ,q n ) - N(w n - 1 ,q n - 1 )),j(z n+1 ,z n )) 

< a 2 || x n - x n _i || 2 +2p || N(w n , q n ) - N(w n - 1 , g„_i) \\ \\ z n+1 - z n || 



a 



x n -x n -i || 2 +2p || N(w n ,q n ) - N(w n ,q n ^i) + N(w n ,q n - 1 ) 



—N(w n -i,q n _i) |||| z n+ i — z n || 
< a 2 || Xn-Xn-! || 2 +2p{|| N(w n ,q n ) -N(w n ,q n ^ 1 ) \\ 
+ || N(w n ,q n ^ 1 ) -N(w n -i,q n -i) ||} || 2 n +i - «n II 

< a 2 || x n -a; n _i || 2 +2p{(3 \\ q n - g n _i || +a \\ w n - w n ^ ± ||} || z n+1 -z r , 



< 2 II — II 2 

_ V X n X n —\ 



2 || ||2 

v <^n <^n— 1 



+2p |/3 7 (l + -\ + a\x ( 1 + - 

+2p ( 1 H — J (/?7 + ap) || x n — x 



|| %n -En—l || || ^n+1 ^n 
-1 Zn+1 2: n 



(5) 

Since g is /c-strongly accretive, R^ is non-expansive and from Lemma 2, it follows 
that for any j(x n — x n -i) G J(x n — x n -i), 

|| x n - x„_i || 2 =|| [-R^(^ n ) - Rf(z n -!)] - [g(x n ) - x n - (g(x n -i) - x n -i)] \\ 2 

<|| RJ{z n )-R^(z n -i) || 2 -2 (g(x n ) - x n - {g{x n -i) - x n -i),j(x n - x n -i)) 

<r*^ II 1 1 " 1 1 1 1 1 2 I O 1 1 ||2 

_|| %n ^n— 1 || ^™ || *^n ^n— 1 || "r-^ || X n X n _i || 

which implies that 

1 



X n X 77,-1 _*^ 



V2A;- 1 



Zn Z n ^\ 



(6) 



/,From (5) and (6), we have 

'2 



^n+1 ^n — 



<7~ 



2k- 1 



2 2p(l + l/n)(/3 7 + a/i) _ 

-^n ^ri— 1 || /tt; — || Z n Z n _\ || || Z n +1 2:,, 



V2fc-1 



< 



(7 



2fc-l ' 
Finally, we have 

where 

e, 

Let 



ll 2 , pO- + l/n)(Pl + ®n) i 

Zn Z n —\ "T 



V2fc-1 

^n+l ^n || _i "n || ^ra Zn— 1 



II 2 I i II 2 



(7) 



a 2 + p(l + l/n)(/?7 + a/i) v / 2T^I 



(2A; - 1)[1 - p(l + l/n)(/37 + a/i)/ v / 2T^T] 
o- 2 + p(/?7 + a/i)V2/c- 1 iV2 



1/2 



(2fc - 1)[1 - p(/?7 + afj,)/y/2k - 1] 



SET-VALUED VARIATIONAL INCLUSIONS... 179 



Then we know that 8 n — ► 9 as n — *• oo. /,From condition (3) it follows that < 1. 
Hence 6 n < 1 for n sufficiently large. Therefore (7) implies that {z n } is a Cauchy 
sequence in E. Since E is a Banach space, there exists z G E such that z n — *■ z 
asm oo. From (4) and (6), we know that {:r„}, {w ra } and {q n } are also Cauchy 
sequences in E. Therefore, there exist x G E, w G E and q E E such that x n —> x, 
u> n — > w and g n — > q as n — > oo. Note that u> n G T(x n ), we have 

d(w,T(x)) = inf{|| w — p || : p e T(i)} 

< || w - w n || +d(u?„, T(x)) 

< || w - w n || +L>(T(x„), f(x)) 

< \\ w — w n || +yU || x ra — rr ||— >• 0, n — > oo, 

which implies that d(w,T(x)) = 0. Since T(a;) G CB(E), it follows that u> G T(x). 
Similarly we can show that q G F(x). Since g, i?^ , iV(., .), T and F are continuous, 
it follows from Algorithm 1 that 

g(x) = Rf\g(x) - pN(w,q)] 

By Theorem 1, we know that (x,w,q) is a solution of set- valued variational in- 
clusions with fuzzy mappings (1) in real Banach spaces. This completes the proof. 
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Abstract 

We consider local and global existence results for differential inclusions with infinite delay 
in a Banach space of the form y'(t) 6 Ay(t) + F(t, y t ) , t> a , y a = tp G B , properties of 
the translation multioperator along trajectories and existence of periodic solutions. 
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1 Introduction 

Semilinear functional differential inclusions in a Banach space have been the object of in- 
tensive study by many researchers in recent years (see, e.g. [7], [12], [13], [16], [17], [18], 
[19]). 
Several works related to this subject are concerned with the Cauchy problem 

y\t) e Ay(t) + F(t, y t ) , t > a y a = <p e B 

where yt represents the "history" of the system, B is the abstract Hale-Kato phase space 
(see, e.g. [8], [10]) and A is the densely defined linear operator infinitesimal generator of a 
strongly continuous semigroup of linear operators e , t > 0. 

Notice that inclusions of that type appear in a very natural way in the description of processes 
of controlled heat transfer (see, e.g. [2], [15]), in obstacle problems, in the study of hybrid 
systems with dry friction, in the control of a transmission line process and other problems 
(see [12] and references therein). 

In this paper we prove the existence of local, global and periodic solutions for semilinear 
differential inclusions with infinite delay in a Banach space. 
Here we continue the study we began in [7] , but in a slightly modified setting, more suitable 
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to deal with the periodic problem. In particular, the regularity conditions posed on the 
right-hand side as well as the condensivity of integral and translation multioperators are 
expressed in terms of the Kuratowski measure of noncompactness. 

An analogous problem for differential equations was studied by H.Henriquez in [9] under 
a stronger assumption of compactness on the semigroup generated from the linear part of 
the equation and by using the quotient space of the phase space. 

About the periodic problem for differential inclusions without delay, there exists a de- 
scription in the recent book of M.Kamenskii, V.Obukhovskii, P.Zecca ([12]), where topolog- 
ical methods in multivalued analysis are developed and applied. 

The paper is organized as follows. 

In Section 2, we give some definitions and preliminary results. Afterwards, in Section 3, 
we provide local and global existence results for our abstract Cauchy problem. In Section 
4, under some additional hypotheses, we study the upper semicontinuous dependence of 
the solution set on the initial data as well as its topological properties. Further we apply 
the properties of the translation multioperator along the trajectories of the solutions to the 
study of the periodic problem. In particular, in order to use the corresponding topological 
degree theory, we give a sufficient condition under which the translation multioperator is 
condensing with respect to the Kuratowski measure of noncompactness of the phase space. 



2 Preliminaries 

Let X and Y be topological spaces and let us denote by P(Y) the collection of all 
nonempty subsets of Y. A multivalued map (multimap) T : X — ► P(Y) is said to be: 
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(i) upper semicontinuous (u.s.c) if J- 1 (V) = {x £ X : J~(x) C V} is an open subset of 
X for every open V C Y; 

(ii) closed if its graph IV = {(x, y) : y £ F(x)} is a closed subset of the space X x Y . 

Recall also the following notions (see, e.g. [1], [12]). 

Let £ be a Banach space and (A, >) a (partially) ordered set. A function (3 : P(£) — > 
„4 is called a measure of noncompactness (MNC) in £ if 

!3{coQ) = (3(9) 

for every $7 £ P{£). 
A MNC is called: 

i) monotone if Oo,^i £ P(£), ^o C Oi implies /3(^o) < /3(^i) ; 

ii) nonsingular if /3({a} Ufl) = (3(0,) for every a £ £, O £ P{£)] 

iii) reaZ if .A = [0, +oo] with the natural ordering, and (3(0,) < +oo for every bounded 0,. 

Ii A is a cone in a Banach space we will say that the MNC (3 is regular if /3(0) = is 
equivalent to the relative compactness of 0,. 

As the example of the MNC possessing all these properties, we may consider the Kura- 
towskii MNC 

a(£l) = inf {5 > : 0, has a partition into a finite number of sets with diameter less than 8} 

and the Hausdorff MNC 

x(0) = inf{e > : O has a finite e — net} . 
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/.From the definitions it follows that the Kuratowski and Hausdorff MNCs are connected by 
the following relations: 

X(0)<a(fi)<2 x (fi). (1) 

By means of the Kuratowski MNC we can define some important characteristics of a 
linear operator in a Banach space. 

Definition 2.1. Let L : £ — > £ be a bounded linear operator and B the unit ball of £. 
The number 

||L||^ =a(LB) 

is said to be the (a)-norm of the operator L. 

It is easy to see that the following properties hold: 

\\L\\ {a) < \\L\\ 

a(m) < \\L\\^a(n) (2) 

Let X be a closed subset of a Banach space £ and K{£) [Kv{£)\ denote the collection 
of all nonempty compact [compact convex] subsets of £ . 

Definition 2.2. Let (3 be a real MNC in £ and < k < 1. A multimap T : X -» K(5) 
is said to be (k, (3) -condensing or simply (3 -condensing if 

/9(^(fi)) < fc)9(n) 

for every OCA'. 

The following fixed point theorem (see [12], Corollary 3.2, Proposition 3.5.1) will be 
useful in the forthcoming local existence result. 
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Theorem 2.1. If M is a bounded closed convex subset of 6, and J- : M — ► Kv(A4) is 
a closed (5- condensing multimap, where [3 is a real nonsingular and regular MNC in £, then 
the fixed points set Fix J- = {x : x G J~(x)} is nonempty and compact. 

Everywhere in the following E will denote a separable Banach space with the norm || • || . 

Let us recall some notions (see, e.g. [5], [11], [12]). 

A multifunction Q : [c, d] — ► K{E) is said to be strongly measurable if there exists a 
sequence {G n }^Li of step multifunctions such that 

h(g n (t),g(t))^o 

as n — ► oo for fi-a.e. t £ [c, d] where ^u denotes a Lebesgue measure on [c, d] and h is the 
Hausdorff metric on K{E). Every strongly measurable multifunction Q admits a strongly 
measurable selection g : [c, d] — ► E , i.e., ^(t) G ^(t)for a.e. t G [c, d] . 

By the symbol L 1 ([c, d]; E) we will denote the space of all Bochner summable functions. 

A multifunction Q : [c, d] — ► K{E) is said to be: 

ij integrable provided it has a summable selection 5 G ^ 1 ([c, d]; £/) ; 

wj integrably bounded if there exists a summable function w(-) G Li.([c, d]) such that 

||0(t)||:=sup{||s|| : 5 G a(t)} < w(t) 

for a.e. t G [c, d] . 

It is clear that strongly measurable and integrably bounded multifunction is integrable. 
The set of all summable selections of the multifunction Q will be denoted by Sg . 
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Put ag the Kuratowski measure of noncompactness in the space E, the following result 
about a^-estimates for a multivalued integral is the consequence of Theorem 4.2.3 of [12] 
and the estimates (1): 

Lemma 2.1. Let a multifunction Q : [c,d] — > P{E) be integrable, integrably bounded and 

a E (Q(t)) < q(t) 

for a.e. t £ [c,d], where q £ L+[c,d\. 
Then 

a E (J G(s)ds) <2 f q(s)ds 

for all t G [c, d] . 

Consider an abstract operator 5 : i 1 ([c, d]; E) — ► C([c, d];E) satisfying the following 
conditions (cf. [12]): 

(51) there exists ( > such that 

\\Sf(t)-Sg(t)\\<C f \\f{s) - g{s)\\ds 

J c 

for every /, g € ^ 1 ([c, d];E), c < t < d; 

(52) for any compact K. C E and sequence {f n }%Li C L l (\c, d]; E) such that {f n (t)}^ =1 C 
K, for a.e. t £ [c,d] the weak convergence f n — *■ /o implies Sf n — ► Sfo- 

Of course, condition (51) implies that the operator 5 satisfies the Lipschitz condition 

(51') \\Sf-Sg\\c<C\\f-g\\Li 

where the first norm is the usual sup-norm in the space C([c, d];E) . 
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In the following we will suppose that 

(A) the linear operator A : D(A) C E — ► E is the densely defined infinitesimal generator 
of a strongly continuous semigroup of linear operators e , t > which is immediately 
norm continuous, i.e. the function t — » e is norm continuous from (0, oo) into C(E), 
the space of bounded linear operators in E (see [6] ) . 

Remark 2.1. Note that the Cauchy operator G : L l (\c, d];E) — ► C([c, d]; -E) defined as 

G/(t) = j\ A ^f(s)ds 
satisfies properties (SI) and (S2) (see [12], Lemma 4.2.1). 

The sequence {/ n }^Li C L 1 ([c, d]; E) is said to be semicompact if: 
(i) it is integrably bounded: ||/n(£)ll — w (^) f° r a - e - * ^ t c ' ^] an d every n > 1 where 

w (-)e^[c,d] 

(ii) the set {/n(i)}^Li is relatively compact for a.e. t £ [c,d\. 

Let us mention the following important property of semicompact sequences (see, e.g. 
[12], Proposition 4.2.1). 

Lemma 2.2. Every semicompact sequence is weakly compact in the space L l ([c, d]; E). 

In the sequel we will need also the following properties of the operator S satisfying 
assumptions mentioned above (see [12], Theorem 5.1.1). 

Lemma 2.3. Let S : L l ([c, d]; E) — ► C([c,d];E) be an operator satisfying the conditions 
(Si') and (52). Then for every semicompact sequence {/ n }^Li C L l ([c, d]; E) the sequence 
{Sfn}%Li is relatively compact in C([c,d]; E) and, moreover, if f n — *■ /q then Sf n — ► Sfy. 
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Now let a be a real number and a > . For any function y : (— oo,a + a] — * E and 
for every £ G (— oo,a + a] , yt represents the function from (—00, 0] into E denned by 

y t (9) = y(t + 9), -oc<#<0. 

Throughout this paper we will employ the axiomatic definition of the phase space B 
introduced by Hale and Kato [8]. The space B will be considered as a linear topological 
space of functions mapping (—00, 0] into E endowed with a seminorm || • ||g. We will assume 
that B satisfies the following set of axioms. 

If y : (—00, a + a] — ► E is continuous on [a, a+a] and y a £ B, then for every t £ [a, a + a] 
we have 

(Bl) y t G B; 

(B2) the function t *—> yt is continuous; 

(B3) \\yt\\ B < Kit - a) su P(T < r < t \\y(r)\\ + M(t - a)\\y ff \\ B 

where K, M : [0, +00) — ► [0, +00) are independent of y, K is strictly positive and 
continuous, and M is locally bounded. 

3 Existence results 

We consider the following problem for systems governed by a semilinear functional differential 
inclusion 

y'{t)£Ay{t)+F{t,y t ), t>a (3) 

y a = if G B (4) 
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where the multivalued nonlinearity F : [a, a + a] x B — > Kv{E) will satisfy the following 
hypotheses: 



(.Fl) for every fixed ip £ B the multifunction F(-,ip) : [<r, <r + a] — ► Kv{E) admits a 
strongly measurable selector; 

(F2) for a.e. t £ [a, a + a] the multimap F(i, •) : B — ► Kv(E) is u.s.c; 

(F3) for every nonempty bounded set 17 C 5 there exists a number ^q > such that for 
every ip G Q 

\\F(t,il>)\\ < m 

for a.e. t £ [a, a + a] ; 

(-F4) there exists a function A; G L^.([<t, cj + a]) such that for every bounded D C B 

a E (F(t,D)) < k{t)a B {D) , 

for a.e. t £ [a, a + a] where as is Kuratowski measure of noncompactness in the 
space B generated by the seminorm || • ||g. 

For < b < a , let us denote by the symbol C((— oo, a + 6]; -E7) the linear topological 
space of functions y : ( — oo, cr + 6] — ► E such that y a £ B and the restriction yi ro- >CT +w is 
continuous, endowed with a seminorm 

\\y\\c = \\y<r\\B+ ||y|[<7,<r+6]l|c • 

Definition 3.1. A function y £ C((—oo,a + b];E) (0 < b < a) is a miW solutionoi (3), 
(4) if 
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(i) Va = V 

(n)y(t) = e A ( t -°^(0)+tie A{t - s) f(s)ds, t€[a,a + b], where /€^ ( . >1/()) . 

Note that conditions under which a mild solution satisfies some regularity properties are 
described in Section 5.2.1 of [12]. 

Let X be any set of functions x : (— oo,cr + a] — ► E such that x a £ B and x\ [a,a+a] i s 
continuous for all x £ X. We denote, for t € [<r, a + a], 

X t = {x t G B : iel] 

X[cr,t] = {x| [(Tit ] : x £ X} . 



The main result of this section is an existence result for problem (3), (4). For the proof 
we will need the following result of J. S. Shin ([20], Theorem 2.1): 

Lemma 3.1. For any t £ [a, a + a] the following relation holds: 

a B (X t ) < K(t - a)a c (X[a, t}) + M(t - a)a B (X a ) . 



Let us also mention the following useful property (see, e.g. [3]). 
Lemma 3.2. //Ac C([c,d];E) is a bounded equicontinuous set, then 



a c (A) = sup a E (A(t)) 

c<t<d 
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Theorem 3.1. Under assumptions (A), (B1)-(B3) and (F1)-(F4) there exist h £ 
(0, a] and a mild solution y* o/(3), (4) on (— oo,a + h]. 

Proof. The proof follows the lines of Theorem 2 in [7] . 

Let us take r > . 

Since the semigroup e is strongly continuous, there exists h± € (0, a] such that 

||(e^-/M0)||<^, 0<r< hl 

and there exists C £ M + such that 

\\e Ae \\ < C , < 6 < a . (5) 

Let us take the continuous function s : [0, a] — ► B defined as 



s{t){9)={ 



ip(t + 9), -oo <6<-t 



<p(0), -t < 9 < , 



and consider the set 

Q = s([0,a}) CB, 

which is compact. 

Let K* > be the value 



K* = max K(t) , (6) 

0<t<a 



where K{-) is the function introduced in the axiom (B3). 
Then, taking the closure W of the riiT*-neighbourhood of Q, 
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and the corresponding number fiw (see condition (.F3)) we may choose /i2£(0,a] so that 



Cnwh-2 < 



Moreover, there exists /13 £ (0, a] such that 



ra+h 3 

2K*C / A;(r)dr < 1 

No- 



where K* and C are as above, and k(-) is from the condition {FA). 



We put 



(7) 



h = min{/ii, /12, /13} 



(8) 



For ip £ B given in (4), we consider 



D(cp,h) = {xGC([a,a + h];E) : x(a) = <p(0)} 



which is a closed convex set. 



Further, for any x G D((p, h), we consider the function x[(p] £ C((— 00, a + h]; E) 



x[<p](t) 



Then, for any t € [a, a + h], 



xWW) = 



ip(t - a) 
x(t) 



— 00 < t < a 
a <t< a + h . 



<p(t-a + 0) 



-00 < 9 < a - t 



x(t + 0) a-t<9<0. 

We consider the map j : [a, a + h] x D(ip, h) — ► B defined by 



(9) 



(10) 



j(t,x) = x[<p] t 
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and recall ([7], Theorem 2) that j(-,x) is continuous and j(t,-) is Lipschitz continuous in 
the seminorm || • ||g uniformly with respect to t 6 [cr, a + h] . 

Now, we consider the multivalued superposition operator 

V F : D(<p,h) - P(L\[ct,o + h); E)) 

defined as 

Vf{x) = S l F(.,j(., x) ) = 
= {feL 1 ([a,a + h];E) : f(s) G F(s,j(s,x)) = F(s,x[ip] s ) for a.e. sG [a,a + h]}. 
Vf is correctly defined and, using Lemma 4 in [7], one may verify that it is weakly closed. 
We consider the integral multioperator 

r:%,fc)-»P(%/i)) 

defined by 

r(x) = \z : z(t) = e A <t- ff M0) + f e A ^ f{s)ds, f e P F (x)| . 

Of course, every mild solution y G C((— oo, cj + /i]; i?) of (3), (4) is determined by a fixed 
point x of r by means of 

y(t) = x[<p](t). 

The fact that T is a closed multioperator with compact convex values and that it trans- 
forms the ball B r {(p) into itself, where (p{t) = <p(0) , t € [cr, a + /i] , can be proved by the 
same method as in [7]. 

To prove the a— condensivity of V on bounded sets, we use the following important 
property of the integral multioperator. 
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Lemma 3.3. For any bounded 0, C D((p, h) the image T(Q) is bounded equicontinuous. 
Proof. Let VL be a bounded subset of D(ip, h) and let N be a positive number such that 
\\ x \\c < N for any x £ CI. 

First of all, we prove that T(Tl) is bounded. 

Let y £ T(p,). By means of the definition of r(fi), there exists x £ 0, such that 
y {t) = e A (<- CT V(0) + f e A ^f(s)ds, t€[a,a + h] 

Jo 

where / £ Vf(x), so, in particular, f(s) £ F(s,x[ip] s ), a.e. s £ [o~,t\. 
Let f2 be the set defined as 

£1 = {x[<p] t £ B : x eft, t € [a, a + h]} . 

It is a bounded set. In fact, for any x £ S7 and t £ [a, a + h], from (B3) we get 



|a#]t||e < ^* sup ||z(t)|| + M*||</>||b< 

cr<r<i 



< X"*||x|| c + Af H^Hb < K*N + M*\\<p\\ B 
where K* is from (6) and 

M* = sup M{t). (11) 

0<t<a 

Therefore, by using (5) and by applying condition (F3) with D = £1, for every t £ [a, a + h] 
we have the following estimation : 

\\y(t)\\<C\\<p(0)\\ + C flimWds <CM0)\\+C^h, 



where C is from (5). 
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To prove the equicontirmity of r(fi), for any t\, t<i £ [a, a + h] with t\ < t 2 , we consider 

y(t 2 ) - y(h) = Ji + J 2 + J 3 , 



where 



J 2 = f 1 (e A(t ^-e A ^-^)f(s)d S 



and 

J 3 = f t2 e A(t ^f(s)ds. 
Jti 

Given arbitrary e > 0, let us estimate every term Ji, i = 1,2, 3. At first, 

|| Jill = ||e A(tl - ff) || || (e^-ti) _ fj ^( )|| < C || ^(fe-ti) _ fj ^(0)11 < £ 

provided £2 — £1 < <?i- 

To estimate J2 we may assume w.l.o.g. that t\ > a. Let us take re > such that 
2C/i^re < I and re < t\ — a. By virtue of condition (A), there exists 82 > such that 

u e A(t 2 -s) _ e ^(ti-s)i| < £ 



for t2 — ti < 82', s < t\ — re, where /i is from (8). Therefore 

||J 2 || < f 1 K \\e A{t2 - s) -e A ^- s) \\\\ f{s)\\ds+ f 1 We A{t2 ~ s) -e A{tl ~ s) \\\\f(s)\\ds 

Jo Jtl—K 

At last, notice that || J3II is obviously estimated by C^(i2 — ti). a 

Lemma 3.4. T is ac -condensing on bounded subsets of D((p,h). 
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Proof. Let Q C D(ip, h) be a bounded set and let t £ [a, a + h] be fixed. 
Of course, 

r(n)(0) C e A( - 9 -^ip(0) + I e A( - e -^F(T,n[^} T )dT . (12) 

Jo- 
First of all, we consider the MNC a E of the integrand in the right-hand side of the above 
relation. From (5) and assumption (-F4), we have 

a E {e A{ - e -^F{T,n[y} r )) < Ca E {F{T,Sl[<p) r )) < Ck(r)a B (^]r) ■ 

It is clear that f2[y>][<7, r] = £l[a, r] and fi[<^] CT = ip, therefore, by applying Lemma 3.1, we 
have the following estimate: 

a E (e A( - e - T) F(r, £l[<p] r )) < Ck{r) [K(t - a)a C (n[a, r]) + M{r - a)a B {^)\ < 



< CK*k(T)a c {Sl) 

where K* is from (6). 

Then, by means of Lemma 2.1 and by applying the above inequality, from (12) we have 

a E (T(n)(6)) < a E ([ e A ( 9 - T ^F(T,n[<p] T )dT j < 2CK*a c (n) f jfe(r)dr. 

Since the right-hand part does not depend on t, by using Lemma 3.2 we obtain 

ac(T(Q)) = sup a E (T(n)(t)) < 2K*C f k{r) dr a C (ty ■ 

a<t<cr+h Ju 

Afterwards, since h is small enough to provide 2K*C f£ fc(r) dr < 1 (see (7)), we 
conclude that T is ac-condensing. □ 

As a direct consequence of Theorem 2.1, T has a fixed point. □ 
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Under a condition stronger than (F3), we can obtain a global existence result. 

Theorem 3.2. Assume that conditions (A), (B1)-(B3), (Fl), (F2), (FA) are satisfied 
and that 

(F3 1 ) there exists a number \x > such that for every ip £ B we have the estimate 

\\F(t,iP)\\<n(l + M B ) 

for a.e. t G [a, a + a]. 

Assume also that 

(HI) 2K*CJ° +a k(r)dT < 1 where K* ,C,k(-) are from (6), (5), (F '4) respectively. 

Then the set T,^ of all mild solutions of problem (3), (4) on (—oo,a + a] is nonempty and 
compact. 

Proof. The proof is analogous to that of Theorem 3 in [7] by using the Kuratowski 
MNC instead of the MNC adopted in the cited theorem. We just note that, by applying the 
same arguments of Lemma 3.4 under the further assumption (HI), the multifunction T is 
a^-condensing on the whole interval [a, a + a] . □ 



4 The translation multioperator and the periodic problem 

In this section we study the periodic problem associated to (3), (4) by developing the method 

of the translation multioperator along the trajectories of solutions. 

To this end, we need to investigate on the a-condensivity of the translation multioperator. 
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In fact, from the structure of the integral funnel and the theory of topological degree for con- 
densing nonconvex- valued multimaps ([12], Section 3.4), the existence of periodic solutions 
follows. 

We need some additional hypotheses on the phase space B. 
The first is the following: 

(B4) there exists / > such that 

l^(0)|| < 1Mb 
for all ip £ B. 

Then, we need two hypotheses concerning continuous representatives in B. 

It is easy to see ([10], Proposition 1.2.1) that the space Coo of all continuous functions 
from (—oo,0] into E with compact support is a subset of any space B. 

Our first assumption is nothing but hypothesis (C2) in [10]: 

(Dl) if a uniformly bounded sequence {tp n }n=i C Coo converges to a function (p uniformly 
on every compact subset of (— oo, 0], then (p £ B and lim n ^ +00 \\ip n — (p\\g = 0. 

The hypothesis (Dl) yields that the Banach space BC{{— oo,0]; E) of bounded continuous 
functions is continuously imbedded into B (see [10], Proposition 7.1.1). 

Our next assumption means that the seminorm || • ||g is sensitive enough to distinguish 
continuous functions with compact support: 

(D2) if x G Coo and ||x||.bc / 0, then ||x||e / 0. 

This hypothesis implies that the space Coo endowed by || • ||g is a normed space. We will 
denote it as BCqq. 
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We recall that, under assumptions of existence of solutions, the translation multioperator 
maps every ip G B into the set T,(ip) a+ h C B (see (10)), where £(</?) is the set of all mild 
solutions of (3), (4). 

By the definition, if y : ( — oo,cj + h] — > E is a mild solution of the problem (3), (4) with 
the initial function cp in BCqo, then y a +h £ BCqq; therefore, we may consider the translation 
multioperator along the trajectories of the inclusion (3) as acting in the space BCqq: 

Pa+h '■ #Coo ~~ * -f(^Oo) • 

Now, we assume that the multimap F is T-periodic in the first argument: 

(F T ) F(t + T, V) = F(t, ip) for every (t, ip) £ M + x B . 

We consider on the space £>Coo x C([a, a + T]; E) the subset 

V = {(<p,x) : p(0) = x(a)} 

which is closed by (B4), and we define an integral multioperator G : V —> P(C([a, a + 
T];E)) by 

G{p,x) = {z : z{t) = e^- CT V(0) + C e A ^f(s)d S , f G L\\o,g + T\;E), 



f(s) £ F(s,x[tp] s ) for a.e. s} 

where, as in Theorem 3.1, 

ip(s — a + 0), — oo < 8 < a — s 

x[(p] 8 (9) = < 

x(s + 6), a-s<6<0 

It is clear that if x € G(tp,x) , then the element x[<p] £ C((—oo,a + T]; E) (see (9)) is a 
mild solution of our Cauchy problem. 
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In the forthcoming Lemmas, we assume that the hypotheses of Theorem 3.2 on the 
interval [a, a + T] and the further assumptions (B4), (Dl), (D2) are fullfilled. 

Lemma 4.1. The multimap S°" : BCqo — ► K(C([a, a + T]; E)) defined as 

S CT ((^) = {x G D(tp,T) : x G G(c^,x)} 

is upper semicontinuous. 

Proof. Let us assume, to the contrary, that there exist £o > and sequences {ip n }^ =1 C 
BCoo, \\ip n ~ Po\\b ->■ 0, {x n }^ =l C C([ct,ct + T];E), x n G £*(<£„), such that 

x n g W £0 (E CT (^ )) , n>l (13) 

where W eo denotes the open £o-neighborhood of £ CT ((/?o)- 
It is clear by definition that 

x n G G((p n ,x n ) , n> 1, 

i.e. 

*„(*) = e^^Wo) + fe A ^f n {s)ds 

J a 

where / n € L 1 ([o-,o- + T];£'), / n (s) G F(s,x n [y?„] s ) , for a.e. sG[a,t]. 

Further, the sequence {x n }^ =1 is a priori bounded. In fact, for every n > 1, by applying 
condition (-F3') and axiom (-B3), we have the following estimations: 

\\x n (t)\\ < C\\ip n (0)\\ + Cn f (1 + ||x n [^ n ] a || B )ds < 



<C\\<p n (0)\\+CiJtT + Cn f [K* sup ||x n (r)|| + M*||^ n || s Us< 

Jcr \ a<T<s I 

<C\\cp n (0)\\ + Cp,T(l + M*\\ip n \\ B ) + CK*n [ sup ||x n (r)||ds 
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where C, K* and M* are denned by (5), (6) and (11) respectively. 
Since the last expression does not decrease, we have 



sup ||x n (T)||<C||^ n (0)|| + C^T(l + M*||v9„|| B ) + CKV / sup ||x n (r)||ds. 

<T<T<t J (7 CtKtKs 

Applying to the function w n {t) = sup ||x n (r)|| the Gronwall-Bellmann inequality we 

a<T<t 

obtain that 

w n (t)<N n exp(CK*n(t-a)) 

where N n = C\\<p n (0)\\ + C/xT(l + M*\\<p n \\ B ) ■ 

From the convergence of the sequence {<p n }%Li m the space BCqq, which is normed, it follows 
that {</?n}^Li is bounded in BCqo; therefore, by using (B4), the sequence {<p n (0)}^ =1 is also 
bounded in E, implying the desired boundedness of sequence {x n }^ = i. 

Besides, the sequence {x n }^ =1 is equicontinuous. In fact, for any ti,t2 £ [c, <r + T] with 
t\ < t2 and for any n > 1, we have 

X n (h) ~ X n {ti) = I„i + I n2 + I n 3, 



where 



I nl = (e A ^-°) - e A ^-°)) p n (0); 
I n2 = f h ( e Mt,s) _ e A( tl -s)\ fn{s)ds . 



and 



Ins = f 2 e A ^- s ^f n (s)ds. 

Jtx 



Given arbitrary e > and taking into account, by (B4), that the sequence {(/9 n (0)}^ =1 is 
convergent and hence relatively compact, we conclude that the term I n \ may be estimated 
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uniformly with respect to n, i.e. there exists 5± > such that ||I n i|| < s, n = 1,2,... 
provided t<i — t\ < S±. 

Consider the sequence {x n [ip n ] s }^ =1 . It is bounded in BCqo, in fact, by applying axiom 
(B3), for every n > 1 the following estimation holds: 

\\XnVPn]s\\l3 < K* SUp ||x„(t) || + M* \\<P„\\b < 
cr<r<s 

<K*\\x n \\ c + M*\\ip n \\ B 

where K*,M* are as above. Bearing in mind that sequences {x n }^ =1 and {<p n }%Li are 
bounded in C([a, a + T]; E) and BCqq respectively, the conclusion follows. 

Now, from (-F3') we have that 

||/n(s)|| < K 1 + Iknbnlslle) for a.e. s £ [0,t] 

and hence the sequence {f n }^Li is bounded and we may apply the same arguments as while 
the proof of Lemma 3.3 to obtain the estimates for I n 2, I n s uniform with respect to n yielding 
the equicontinuity of the sequence {x n }^ =1 . 

Now, for any t £ [a, a + T] , it is easy to see that 

{x n (t)}n=i C e A ^{M0)}n=i+ f e A{t - s) F{s,{x n [ Vn ] s }^ =1 )ds 



hence, by means of the properties of the MNC, 

a E ({x n (t)}™ = x) < a E (e A ^-^{cp n (0)}^=i) + ccE ( I ' e A ^F(s, {x n [<p n ]s}™ = Jds 



^From the relative compactness of the sequence {(/? n (0)}^ =1 it follows that the first term of 
the right hand side vanishes. Estimating, by means of (2), (F4) and Lemma 3.1, 

a E (e A ^- s ^F( s ,{x n [ Vn } s }^ =1 )) < K*Ck(s)a c ({x n }™ =1 ) 



206 C.GORIETAL 



and using Lemma 2.1 we get 

«c(Kr=i) = sup a E ({x n (t)}™ =1 ) < 2K*C f k(r) dr a c ({x n }™ =1 ) ■ 

a<t<a+T Jcr 

Now from hypothesis (HI) it follows that ac , ({x n }^ =1 ) = and the sequence {x n }^ =1 is 
relatively compact. We may assume, w.l.o.g., that x n — ► xq G C([a, a + T\;E). 

Our aim is to show that xq G G((po,xo), i.e. xo G T, a ((po), contrary to (13). 
To this end, we consider the identity 

x n {t) = e A ^ip n (0) + / e A ^-^f n (s)ds , f n (s) G F(s,x n [cp n ] s ) a.e. s G [0,t]. (14) 



From the convergence of {(p n (0)}™ =1 to (fo(0), we have 

e A ^<p n (0) - e A(i - ff W0). 

Now, let us estimate the MNC of the sequence {fn(t)}^Li for a.e. £ G [a,a + T\. 
By using assumption (-F4) and Lemma 3.1, we have 

M{/n(t)}*=i) < a B (F(t,{x„[^n]t}~ i)) < fc(t)«B({a:„b„] t }~ J < 
< fc(i) [ir*ac({x n | M }~ + M*a BCoo ({^ n }~ J 

Since the sequences {x n }^ =1 and {(p n }%Li converge, the last expression is equal to zero, 
therefore 

«£({/n(i)}~i) = for a.e. te[a,a + T}. (15) 

Afterwards, by means of (-F3') and (15), the sequence {/ n }^Li is semicompact. By applying 
Lemma 2.2, we deduce that, w.l.o.g., {/ n }^Li weakly converges to a function /o G L l ([cj, a + 
T];E). 
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By using axiom (B3) and the assumptions on F, with the same arguments as in Lemma 
5.1.1 in [12], we have 

fo(t) e F(t,x [ipo]t), a.e. t . 

Hence, by applying Remark 2.1 and Lemma 2.3, the integral term in (14) converges to 
J a e ( l ~ s ' fo(s)ds, which concludes the proof. □ 

To formulate the next statement, let us recall (see e.g. [12]) that a nonempty space is 
said to be an Zf^-set if it can be represented as the intersection of a decreasing sequence of 
compact, contractible sets. It is clear that every Rg-set is acyclic. 

Lemma 4.2. The set £ CT (9?) is compact and, moreover, it is R$. 

Proof. For any (p £ B the set Y, a (ip) is a priori bounded and it can be seen as the set 
FixG(<p,-). 

As proved in Lemma 3.4, the integral multioperator G((p, ■) is a-condensing, then the com- 
pactness of T, a ((p) follows from Proposition 3.5.1 of [12]. 

The fact that Y,°~(ip) is an Rg-set can be proved following the lines of Theorem 5.3.1 in 
[12]. □ 

Lemma 4.3. The translation multioperator P? is quasi Rg-multimap, i.e. it can be 
represented as a composition of an u.s.c. multimap with R$ values and a continuous map. 

Proof. We consider the multimap LT : BCoo — ► P(V) defined as 

A multimap S <T (</') can be regarded as a fixed point set of a condensing multioperator G((p, ■) 
depending on parameter and so it is u.s.c. by virtue of Proposition 3.5.2 of [12]. The set 
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II(^>) is an Rs since so is T, a ((p). Further, the map X : V — ► BCoo defined as 

X((f,x) = x[(p] a+T , 

is continuous from (B3). 

The translation multioperator P? can be regarded as the composition of II and X, i.e. 
Pt = X o II, hence it is quasi R$. □ 

We will find conditions under which Pt will be a-condensing. 
First of all, we suppose the following additional hypothesis holds 

(Al) the semigroup e is uniformly continuous and a-decreasing: 

|| e At||(a) < Cie -7* 

where 7 and C\ are positive constants (see Definition 2.1). 

By (XBCoo we wm denote the Kuratowski MNC generated in the space BCqq by the norm 
II " lie- 
Let O C BCqq be a bounded set and t £ [a, a + T] . 

We can apply Lemma 3.1 to the set X = E(f2) and, bearing in mind that £(fi)t = Pt(Q) 
and S(ri) CT = 0,, we obtain the following estimate: 

(XBCooiPtW) < K(t - <7)a c (S(fi)[a,t]) + M(t - a) at3 c 0( M ■ (16) 

At first, let us estimate ac , (S(Q)[<r, t]). 
To this aim we need the following statement which may be verified using hypothesis (Al). 

Lemma 4.4. For any bounded £1 C BCqq the set E(fi)[<7, t] is bounded equicontinuous. 
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^From the Lemma above and Lemma 3.2, we get 



a c (E(n)[<7,t])= sup a E (X(n)(9)) . 
a<e<t 



Moreover, from the definition of the integral multioperator, for 9 £ [a, t] we have that 

E(n)(0) C e A ( e -^n(0) + I e A ^- s ^F{s,P s {n))ds . (17) 

Jo 

The MNC of the first term of the previous sum may be estimated, by using (2) and (Al), 
in the following way: 

a E (e A{e - a) n(0)) < \\e A ^^\\^a E (n(0)) < 

< Cie- 7( ^ CT) a E (^(0)) . 
Moreover, from (B4) we obtain 

a E {n{0))<la BCoo {n). 

Therefore, 

a E (e A(e -^n(0)) < C ie ^ e ^la B c 00 (n) . (18) 

On the other hand, by applying (2), (Al) and (-F4), for the integrand we have the following 
estimate: 

a E (e A ^ e -^F(s,P s (n))) < \\e A ^\\^ aE (F(s,P s (m< 

(19) 

< de-^h^aecooiPsm- 
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Taking into account the fact that the space BCqo is separable, hypothesis (B2), and following 
the lines of Theorem 4.2.4 in [12] we may demonstrate that the function s *— ► aBC 00 (Ps(ty) 
is summable. Therefore, by means of (17), (18), Lemma 2.1 and (19), we obtain 

a E (Z(n)(9)) < C 1 e-^ e -^la BCoo (n) + C l f e-^- s h( S )a B c QQ (P s (n)) ds . 

J IT 

Hence, taking the supremum for 9 € [<7,t], 

ac(X(n)[a,t}) < Ci/a SCoo (ft) + C ie -^ / ei s k(s)a B c o(Ps(ty)ds . 
At last, from (16) we have 
a BCoo (Pt(n)) < Kit-^dla^M + Kit-a)^-^ f e^k{s)a BCo0 {P s ^)) ds + 

+M(t-a)a B c 00 (ty = 

= [K(t-a)C 1 l + M(t-a)]a BCoo (n) + 

+K(t-a)C ie -^ J e< s k(s)a BCm (Psm)ds . 

Jo 

So, denoting u(t) = a B c 00 {Pt{&)) , we have the following integral inequality: 
u(t) < R(t)u(a) + Q(t) f e 7S /c(s)u(s) ds 

J a 

where 
R{t) = dlK(t -a) + M\ with M* as in (11); 
Q{t) = C ie -^K(t - a) . 



...SEMILINEAR FUNCTIONAL DIFFERENTIAL INCLUSIONS... 211 



Finally, by applying Theorem 17.1 of [4], we get the following Gronwall-type inequality 
for u(t): 

u(t) < R(t)u(a) + Q(t)u(a) [ R(s)e~< s k(s)e-f's Q{T)eirk{T)dT ds = 



R{t) + Q(t) f R{s)e^k{s)Jl Q« e7Tfc W ^ ds 



u{a). 

Therefore, we obtain the following condition for the condensivity of Pt'- 

(H2) L = R{T) + Q(T) jj R{s)e< s k{s)e^ Q W e7Tfc M dT ds < 1 . 

Remark 4.1. In the particular case when F(t,ip) is completely u.s.c. in the second 
argument for a.e. t, i.e. k(t) = 0, then condition (H2) reduces to 

R(T) < 1 . 

Now we may summarize our reasonings in the form of the following statement. 

Theorem 4.1. Let us suppose that assumptions (Al), (B1)-(B4), (D1)-(D2), (F1)-(F2), 
(F3 1 ), (F4), (H1)-(H2) hold. Then the translation multioperator P a +T '■ BCoo ~> P(BCoo) is 
a- condensing on bounded sets of BCqq. 

Since the translation multioperator Pt is quasi R$ (Lemma 4.3) the corresponding topo- 
logical degree theory (see [14], [12]) may be applied to obtain fixed points of Pt which 
obviously are initial values of T-periodic mild solutions of the inclusion (3). In fact, we have 
the following general principle. 

Theorem 4.2. Suppose that conditions of Theorem 4.1 hold. Let U C BCqq be an open 
bounded set such that Fix Pt n dU = and deg(i — Pt, U) ^ . Then the differential 
inclusion (3) has a T-periodic mild solution. 
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Corollary 4.1 Suppose that conditions of Theorem 4.1 hold. Let N C BCqq be a convex 
bounded set such that Pr(N) C N . Then the differential inclusion (3) has a T -periodic 
mild solution. 

Notice that sufficient conditions for the existence of such invariant set N may be found, 
e.g. in [9]. 
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1. INTRODUCTION 

In recent years, fuzzy set theory introduced by Zadeh [14] in 1965 has emerged as 
an interesting and fascinating branch of pure and applied sciences. The applications of 
fuzzy set theory can be found in many branches of regional, physical, mathematical and 
engineering sciences including artificial intelligence, computer sciences, control engineer- 
ing, management science, economics, transportation problems and operation research, see 
[5,11,14,15] and references therein. The concept of variational inequalities and comple- 
mentarity problem for fuzzy mappings were introduced and studied by many authors (see 
[2,3,6,8,9,10,13,15]). Motivated and inspired by recent research in this field, in this paper 
we consider a class of completely generalized nonlinear variational inclusions for fuzzy 
set-valued mappings and its equivalence with a class of proximal operator equations for 
fuzzy mappings will be shown. Using this equivalence, the iterative algorithms for the 
class of inclusions will be developed and we will prove that the approximate solutions 
obtained by this iterative algorithms, converge to the exact solutions of the variational 
inclusion. 

2. PRELIMINARIES 

Let if be a real Hilbert space with inner product and norm define by (u,u) = \\u\\ 2 , 
we denote the collection of all fuzzy sets on H by T{H) — {// : H — > [0, 1]}. A mapping 
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F : H — > J-{H) is said to be a fuzzy mapping. For each x & H, F(x) (denote it by F x , in 
the sequel) is a fuzzy set on H and F x (y) is the membership function of y in F x . 

A fuzzy mapping F : H — > T{H) is said to be closed, if for any rr G if, the function 
F x (y) is upper semicontinuous with respect to y, (i.e., for any given point y$ a H and any 
net {y a } C if, when y a -> j/ , we have F x (y ) > limsup F x (y a )). 

Let £ 6 f{H), q G [0, 1]. Then the set 

(E) q = {xeH : £(x) > q} 

is called a g-cut set of E. 

Let M, S,T : H — *■ T(H) be closed fuzzy mappings satisfying the following condition: 

Condition (I) : There exist functions a,b,c : H ^ [0, 1] such that for all rr G if, we have 
(Mx) ( x ), (<S'a;)6( x ), (Ta;) c ( x ) G CB(H), where CB{H) denote the family of all nonempty 
closed and bounded subsets of H. Therefore, we can define three multivalued mappings, 
M,S,f :H ^CB(H) by 

M(x) = (M x ) a(x) , S(x) = (S x ) b{x) , f(x) = (T x ) c(x) , 

for each x G if. In the sequel M, 5, T are called the multivalued mappings induced by the 
fuzzy mappings M, S and T, respectively. More precisely, let d<p denote the subdifferential 
of a proper convex and lower semicontinuous function : H x H — > ff. U {+oo}. Let 
a,b,c : H ^ [0, 1] be given functions and M,S,T : if — > F{H) fuzzy mappings. Let 
g,F,G,P : H — ► if be single-valued mappings with Im^fl domi90(.,f) 7^ 0, and we 
consider the following completely generalized nonlinear variational inclusion with fuzzy 
setvalued mappings for finding u,x,y,z G if such that g(-u)ndomi90 7^ and M u (x) > 
a(u), S u (y) > b(u), T u (z) > c(u), 

(P(x)-(Fy-Gz),v-g(u)) > <f>(g(u),u) - <f>(v,u), VveH. (2.1) 

Inequality (2.1) is called the completely generalized nonlinear variational inclusion for 
fuzzy setvalued mappings. 

It is clear that completely generalized nonlinear variational inclusions for fuzzy set- 
valued mappings (2.1) includes many kinds of variational inclusions and inequalities as 
special cases, such as those in [1,2,3,7,8,9,10,13]. 

Definition 2.1 [5]. If G : H — >■ 2 H (2 H denotes the power set of H) is a maximal 
monotone multivalued mappings, then for any 77 > 0, the mapping J^ : H — > H defined 
by 
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tf(u) = (I + rjG)- 1 ^), VueH, 

is said to be the proximal operator of index 77 of G, where / is the identity mapping on 
H. Furthermore, the proximal operator J^ is single- valued and nonexpansive i.e., 

\\J°(u)-tf(v)\\ < \\u-v\\, Vu,veH. 

Since the sub differential d(j> of a proper convex and lower semicontinuous function <fi : H — ► 
R U {+00} is a maximal monotone multivalued mappings, it follows that the proximal 
operator J®^ of index 77 of d(j> is given by 

J^(u) = (I + ridcj))- 1 ^), VueH. 

Lemma 2.1[5]. A given u,w G H satisfies the inequality 

(u — w,v — u) +r)(f>(v) — rj(f)(u) > 0, V v G H 

if and only if 

u = J%+(w), 

where J®^ — (I + rjdcj))' 1 is the proximal operator and rj > is a constant. 

We now consider the problem of finding u, w, x,y,z G H, M u {x) > a(u),S u (y) > b(u), 
T u {z) > c{u) and 

P(x)+rj- 1 R^-' u \w) = Fy-Gz, (2.2) 

where R®^ = I — J^, I is the identity mapping and i] > 0. Equation (2.2) is called the 
proximal operator equation for fuzzy setvalued mappings. 

3. EQUIVALENCE RELATION AND ITERATIVE ALGORITHMS 

In this section, we establish the equivalence between (2.1) and (2.2), and we develop 
the iterative algorithms. 

Lemma 3.1. The set (u,x,y,z) is the solution for (2.1) if and only if there exist x G 
M(u), y G S(u), z G T(u) such that 

g ( u ) = J^-'%(u)-n(P(x)-(Fy-Gz))], (3.1) 

where 77 > is a constant and J^(-> u ) = (/ + r/d(j))~ 1 (u) is the so-called proximal mapping 
on H. 
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Let u G H, x G M(u), y G S(u) z G T(u) and from the definition of the proximal 
operator J^(-> u ) of index r\ of d(p(.,u) and relation (3.1), we have 

g(u) = J^[g(u)-r)(P(x)-(Fy-Gz))} 

= (/ + r ] d<P(.,u))- 1 [g(u) - V (P(x) - (Fy - Gz))\ 
and 

g(u)-T](P(x) - (Fy-Gz)) G g(u) + r]d(f)(.,u)(g(u)), 
which gives 

(Fy-Gz)-P(x)ed<j>(.,u)(g{u)). 
From the definition of d<p(.,u), we have 

<j>(v,u) > <f>{g(u),u) + {(Fy-Gz)-P(x),v-g(u)), V v G H. 

Thus u,x,y and 2; are solutions of problem (2.1). 

From Lemma 3.1, we conclude that (2.1) is equivalent to the fuzzy fixed point problem 

u G N(u) (3.2) 

where 

N(u) =u- g{u) + J^ u) [g(u) - r)(P(x) - (Fy - Gz))}. 

Based on (3.1) and (3.2), we have the following iterative algorithm. 

Algorithm 3.1. Suppose P,F,G,g:H^H are single-valued mappings. Let M,S,T : 
H — > F(H) be fuzzy mappings satisfying condition (I) and M,S,T : H — > CB(H) the 
fuzzy mappings induced by M, S, T respectively. For a given -u G H, we take xo G M(-uo) 5 
|/o G 5 , (m ) and ^ G T(u Q ) and let 

«i = «o - <7(«o) + Jf ( " uo) [<?K) - ^(P(x ) - (Fy - Gzo))} 

where 77 > is a constant. Since x G M(w ) G CB(H), y G S'(wo) G CB(H) and 
^o e T(tio) G CB(H), by Nadler [12 pp.480], there exist xi G M(«i), j/i G S(ui) and 
-2i G T(u\) such that 
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\\x -x 1 \\ < (l + l)if(%),%)), 

\\yo-yi\\ < (i + i)H(S(u ),S( Ul )), 

\\zo-Zi\\ < (l + l)H(f(u ),f( Ul )), 

where H (., .) is the Hausdorff metric on CB(H). Let 

« 2 = wi - ff(wi) + Jf ( -' u %(«i) - 77(P(xi) - (F Vl - G Zl ))}. 
By induction we can obtain sequences {u n }, {x n }, {y n } and {^„} such that 

X n eM( Un ), \\x n -X n+1 \\ < (1 + (n + l)" 1 )^(M(u n ), M(u n+1 )), 

y n eS(u n ), \\yn-yn+i\\ < (l + (n + l)~ 1 )H(S(u n ),S(u n+1 )), 
z n ef(u n ), \\z n -z n+1 \\ < (1 + (n+ l)~ 1 )H(f(u n ),f(u n+1 )), 

u n+ i =u n - g(u n ) + jW-' u "\g(u n ) - r](P{x n ) - (Fy n - Gz n ))], (3.3) 

where 77 > is a constant. 

Now, we show that (2.1) is equivalent to (2.2). 

Theorem 3.1. The problem (2.1) has a solution u G H such that x G M(u), y G 
S(u), z G T{u) if and only if (2.2) has a solution set (u, x,y,z), where 

g(u) = jW->«\w) (3.4) 

and 

w = g(u) - r](P(x) - (Fy - Gz)), (3.5) 

here 77 > is a constant. 

Proof. Let u G H, x G M(u), y G S(u), z G T(u) be a solution of (2.1), then by Lemma 
3.1, 

g(u) = J^%(u)- V (P(x)-(Fy-Gz))}. (3.6) 

Using i2j*(-.«) = I - J^(->«) an d (3.6), we have 
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R*>M\g(u)-ri(P(x)-(Fy-Gz))] 

= [g(u) - r](P(x) - (Fy - Gz))\ - J^' u) [g(u) - rj(P(x) - (Fy - Gz))\ 

= [g{u) - r)(P(x) - (Fy - Gz))\ - g{u) = - V [P(x) - (Fy - Gz)}, 
which implies that 

P(x)+r ] ' 1 R^-' u) (w) = Fy-Gz, 

where w = g(u) — 7](P(x) — (Fy — Gz)), here r] > is a constant. 

Conversely, let u E H, x & M(u), y G S(u), z G T(u) be a solution of (2.2), then 

-r](Fy - Gz) + r]P(x) = -R^ { -' u) (w) 

= J^ u \w)-w, 
g (u) = J^(w). (3.7) 

Now from Lemma 2.1 and equation (3.7), we have 

< (g(u)-w,v- g(u))+r](j)(v,u)-r](j)(g(u),u) 

= rj{(P(x) - (Fy -Gz),v- g(u)) + (j)(v, u) - (j)(g(u),u)}. 

Note that rj > is a constant, so the above relation implies u G H , x G M(u), 
y G S(u), z G T(u) a solution set of (2.1). 

The (2.2) can be written as 

RW-' u \w) = r](Fy-Gz)-r]P(x), 
from which it follows that 

w = g(u) - V (P(x) - (Fy - Gz)), (3.8) 

completing the proof of the Theorem 3.1. 

This fixed point formulation for fuzzy mappings enables us to suggest the following 
Algorithm. 
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Algorithm 3.2. Let g,F,G,P,S,T and M be as in Algorithm 3.1. For any given 
m ^ H, compute the sequences {«„}, {w n }, {x n }, {y n } and {z n } for fuzzy mappings by 
the iteration method 

g(u n ) = Jf ( -' U " } K), 



x n eM(u n ), \\x n -x n+1 \\ < {l + {n+l)- l )H(M{u n ),M{u n+1 )), 

y n £S(u n ), ||y n -yn+i|| < (1 + (n + l)~ 1 )H(S(u n ),S(u n+1 )), (3.9) 

z n ef(u n ), \\z n -z n+1 \\ < (1 + (n+ l)~ 1 )H(f(u n ),f(u n+1 )), n>0, 

w n +i = g(u n ) - v(P( x n) - {Fy n - Gz n )), (3.10) 

here rj > is a constant, 
(ii) (2.2) may be written as 

= - V - 1 R d ^\w n )-(P(x n )-(Fy n -Gz n )), 

which implies that 

R^)(w n ) = (1 - rr'^-'^K) - (P(x n ) - (Fy n - Gz n )), 
that is 

IJn = ^(..^(^.(p^.^^.G^ + ^.^-i)^.,^)^) 

ffW - (P(x n ) - F(y n - Gz n )) + (1 - ^R^-^iwn). (3.11) 



UL. 



Using the fixed point formulation for fuzzy mappings, the following iterative algo- 
rithm is proposed. 

Algorithm 3.3. Let g,F,G,P, M, S and T be as in Algorithm 3.1. For any given 
u G H, compute the sequences {«„}, {w n }, {x n }, {y n } and {z n } for fuzzy mappings by 
the iterative schemes 

9(Un) = J^' u "\w n ), (3.12) 
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x n eM(u n ), \\x n -x n+1 \\ < (l + (n + l)- 1 )H(M(u n ),M(u n+1 )), 

y n £S(u n ), \\y n -y n+1 \\ < (l + (n+l)~ 1 )H(S(u n ),S(u n+1 )), 

z n ef(u n ), \\z n -z n+1 \\ < (1 + (n + iy 1 )H(T(u n ),f(u n+1 )), 
w n+1 = g(u n ) - (P(x n ) - (Fy n - Gz n )) + (1 - TT^^Vn), (3.13) 

here rj > is a constant. 

Now, we consider for each fixed u G H, the sequences {<f) n } of proper convex lower 
semicontinuous <p n : H x H — > R U {+oo}, approximating {0}, then we have following 
more general iterative algorithms for fuzzy set- valued mappings. 

Algorithm 3.4. For any given u G H, x G M(w ), 2/o £ S'('Uo), £ G T(m ), compute 
the sequences {«„}, {w n }, {x„}, {?/„} and {z n } for fuzzy mappings by iterative schemes 

g(0 = Jf" ( - U " } K), (3.14) 

z n GM«), ||x„-x„ +1 || < (l + (n + l)- 1 )i7(M(M n ),M( Mn+1 )), 
y n £S(u n ), \\yn-yn+i\\ < (1 + (n+ l)~ 1 )H(S(u n ),S(u n+1 )), 
z n ef(u n ), \\z n -z n+1 \\ < (l + (n + l)- 1 )H(f(u n ),f(u n+1 )), 

w n+1 = g(u n ) - r]{P{x n ) - (Fy n - Gz n )), i]>0, (3.15) 

here rj > is a constant. 

Algorithm 3.5. For any given -u £ #, compute the sequences {u n }, {w n }, {x n }, {y n } 
and {z n } for fuzzy mappings by iterative schemes 

g{u n ) = J^-^\w n ), (3.16) 

x n EM(u n ), \\x n -x n+1 \\ < (l + (n + l)- 1 )H(M(u n ),M(u n+1 )), 
y n eS(u n ), \\y„-y n +i\\ < (1 + (n + l) _1 )#(S(w n ),S(u„ + i)), 
z n ef(u n ), \\z n -z n+1 \\ < (l + (n + l)~ 1 )H(f(u n ),f(u n+1 )), 
w n+1 = g(u n ) - (P(x n ) - (Fy n - Gz n )) + (I - t^X^'^K), (3-17) 
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here r] > is a constant and 



;; (" u ")(w n ) = / - J^-> u "\w n ), for each tieff. 

4. MAIN RESULTS 

In this section, we consider those conditions under which the solutions of (2.1) exists 
and for which the sequences of approximate solutions obtained by our iterative algorithms 
converge to the exact solution of (2.2). For this purpose, we need the following concepts. 

Definition 4.1. A mapping g : H — *■ H is said to be 

(i) strongly monotone if there exists a constant r > such that 

(g(ui) - g(u 2 ),ui -u 2 ) > r||^i — w 2 || 2 ? Vui,u 2 eH, 

(ii) Lipschitz continuous if there exists a constant s > such that 

||#(«i) -#(w 2 )|| < s||wi-w 2 ||, Vu!,u 2 eH. 

Definition 4.2. Let S : H — ► CB(H) be a mapping 

(i) S is said to be relaxed Lipschitz continuous with respect to a mapping F : H — >• H if 
there exists a constant a > such that 

(Fy 1 - Fy 2 ,U!-u 2 ) < - a\\ui - u 2 \\ 2 , V m e H, ^ e S(ui), i = 1,2; 

(ii) S 1 is said to be relaxed monotone with respect to a mapping G : i? — ► H if there 
exists a constant /3 > such that 

(Gy 1 -Gy 2 ,u 1 -u 2 ) > - f3\\ui - u 2 \\ 2 , V yt e Sfa), v* e H, i = l,2. 

Definition 4.3[11]. A sequence {<p n } of convex, proper, lower semicontinuous function 
4> n : H — > i? U {+00} is said to be convergent to in the sense of Mosco if 

(i) for every u G H, we have 

0(m) < Jirn inf0„(M n ), 

for every sequence {«„} in H which converges weakly to u, and 

(ii) there exists a sequence {u n } in H which converges strongly to u and satisfies 

4>(u) > lim sup0 n (w„). 
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Lemma 4.1 [4]. If the sequence {</>«} of convex, proper, lower semicontinuous function 
4> n '■ H — »■ R U {+00} converges to in the sense of Mosco, then 

Jt n {u) — > J%(u) as n^ 00, for any u G H, 

where rj > is a constant. 

Assumption 4.1. For each fixed v G if, let (j)(.,v) be a proper, convex and lower 
semicontinuous function : H x if — ► R\J {+00}. Then for each u,v,w G if, there exists 
a coefficient p > such that 



||jf^H-jf^H|| < H|«-u||, 

where rj > is a constant. 

Theorem 4.1. Let M,S,T : H — ► F{H) be the closed fuzzy mappings satisfying con- 
dition (I) and M,S,T : H — ► CB(H) the multivalued mappings induced by the fuzzy 
mappings M, 5, T, respectively. Let M, 5, T be 5-Lipschitz continuous, 7-Lipschitz contin- 
uous, e-Lipschitz continuous, respectively. Let F,G,P : if — > if be Lipschitz continuous 
with corresponding coefficients £, p and <r, respectively. Let g : H — »■ iJ be Lipschitz 
continuous and strongly monotone with corresponding coefficients s > and r > 0, re- 
spectively. Let S be a relaxed Lipschitz continuous with respect to F with constant a > 
and T be a relaxed monotone with respect to G with constant /? > 0. Let the sequence 
{4> n } of proper, convex and lower semicontinuous function <p n : H x H — »■ i? U {+00} 
converges to in the sense of Mosco and assume Assumption 4.1 holds (for {<f) n }). 

Suppose that there exists a constant rj > such that 
a — (3 — aS(l — k — jj) 



7/ 



< 



(£7 + P e ) 2 ~~ <j2 ^ 1 

y/(a-P- aS(l - fc - /i)) 2 - ((£7 + pe) 2 - a 2 5 2 ){k + p)(2 - fc - p) 

(£ 7 + pe) 2 -a 2 <5 2 



a > /3 + (7«J(1 - fc - p) + ^((£7 + P^ 2 " ^ 2 5 2 )(fc + p)(2 - k - p), (4.1) 

o"5 < £7 + pe, 



where fc = 2\/l — 2r + s 2 . 

Then there exists a set of elements u £ H, x £ M(u), y G S'(u), z G T(u), which 
satisfies (2.2) and the sequences {u n }, {w n }, {x n }, {y n } and {z n } generated by Algorithm 
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3.4 converge to u,w,x,y and z strongly in H, respectively. 

Proof. From Algorithm 3.4, we have 

\\w n+1 -w n \\ < \\g(u n )-g(u n - 1 )+r](Fy n -Fy n -i)-r](Gz n -Gz n -i)\\+r]\\P(x n )-P(x n -i)\\ 

< \\u n -Ura-l - (9(Un) - g(u n -i))\\ + T]\\P(x n ) - P(x n -i)\\ 

+ \\u n - u n -! + r}(Fy n - Fy n _i) - r}(Gz n - Gz„_i)||. (4.2) 

By Lipschitz continuity and the strong monotonicity of the operator g, we obtain 

\\u n -u n -i - (g(u n ) - g(u n -i))\\ 2 < (1 - 2r + s 2 )\\u n - w n _i|| 2 . (4.3) 

Again from the P-Lipschitz continuity of the fuzzy operators M, S, T and the Lips- 
chitz continuity of the operators P, F, G, we have 

\\P{x n ) -P(x n _i)|| < <r||x n -x n _i|| 

< a{l + {n+l)- l )H(M(u n ),M(u n ^)) 

< adil + n-^Wun-Un^W, (4.4) 

\\F(y n ) - F(y n _ 1 )\\ < £\\y n -y n -i\\ 

< ^l + fa+l)" 1 ) #(£(«„), S^-i)) 

< 7 f(l +n- 1 )\\u n -Un_i||, (4.5) 

||G(2; n ) - G(z n -i)\\ < pWZn-Zn^W 

< p(l + (n+l)- 1 )P(TK),TK_ 1 )) 

< pt{l + n- l )\\u n -u„_i||. (4.6) 

Further, since 5 is relaxed Lipschitz continuous with respect to the operator F and 
the operator T is relaxed monotone with respect to the operator G, we have 

\\u n -u n -i +r](Fy n - Fy n ^i) - r)(Gz n - G^ n _i)|| 2 < \\u n -M n _i|| 2 
+2rj(Fy n - Fy„_i, u n - u„_i) - 2r](Gz n - Gz n -i, u n - w n _i) 
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W\\(Fy n ~ Fy n ^) - [Gz n - Gz n - X )f 

< [1 - 2 V (a -P) + rf{\ + n" 1 ) 2 ^ + pt?]\\u n - «„-i|| 2 . (4.7) 

From (4.2)-(4.7), we obtain 
\\w n+1 -w n \\ < {Vl - 2r + s 2 +T 1 a5{l+n- l ) + ^l - 2r](a -(3)+ r? 2 (l + n" 1 ) 2 ^ + pe) 2 } 

|| "n ^n— 1 1| 

A; 

= {- + r ] a5(l + n~ 1 ) + U n (r])}\\u n -u n ^ 1 \\, (4.8) 



where fc = 2^1 - 2r + s 2 and n„(^) = ^ 1 - 2r/(a - (5) + r] 2 (l + n- 1 ) 2 ^ + pe) 2 . 
From(3.14) and (4.3), we have 

IK - un-ill = IK - u n-i - (g(u n ) - <?K_i)) + J^-'^K) - Jf - l( -' u "- l) K-i)|| 

< |K - Mn _x - ((?K) - <7K-i))|| + \\J^ Un \w n ) - Jf "(-^K-i)!! 
+|| jf "(■•^K-i) - J*+ ^"^WOII + 1| jf ^-Wi) - ^- l( -' u »- l) (wn-i)ll 

< -|K-U„_i|| + IK ~ ^n-lll +HK _U n-l|| +^n, 

since J„^'' u ) is nonexpansive and Assumption 4.1 holds (with {0„}), which implies that 

IK-Un-i|| < i jb [lk„-w„_i|| +e n ], (4.9) 

where 

e„ = || Jf "(-""-Wi) - Jf »- l( -' u »- l) K-i)||- 
Combining (4.8)-(4.9), we have 

.. f| + 77<T(J (i + n -i) + n n (^)i 

I ! — f — M J 

f f + ^(i + 7i- 1 ) + n ra (77) | 

< n \\w n -«; n _i || +0 n e n , (4.10) 
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where ^^ + '^ (1 + "" )+n " M . Let 



A- 



/i 

+ r]a8 + nfa) 



0= 2 - '— — with 11(77) = Jl-2r 1 {a-f3) + r 1 \i 1 + pef. 

1-2 -ix 

Then 6 n — »■ as n — *■ oo. It follows from (4.1) that < 1. Hence 6 n < 1 for n sufficiently 
large. Since e n — > as n — > oo, it follows from (4.10) that {«;„} is a Cauchy sequence in 
if, that is w n+ i — ► -u; G if as n — > oo. 

From (4.9), we see that {«„} is also Cauchy sequence in H, so there exists w G if , such 
that u n+ i — > -u as n — >■ oo. 

Also from (4.4)-(4.6), we have 

||Sn-Zn-l|| < (l+n- 1 )/J(M(M n ),M(M„_ 1 )) < (1 + n- r )5\\u n - M n _i || , 

||y n — 2/n— ill < (1 +^ 1 ) j H"(S , (m„),S'(m„_i)) < (l + n- 1 )7||M„ -w n -i||, 
lkn-^n-i|| < (1 +n~ 1 )H(T(u n ),f(u n - 1 )) < (1 + n- 1 )e\\u n -u n _i||. 

It follows that {x n }, {y n } and {z n } are also Cauchy sequences in H . Since if is complete, 

we may let x n — > x, y n — > y, z n — > 2; as n — ► 00. Further we have 

d(x,M(u)) < ||s-x n ||+d(x n ,M(u)) 

< ||x-x n ||+^(M(u„),M(u)) 

< ||x — x n || + 5||w n — w|| — *• as n — ► 00, 

where d(x, M{u)) = inf{||w — p\\ : p G M (w)}, and so we have d(x, M («)) = 0. Hence we 
must have x G M(u). In a similar way, we can show y G S'(w) and z G T{u). 

Using the continuity of operators P, F, G, M, S, T, 0, J 9 ^ and Algorithm 3.4, we have 
w = g(u) — r](P(x) — (Fy — Gz)) 

= J^-' u \w) - r](P(x) - (Fy - Gz)) G H, 77 > is a constant. 

From Theorem 3.1, we see that u,w G H, such that x G M(u), y G S(u) and 2 G T(w) 
are solution of (2.2) and consequently, u>„+i — > u>, u n +i — > w, x„ +1 — ► x, y n+ i — > y and 
-2n+i ~~ *• -2 strongly in if. This completes the proof. 
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1 Introduction 



The second kind beta operators L n associating for n e N = {1,2,...}, are defined 
by 

1 roc j.nx-1 

L niM - (*./)(*) = ^^ I fit) (1 + tr+ „ +1 * (i) 

The operators ( 1 ) were introduced by D. D. Stancu [8]. Recently U. Abel [1] 
estimated the complete asymptotic expansion for these operators. Another beta 
approximating operators of second kind have been studied in [2], [3] and [4]. 

Alternatively we may rewrite ( 1 ) as 

L n (f,x) = / K n (x,t) f(t) dt, (2) 

Jo 
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where 

I j.nx—1 

K n (x,t) 



B(nx,n+l) (l + t) nx+n+1 

It is easily verified the operators L n are linear positive operators and preserve the 
linear functions : L n (l,x) = 1 and L n (t,x) = x. Therefore we can take the 
iterative combinations of these operators easily. 

It has been observed that the order of approximation by these operators 
L n is 0(n~ r ), n — > oo. On the other hand C. A. Micchelli [7] offered an approach 
for improving the order of approximation of Bernstein polynomials. It is interesting 
that by considering the iterative combinations due to C. A. Micchelli [7], the higher 
order of approximation may be achieved. 

We consider here the iterative combinations of the Stancu beta operators. 
The iterative combinations L n ^(f,x) of the operators L n are defined as follows: 

L n , k (f,x) ee (L n , k f)(x) = [I-(I-L n ) k ](f,x) = E(-ir +1 ( * ) L r n (f,x) (3) 

where L r n denotes the r— th iterate ( superposition ) of the operator L n . 

In the present paper we prove an asymptotic formula and an error estimate 
in terms of higher order integral modulus of smoothness, for the iterative combina- 
tions of these Stancu beta operators of second kind. Further, in the last section we 
give global direct results in terms of Ditzian - Totik modulus of smoothness. 



2 Lemmas 



In this section we present certain lemmas which are necessary to prove the main 
results of next two section. 



Lemma 1 Let the function fi n ,m{x), meiVU {0}, be defined as 

/J>n,m{ x ) = J-i n (\t — X) , X). 



Then 



71 — 1 
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and 



Hr, 



v ( x ) = 0(n-^ m+l ^), 



n — ► oo 



where < x < oo and m G N U {0}. 



Proof. See [8, p. 234, Theorem 1 ]. 

For each m G N U {0} the m— th order moment ^u^(x) for the operators 
L£ is defined by 

/4i(*) = ^((i-^) m ^) (4) 

For g = 1, /4^(z) = n n , m (x). 



Lemma 2 Lei 7 and 5 be two positive numbers. Then for any m G N there exists 
a constant C\ = CAm) > such that 



f KJx,t)fdt 

J\t-x\>5 



< Ci n 



C[a,, 



Proof. It follows easily by using Lemma 1. 



Lemma 3 There holds the following relation 

m-j j 



Mi£ 1} (*) = E 7 E ^Ml-^))/W*), £ 



j=o \ 3 J »=o ?! 



<ix 



Proof. By ( 4 ), we have 

/4?+%) = L B (L«((t-x) m ,«),x) 



m 



/// 



E (^7 J in((«-^'i:((t-«r,«),x) 

m 

j=0 



m 



E K E 



i=o 



J 



7! 



^W!LM4 



Now making use of Lemma 1 , the conclusion of this lemma follows immediately 
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Lemma 4 We have 



u {q} 



'■$Jx) = O (n-« m +W) , n -> oo (5) 

where < x < oo and mGJVU {0}. 



Proof. For g = 1 the above result follows from Lemma 1. We shall prove the result 
( 5 ) by the principle of mathematical induction. Let the result be true for q and 
we shall prove it for q + 1. Because Hn t m-j( x ) = O \n~W- m ~i+' i -)l 2 }\ and lin,m-j( x ) 
is a polynomial in x of degree < m — j, it is obviously seen that D l {Hn,m-j( x ) 
O ( ri - [( m- J +1 )/ 2 lj . Applying Lemma 3, we get 



AVm \ X ) 



m / \ m-j -i 

J2 I m I 5Z ° fn" [(m " J ' +1)/2]+[(i+j+1)/21 
j=o \ 3 J j=o *• 



m m,— j 



_^ -[(m+i+l)/2] 
vj=0 i=0 



oEE»- 



which implies equation ( 5 ). This completes the proof of lemma. 

By direct application of Lemma 1, Lemma 3 and Lemma 4, we have 

L n>k ((t-x)\x) = 0(n' k ), n^oo, 

where L n j, is the iterative combination defined by ( 3 ). 



3 Local Approximation 



In this section we present a Voronovskaja type asymptotic formula and an error 
estimate in terms of higher order modulus of smoothness, using the technique of 
linear approximating method, namely Steklov mean's. 

Throughout this section let 

M T [0, oo) = { / : / be locally integrable on (0, oo) and 

f(t) = 0(t 7 ), t -> oo for some 7 > }. 
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For / G M 7 [0, oo) we define the norm || • || 7 on M 7 [0, oo) by 



7 = SU P 1/0*01 X 7 - 
0<x<oo 



Theorem 1 Let f G M 7 [0, oo). // the 2k— th derivative of f exists at a fixed point 
x G [0, oo) then 



21 fW(x) 



Jim n k [L n Mx)-f(x)} = £ Q(j,k,x)- J -^ (6) 

3=2 J' 



where Q(j,k,x) are certain polynomials in x. Further, if /( 2fc_1 ) exists and is ab- 
solutely continuous over [0,6] and /( 2fc ) g Loo [0,6] then, for any [c,d] C (0,6), there 
holds 

IIW-ZIIcm < ^n"* { ||/|| 7 +||/ (2fe) 11^(0,6] }, (7) 

where C 2 is a constant independent of f and n. 

Proof. First by Taylor's expansion, we have 
n k [L nyk {f,x)-f{x)] = 

2k fti)( T \ k ( h \ 



j=l •?■ r=l V / 



where e(t,x) — ► as £ — ► rr and |e(t,a;)| < Mt 7 , M > 0. Using ( 5 ), we have 

, 2k fW(x) 2k f( j Mx) 

Ei = n k J2 J -^L n , k ((t-xy,x) = £ J -^Q(j,k,x) + o(l). 

3=2 ^ j=2 J- 



If (j)$(t) denotes the characteristic function of the interval (x — 5,x + 5) then 
\E 2 \ < n* WM L: i (\e(t,x)\(t-x) 2k Mt),x) + 

+ n k J2 (* ) L:((t-x) 2k (l-Mt)),x) = E, + E,. 
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Now we estimate £3. Since e(t,x) — > as t — > rr therefore for given e > there 
exists a 5 > such that |e(t,x)| < e whenever |t — x\ < S. Using Lemma 4, we get 

E 3 < ( snp \e(t,x)\)n k £ ( k ) U n {{t - x) 2s ,x) < e ■ C 3 

\ \t-x\<8 J r =i V r / 

Next applying Lemma 2, for arbitrary p > 0, we obtain 

L^(Mt 7 (t-a;) 2fc (l-0 5 (t)),a;) < C 4 n~ p = o(l) 



**->£(!) 



Due to the arbitrariness of e > we conclude that E 2 — ■» as n — > 00. 
Combining the estimates of £1, £ 2 , we get the required estimate ( 6 ). 

To prove ( 7 ), we may write 

L n M x) - f(x) = L H:k (f(t),x) - f(x) 

= L n , k (<j>(t)(f(t) - f(x)),x) + L n>fc ((l - 0(t))(/(t) - f(x)),x) 
= E 5 + E 6 , 

where <j)(t) denotes the characteristic function of the closed interval [0, b]. Proceeding 
along the lines of the proof of £4, for all x G [c, d], we have 

E Q < C 5 n- k ||/|| 7 . 
Again, for t G [0, b] and x G [c, rf], we have, by given hypothesis 

2fe-l f(i)( T \ 1 rf 



Thus 

^5 = E H^W^X*-^*) 



2A-:i yr(i) (x) 



,=1 * ! 



+ (2ife 



E ^!^{^((i-x) i ,x)H-L„, fe ((0(O-l)(^-x) i ,x)} + 
^— L n , fc (0(£) £ (t - W ) 2fc -V (2fc) (^) dw,x^ 

E ^f^ {^7 + e 8 } + e 9 . 



7,1 



+ (2jfe- 



i=i * ! 
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By ( 6 ), we get E-j = 0(n k ), uniformly for x G [c,d\. Also as in the estimate of 
£4, we have E 8 = 0(n~ k ). Finally, by ( 6 ) and Lemma 4, we get 

E 9 = ||/ (2fc) ||L.|p^-0(n-*) 



Combining the estimates E 7 ,E 8 ,E 9 , we obtain 

'2fc-l 



{2fc-l 
E ll/ (i) llcM] + ll/ 



(2fc)|| 

I Loo [0,6] 



Finally, using the interpolation property due to S. Goldberg and V. Meir [6], we 
obtain the required result ( 7 ), which completes the proof of the theorem. 

We now define the linear approximating function viz. Steklov's mean, which 
is the main tool to prove our next theorem. 

Let / G M 7 [0, oo), m G N. Then the Steklov's mean f vm of m— th order 
corresponding to /, for sufficiently small rj > is defined by 

/n/2 rv/2 fW/'Z 

/ • • • / {f{t) + {-l) m - l Kf(t)} dhdt 2 . . . dt m , 



where u = Y^iLiU, t G [a, b] and A™f(t) is the m— th forward difference with step 
length rj. We assume throughout this section that < Oi < a 2 < b 2 < b\ < oo. It is 
easily verified ( see e.g. [9] ) that : 

1. f V}m has continuous derivatives up to order m on [ai,&i] 
2 - ll4Jllc[ai,6i] < C 7 r]- r w r (/, 77,01,61), r = l,2,...,m 
3. ||/-/T,,m||c[o2,62] < C 8 o; m (/, 77,01, 61) 

4- 1 1 /^m 1 1 C[a 2 ,62] < C9 H/H7 

5 - 1 1 /^ 1 1 C[a 2 ,62] < ClO ||/|| 7 ) 

where CV s , i G {7,8, . . . , 10} are certain constants independent of / and rj and 
w m (f, rj, a, b) is the modulus of smoothness of order m corresponding to / : 

u m (f,r],a,b) = sup sup |A£7(x)|. 

a\<x<b\ 0<h<r] 
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Theorem 2 Let f G M 7 [0, oo). Then, for sufficiently large n, there holds 
\\L n ,kf ~ f\\c[a 2 ,b 2 ] < Cn { a; 2 fc(/,w~ 1/2 ,ai,6i)+Ti- fc ||/|| 7 }, 



where Cn is an absolute constant. 
Proof. By linearity property, we have 

\\L n ,kf — f\\c[a 2 M < \\L n ,k(f — /i7,2fc)||c[a 2 ,6 2 ] + \\L n ,kfri,2k ~ fr),2k\\C{a 2 ,b 2 ] + 

+ ||/„,2* - /||c[a 2 , b2 ] = H 1 + H 2 + H 3 . 

Applying property 3. of Steklov's mean, we get 

H 3 < C 12 uj 2 k(f,r], a i,b 1 ) 

Making use of Theorem 1, we have 

2k 

H 2 < U~ C 13 Y^ \\f V J ,2k\\c[a 2 ,b 2 ] < Cl4 { \\fv,2k\\cla 2 ,b 2 ] + \\fr h 2k\\c[a 2 ,b 2 ] ), 
3=2 



where we have used the interpolation property due to S. Goldberg and V. Meir [6]. 
Now, by using properties 4. and 5. of Steklov's mean, we get 

H 2 < C 15 ||/|| T . 



Setting a*, b* satisfying a\ < a* < a 2 < b 2 < b* < b\ and let £(t) be the characteristic 
function of the closed interval [a*, b*], then, by Lemma 2 and property 3. of Steklov's 
mean, we obtain 

Hi = \\L n>k (f(t) — f v ,2k)\\c{a 2 ,b 2 ] 

< \\L n ^(t) (f(t) - U,2k))\\c[a 2 ,b 2 ] + l|£n,fc((l " £(*))(/(*) " fr h 2k))\\ C [a 2 ,b 2 ] 

< Ci6 11/ - fn,2k\\c[a*,b*] + Cn n~ m ||/|| 7 

< Ci8 U>2k(f, V, a l, fo l) + Cl9 11/117- 



Choosing m > k and rj — n l ^ 2 in the above estimate we get the required result. 



...SECOND KIND BETA OPERATORS 



237 



4 Global Approximation 



In this section we establish direct global approximation theorems for Stancu beta 
operators. Let C_b[0, oo) be the space of all real valued continuous bounded functions 
/ on [0,oo) endowed with the norm ||/|| = sup 0<;c<oo |/(x)|. Our results are given 
with the aid of Ditzian - Totik modulus of smoothness of second order defined by 



W J (/><*) = SU P SI!]) 



0<h<8 x±hip(x)€[0,oo) 



\f(x + hp(x)) - 2 f{x) + f{x - hp{x))\, 



where (fix) = y x(l + x), < x < 00. The corresponding K— functional is 

inf 

gtwg, 



K 2 M^ 2 ) = mf 2 {||/-^||+5 2 |bVll}, 



where W^((p) = { g G C B [0, 00) : g' G AQ oc [0, 00), ip 2 g" G C B [0, 00) } denote the 
weighted Sobolev space. 

Our first theorem in this section is : 



Theorem 3 Let f G C B [0, 00). Then 



1 



\L n f-f\\ < C 20 W J ( /, V __ I . . 



n = 2,3, ... 



where Con > is an absolute constant. 



Proof. Let g G W^, (<£>). By Taylor's formula, we have 

^(t) = ^(x) + g'ix) (t-x)+ (t-u) g"iu) du 



In view of Lemma 1, we get 

L n ig,x)-gix) = L n (I (t -u) g"(u) du,x) 



Hence 



\L n (g,x)-g(x)\ < L n 
< L n 



t \t-u\ 

x (f 2 iu) 

t \t-u\ 



^\u)\g"iu)\ du 



x 



x U(l + U) 



du 



,x)-\W\ 
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Furthermore, in view of [5, p. 141, ( 9.6.2 ) ] and Lemma 1, we have 

, T . , ... T ((t-xf ( 1 1 \ \ 2 .... 

\L n (g,x)-g(x)\ < L n ^^ • (^— + — j ,xj \\<p g \\ 

I ' L n ((t-x) 2 ,x) + -L n (^f^,x)\ y 2 g"\ 



x(l + x) X \ 1 + t 

t I \ ~ x ) „ \ I ii. 2 /n 



L « i ; ^ ^ r llv 9 9' 



n — 1 x \ 1 + t 



By direct computation we obtain 

( {t-xf \ _ ( t 2 t 2 1 \ 

ifni + 1) n nx 9 n + 1 

- ' - 2x h x 



nx + n+1 nx + n + 1 nx + n + 1 

x(l + a;) 



nx + n + 1 
Hence, by ( 8 ), we have 

\L n (g,x)-g(x)\ < ( -±- + - ■ X{ ] + *) , ) llvYll 

\n — 1 n nx + n + 1/ 

( l 1+X \ II 2 //,, 

\n — 1 nx + n + 1/ 

^ I 1 II 2 //ii ^ ^ || 2 //ii 

\n — 1 n/ n — 1 

Also, L ra is a contraction, i.e. 

\\L n f\\ < H/ll, /eC B [0,oo). (9) 



Thus 

|£ n (/,a;)-/(aO| < |-M/ - #,x) -(/- #)(x)| + !£„(#, x) - #(x) 

< 2||/- ff || + -?-|| ¥ »V|| 
n — 1 



Taking the infimum on the right - hand side over all g G W^ (</?), we get 

|L n (/,x)-/(x)| < 2^(/,^) (10) 
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By [5, p. 11, Theorem 2.1.1 ], there exists an absolute constant C21 > such that 

Hence, by ( 10 ) 

\\L n f-f\\ < C 20 uj 2 (f,-^=\, n = 2,3,..., 

which was to be proved. 

The next theorem is : 

Theorem 4 Let f 6 C B [0, 00). T/ien 

II W - 711 < 2 fc fc i^ (7, — ^) , n = 2, 3, . . . 

Proof. We have 

L n ,k(f' X ) ~ f( X ) = 

= E (-i) r+1 ( \ ) [W,*) - /(*)] + E (-i) r+1 ( J ) f(x) - f(x) 

= E(-l) r+1 (^) MM ~ /(*)] + E ("If ( J ) /(*) 

= E(-i) r+1 (J:) k(/^)-/(^)]. (11) 



On the other hand, by ( 9 ), we obtain 

\\L r J-f\\ < r\\L n f-f\\, r = l,2,... 

Hence, by ( 11 ) and ( 10 ), 

\L ntk (f,x)-f(x)\ < E (J) IW,*) -/(*)! < E (*) 11^/ 



-/ll 



< E (*) r||L n /-/|| = ||L„/-/|| E A; ( J _ j 

r=l \ / r=l \ 

ifc-1 7„ II r -f /ll ^- ofc '' " 



2 fc - i -A;||L„/-/|| < 2 fe -A;K 2iV /, 

n — 1 
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This completes the proof of Theorem 4 . 

Corollary 1 There exists an absolute constant C22 — C*22(^) > such that 

\\L n , k f-f\\ < C 22 u 2 Jf, ' - 



for all f G Cb[0, 00) and n = 2, 3, . . . 

Proof. It follows from Theorem 4 and [5, p. 11, Theorem 2.1.1 



References 

[i 

[2 



U. Abel, Asymptotic approximation with Stancu beta operators, Rev. Anal. 
Numer. Theorie Approx. 27 ( 1 ), 5 - 13 ( 1998 ). 



J. A. Adell, J. de la Cal, On a Bernstein - type operator associated with the 
inverse Polya - Eggenberger distribution, Rend. Circolo Matem. Palermo, Ser. II 
33, 143 - 154 ( 1993 ). 

[3] J. A. Adell, J. de la Cal, Limiting properties of inverse beta and generalized 
Bleimann - Butzer - Hahn operators, Math. Proc. Cambridge Philos. Soc. 114 ( 
3 ), 489 - 498 ( 1993 ). 

[4] J. A. Adell, J. de la Cal, M. San Miguel, Inverse beta and generalized Bleimann 
- Butzer - Hahn operators, J. Approx. Theory 76 ( 1 ), 54 - 64 ( 1994 ). 

[5] Z. Ditzian, V. Totik, Moduli of Smoothness, Springer - Verlag, New York Berlin 
Heidelberg, 1987. 

[6] S. Goldberg, V. Meir, Minimum moduli of ordinary differential operators, Proc. 
London Math. Soc. 23 ( 3 ), 1 - 15 ( 1971 ). 

[7] C. A. Micchelli, The saturation class and iterates of the Bernstein polynomials, 
J. Approx. Theory 8, 1 - 18 ( 1973 ). 

[8] D. D. Stancu, On the beta approximating operators of second kind, Rev. Anal. 
Numer. Theorie Approx. 24 ( 1 - 2 ), 231 - 239 ( 1995 ). 

[9] A. F. Timan, Theory of Approximation of Functions of a Real Variable, Hin- 
dustan Publ. Corp., Delhi, 1966. 



241 



Instructions to Contributors 
Journal of Concrete and Applicable Mathematics 

A quartely international publication of Eudoxus Press, LLC, of TN. 

Editor in Chief: George Anastassiou 

Department of Mathematical Sciences 

University of Memphis 

Memphis, TN 38152-3240, U.S.A. 



1. Manuscripts hard copies in triplicate, and in English, should be submitted to the 
Editor-in-Chief: 

Prof.George A. Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis,TN 38152, USA. 
Tel.001. 901.678.3144 
e-mail : ganastss @ memphis.edu. 

Authors may want to recommend an associate editor the most related to the 
submission to possibly handle it. 

Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 

2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (VISIT 
www.msci.memphis.edu/~ganastss/jcaam / to save a copy of the style file.)They should 
be carefully prepared in all respects. Submitted copies should be brightly printed (not 
dot-matrix), double spaced, in ten point type size, on one side high quality paper 
8(l/2)xll inch. Manuscripts should have generous margins on all sides and should not 
exceed 24 pages. 

3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 
for publication elsewhere. A statement transferring from the authors(or their 
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright, which previously 
was assumed to be implicit in the act of submitting a manuscript,is necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 

4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 

The following items, 5 and 6, should be on page no. 1 of the paper. 



242 



5. An abstract is to be provided, preferably no longer than 150 words. 

6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 
The main body of the paper should begin on page no. 1, if possible. 

7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION) . 

Subsections should be identified with section and subsection numbers (such as 6.1. 
Second- Value Subheading). 

If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corrolaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 

8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right,and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 

9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 

Tables are to be numbered (with Roman numerals) and referred to by number in the 
text. Center the title above the table, and type explanatory footnotes (indicated by 
superscript lowercase letters) below the table. 

10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline. 

References should include (in the following order): 
initials of first and middle name, last name of author(s) 
title of article, 

name of publication, volume number, inclusive pages, and year of publication. 
Authors should follow these examples: 
Journal Article 

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory, 62,170-191(1990). 

Book 

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986. 

Contribution to a Book 

3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495. 

11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 



243 



off from the text. Use the appropriate superscript numeral for citation in the text. 

13. After each revision is made please again submit three hard copies of the revised 
manuscript, including in the final one. And after a manuscript has been accepted for 
publication and with all revisions incorporated, manuscripts, including the 
TEX/LaTex source file and the PDF file, are to be submitted to the Editor's Office on a 
personal-computer disk, 3.5 inch size. Label the disk with clearly written identifying 
information and properly ship, such as: 

Your name, title of article, kind of computer used, kind of software and version number, disk format 
and files names of article, as well as abbreviated journal name. 

Package the disk in a disk mailer or protective cardboard. Make sure contents of disks are identical 
with the ones of final hard copies submitted! 

Note: The Editor's Office cannot accept the disk without the accompanying matching hard copies of 
manuscript. No e-mail final submissions are allowed! The disk submission must be used. 

14. Effective 1 Nov. 2005 the journal's page charges are $8.00 per PDF file page. Upon 
acceptance of the paper an invoice will be sent to the contact author. The fee payment 
will be due one month from the invoice date. The article will proceed to publication 
only after the fee is paid. The charges are to be sent, by money order or certified check, 
in US dollars, payable to Eudoxus Press, LLC, to the address shown in the Scope and 
Prices section. 

No galleys will be sent and the contact author will receive one(l) electronic copy of 
the journal issue in which the article appears. 

15. This journal will consider for publication only papers that contain proofs for their 
listed results. 



TABLE OF CONTENTSJOURNAL OF CONCRETE AND APPLICABLE 
MATHEMATICS,VOL.4,NO.2,2006 

POWER SERIES OF FUZZY NUMBERS WITH CROSS PRODUCT AND 
APPLICATIONS TO FUZZY DIFFERENTIAL EQUATIONS, 
A.BAN,B.BEDE, 125 

ON A DELAY INTEGRAL EQUATION IN BIOMATHEMATICS, 
A.BICA,C.IANCU, 153 

SET- VALUED VARIATIONAL INCLUSIONS WITH FUZZY MAPPINGS 

IN BANACH SPACES, 

A.SIDDIQI,RAHMAD,S.IRFAN, 171 

ON SOME PROPERTIES OF SEMILINEAR FUNCTIONAL DIFFERENTIAL 
INCLUSIONS IN ABSTRACT SPACES,C.GORI,V.OBUKHOVSKII, 
M.RAGNLP.RUBBIONI, 183 

COMPLETELY GENERALIZED NONLINEAR VARIATIONAL INCLUSIONS 
WITH FUZZY SETVALUED MAPPINGS,R.AGARWAL,M.KHAN, 
D.O'REGAN,SALAHUDDIN, 215 

SOME DIRECT RESULTS FOR THE ITERATIVE COMBINATIONS OF THE 

SECOND KIND BETA OPERATORS, 

Z.FINTA,V.GUPTA, 229 



VOLUME 4,NUMBER 3 JULY 2006 
ISSN:1548-5390 PRINT,1559-176X ONLINE 




JOURNAL 
OF CONCRETE 



AND APPLICABLE 



MATHEMATICS 



EUDOXUS PRESS,LLC 



SCOPE AND PRICES OF THE JOURNAL 
Journal of Concrete and Applicable Mathematics 

A quartely international publication of Eudoxus Press, LLC 

Editor in Chief: George Anastassiou 

Department of Mathematical Sciences, 
University of Memphis 
Memphis, TN 38152, U.S.A. 
ganastss@memphis . edu 

The main purpose of the "Journal of Concrete and Applicable 
Mathematics" is to publish high quality original research articles from 
all subareas of Non-Pure and/or Applicable Mathematics and its many 
real life applications, as well connections to other areas of 
Mathematical Sciences, as long as they are presented in a Concrete way. 
It welcomes also related research survey articles and book reviews. A 
sample list of connected mathematical areas with this publication 
includes and is not restricted to: Applied Analysis, Applied Functional 
Analysis, Probability theory, Stochastic Processes, Approximation 
Theory, O.D.E, P.D.E, Wavelet, Neural Networks, Difference Equations, 
Summability, Fractals, Special Functions, Splines, Asymptotic Analysis, 
Fractional Analysis, Inequalities, Moment Theory, Numerical Functional 
Analysis, Tomography, Asymptotic Expansions, Fourier Analysis, Applied 
Harmonic Analysis, Integral Equations, Signal Analysis, Numerical 
Analysis, Optimization, Operations Research, Linear Programming, 
Fuzzyness, Mathematical Finance, Stochastic Analysis, Game Theory, 
Math. Physics aspects, Applied Real and Complex Analysis, Computational 
Number Theory, Graph Theory, Combinatorics, 

Computer Science Math. related topics, combinations of the above, etc. In 
general any kind of Concretely presented Mathematics which is 
Applicable fits to the scope of this journal. 

Working Concretely and in Applicable Mathematics has become a main 
trend in many recent years, so we can understand better and deeper and 
solve the important problems of our real and scientific world. 
"Journal of Concrete and Applicable Mathematics" is a peer- reviewed 
International Quarterly Journal. 

We are calling for papers for possible publication. The contributor 
should send three copies of the contribution to the editor in-Chief 
typed in TEX, LATEX double spaced. [ See: Instructions to Contributors] 

Journal of Concrete and Applicable Mathematics(JCAAM) 
ISSN:1548-5390 PRINT, 1559-176X ONLINE. 

is published in January ,April,July and October of each year by 
EUDOXUS PRESS,LLC, 

1424 Beaver Trail Drive,Cordova,TN38016,USA, 
Tel.001-901-75 1-3553 

anastas sioug @ yahoo .com 
http://www.EudoxusPress.com. 

Annual Subscription Current Prices:For USA and Canada,Institutional:Print 
$250,Electronic $220,Print and Electronic $310.Individual:Print $77, Electronic $60,Print 
&Electronic $1 10. For any other part of the world add $25 more to the above prices for 
Print. 



Single article PDF file for individual $8. Single issue in PDF form for individual $25. 

The journal carries page charges $8 per page of the pdf file of an article,payable upon 

acceptance of the article within one month and before publication. 

No credit card payments. Only certified check,money order or international check in US 

dollars are acceptable. 

Combination orders of any two from JoCAAAJCAAMJAFA receive 25% discount,all 

three receive 30% discount. 

Copyright©2004 by Eudoxus Press,LLC all rights reserved.JCAAM is printed in USA. 

JCAAM is reviewed and abstracted by AMS Mathematical Reviews,MATHSCI,and 
Zentralblaat MATH. 

It is strictly prohibited the reproduction and transmission of any part of JCAAM and in 
any form and by any means without the written permission of the publisher.lt is only 
allowed to educators to Xerox articles for educational purposes. The publisher assumes no 
responsibility for the content of published papers. 
JCAAM IS A JOURNAL OF RAPID PUBLICATION 



Editorial Board 
Associate Editors 



Editor in -Chief: 

George Anastassiou 

Department, of Mathematical Sciences 

The University Of Memphis 

Memphis, TN 38152, USA 

tel. 901-678-3144, fax 901-678-2480 

e-mail ganastss@memphis.edu 

www.msci .memphis . edu/~ganastss/ jcaam 

Areas : Approximation Theory, 

Probability , Moments , Wavelet , 

Neural Networks, Inequalities, Fuzzyness . 

Associate Editors : 

1) Ravi Agarwal 

Florida Institute of Technology 

Applied Mathematics Program 

150 W. University Blvd. 

Melbourne, FL 32901, USA 

agarwal @ fit . edu 

Differential Equations, Difference 

Equations, inequalities 



2) Shair Ahmad 

University of Texas at San Antonio 

Division of Math.S Stat. 

San Antonio, TX 78249-0664, USA 

SAHMAD@utsa . edu 

Differential Equations , Mathematical 

Biology 

3) Drumi D.Bainov 
Medical University of Sofia 
P.O.Box 45,1504 Sofia, Bulgaria 
drumibainov@yahoo . com 

Differential Equations, Optimal Control, 
Numerical Analysis, Approximation Theory 

4) Carlo Bardaro 

Dipartimento di Matematica & Informatica 

Universita ' di Perugia 

Via Vanvitelli 1 

06123 Perugia, ITALY 

tel. +390755855034, +390755853822, 

fax +390755855024 

bardaro@unipg . it , 

bardaro@dipmat . unipg . it 

Functional Analysis and Approximation Th., 



19) Rupert Lasser 

Institut fur Biomathematik & Biomertie, GSF 

-National Research Center for environment and 

health 

Ingolstaedter landstr . 1 

D-85764 Neuherberg, Germany 

lasser@gsf . de 

Orthogonal Polynomials, Fourier Analysis, 

Mathematical Biology 

20) Alexandru Lupas 
University of Sibiu 
Faculty of Sciences 
Department of Mathematics 
Str.I.Ratiu nr.7 
2400-Sibiu, Romania 
lupas@ulbsibiu . ro 

Classical Analysis, Inequalities, 
Special Functions, Umbral Calculus, 
Approximation Th ., Numerical Analysis 
and Methods 

21) Ram N.Mohapatra 
Department of Mathematics 
University of Central Florida 
Orlando, FL 32816-1364 

tel. 407-823-5080 

ramm@mail . ucf . edu 

Real and Complex analysis, Approximation Th., 

Fourier Analysis, Fuzzy Sets and Systems 

22) Rainer Nagel 

Arbeit sbereich Funktionalanalysis 

Mathematisches Institut 

Auf der Morgenstelle 10 

D-72076 Tuebingen 

Germany 

tel. 49-7071-2973242 

fax 49-7071-294322 

rana@f a . uni-tuebingen . de 

evolution equations, semigroups, spectral th., 

positivity 

23) Panos M.Pardalos 

Center for Appl . Optimization 
University of Florida 
303 Weil Hall 
P.O.Box 116595 
Gainesville, FL 32611-6595 



Summability, Signal Analysis, Integral 

Equations, 

Measure Th.,Real Analysis 

5) Francoise Bastin 
Institute of Mathematics 
University of Liege 
4000 Liege 

BELGIUM 

f . bastin@ulg . ac . be 

Functional Analysis, Wavelets 

6) Paul L.Butzer 
RWTH Aachen 

Lehrstuhl A fur Mathematik 

D-52056 Aachen 

Germany 

tel. 0049/241/80-94627 office, 

0049/241/72833 home, 

fax 0049/241/80-92212 

Butzer@rwth-aachen . de 

Approximation Th., Sampling Th., Signals, 

Semigroups of Operators, Fourier Analysis 

7) Yeol Je Cho 

Department of Mathematics Education 

College of Education 

Gyeongsang National University 

Chinju 660-701 

KOREA 

tel. 055-751-5673 Office, 

055-755-3644 home, 

fax 055-751-6117 

y jcho@nongae . gsnu . ac . kr 

Nonlinear operator Th. , Inequalities, 

Geometry of Banach Spaces 

8) Sever S.Dragomir 

School of Communications and Informatics 

Victoria University of Technology 

PO Box 14428 

Melbourne City M.C 

Victoria 8001, Australia 

tel 61 3 9688 4437, fax 61 3 9688 4050 

sever . dragomir@ vu . edu . au , 

sever@sci . vu . edu . au 

Math . Analysis , Inequalities , Approximation 

Th. , 

Numerical Analysis, Geometry of Banach 

Spaces, 

Information Th. and Coding 

9) A.M. Fink 

Department of Mathematics 
Iowa State University 
Ames,IA 50011-0001, USA 



tel. 352-392-9011 
pardalos@uf 1 . edu 
Optimization, Operations Research 

24) Svetlozar T.Rachev 

Dept.of Statistics and Applied Probability 

Program 

University of California, Santa Barbara 

CA 93106-3110, USA 

tel. 805-893-4869 

rachev@pstat . ucsb . edu 

AND 
Chair of Econometrics and Statistics 
School of Economics and Business Engineering 
University of Karlsruhe 
Kollegium am Schloss,Bau II, 20 . 12, R210 
Postfach 6980, D-76128, Karlsruhe, Germany 
tel . 011-49-721-608-7535 
rachevglsoe . uni-karlsruhe . de 
Mathematical and Empirical Finance, 
Applied Probability, Statistics and Econometrics 

25) Paolo Emilio Ricci 

Universita' degli Studi di Roma "La Sapienza" 

Dipartimento di Matematica-Istituto 

"G.Castelnuovo" 

P.le A. Moro, 2-00185 Roma, ITALY 

tel. ++39 0649913201, fax ++39 0644701007 

riccip@uniromal . it , Paoloemilio . Ricci@uniromal . it 

Orthogonal Polynomials and Special functions, 

Numerical Analysis, Transforms, Operational 

Calculus, 

Differential and Difference equations 

26) Cecil C.Rousseau 

Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA 
tel . 901-678-2490, fax 901-678-2480 
ccrousse@memphis . edu 
Combinatorics , Graph Th . , 
Asymptotic Approximations, 
Applications to Physics 

27) Tomasz Rychlik 
Institute of Mathematics 
Polish Academy of Sciences 
Chopina 12,87100 Torun, Poland 
T . Rychlik@impan . gov . pi 
Mathematical Statistics, Probabilistic 
Inequalities 

28) Bl. Sendov 

Institute of Mathematics and Informatics 
Bulgarian Academy of Sciences 
Sofia 1090, Bulgaria 



tel. 515-294-8150 

f inkgmath . iastate . edu 

Inequalities, Ordinary Differential 

Equations 

10) Sorin Gal 
Department of Mathematics 
University of Oradea 
Str.Armatei Romane 5 
3700 Oradea, Romania 
galsoguoradea . ro 

Approximation Th. , Fuzzyness, Complex 
Analysis 

11) Jerome A.Goldstein 
Department of Mathematical Sciences 
The University of Memphis, 
Memphis, TN 38152, USA 

tel. 901-678-2484 
jgoldste@memphis . edu 
Partial Differential Equations, 
Semigroups of Operators 

12) Heiner H.Gonska 
Department of Mathematics 
University of Duisburg 
Duisburg, D-47048 
Germany 

tel. 0049-203-379-3542 office 
gonska@inf ormatik . uni-duisburg . de 
Approximation Th . , Computer Aided 
Geometric Design 

13) Dmitry Khavinson 

Department of Mathematical Sciences 

University of Arkansas 

Fayetteville,AR 72701, USA 

tel. (479) 575-6331, fax(479) 575-8630 

dmitry@uark . edu 

Potential Th., Complex Analysis, Holomorphic 

PDE , Approximation Th . , Function Th . 

14) Virginia S.Kiryakova 

Institute of Mathematics and Informatics 

Bulgarian Academy of Sciences 

Sofia 1090, Bulgaria 

virginia@diogenes.bg 

Special Functions, Integral Transforms, 

Fractional Calculus 

15) Hans-Bernd Knoop 
Institute of Mathematics 
Gerhard Mercator University 
D-47048 Duisburg 

Germany 

tel . 0049-203-379-2676 



bsendov@bas . bg 

Approximation Th., Geometry of Polynomials, 

Image Compression 

29) Igor Shevchuk 

Faculty of Mathematics and Mechanics 

National Taras Shevchenko 

University of Kyiv 

252017 Kyiv 

UKRAINE 

shevchuk@univ . kiev . ua 

Approximation Theory 

30) H.M.Srivastava 

Department of Mathematics and Statistics 

University of Victoria 

Victoria, British Columbia V8W 3P4 

Canada 

tel. 250-721-7455 office, 250-477-6960 home, 

fax 250-721-8962 

harimsri@math . uvic . ca 

Real and Complex Analysis, Fractional Calculus 

and Appl . , 

Integral Equations and Transforms, Higher 

Transcendental 

Functions and Appl . , q-Series and q-Polynomials, 

Analytic Number Th. 

31) Ferenc Szidarovszky 

Dept . Systems and Industrial Engineering 

The University of Arizona 

Engineering Building, 111 

PO.Box 210020 

Tucson, AZ 85721-0020, USA 

szidar@sie . arizona . edu 

Numerical Methods, Game Th., Dynamic Systems, 

Multicriteria Decision making, 

Conflict Resolution, Applications 

in Economics and Natural Resources 

Management 



and Geodesy 



32) Gancho Tachev 

Dept. of Mathematics 

Univ. of Architecture, Civil Eng. 

1 Hr . Smirnenski blvd 

BG-1421 Sofia, Bulgaria 

Approximation Theory 



33) Manfred Tasche 

Department of Mathematics 

University of Rostock 

D-18051 Rostock 

Germany 

manf red. tasche@mathematik . uni-rostock . de 

Approximation Th. , Wavelet, Fourier Analysis, 

Numerical Methods, Signal Processing, 



knoop@math . uni-duisburg . de 
Approximation Theory, Interpolation 

16) Jerry Koliha 

Dept . of Mathematics & Statistics 

University of Melbourne 

VIC 30 10, Melbourne 

Australia 

koliha@unimelb . edu . au 

Inequalities, Operator Theory, 

Matrix Analysis, Generalized Inverses 

17) Mustafa Kulenovic 
Department of Mathematics 
University of Rhode Island 
Kingston, RI 02881, USA 
kulenm@math . uri . edu 

Differential and Difference Equations 

18) Gerassimos Ladas 
Department of Mathematics 
University of Rhode Island 
Kingston, RI 02881, USA 
gladas@math . uri . edu 

Differential and Difference Equations 



Image Processing, Harmonic Analysis 

34) Chris P.Tsokos 
Department of Mathematics 
University of South Florida 
4202 E. Fowler Ave., PHY 114 
Tampa, FL 33620-5700, USA 

prof cpt@math . usf . edu, prof cpt@chumal . cas . usf . edu 
Stochastic Systems , Biomat hematics , 
Environmental Systems, Reliability Th. 

35) Lutz Volkmann 
Lehrstuhl II fuer Mathematik 
RWTH-Aachen 
Templergraben 55 

D-52062 Aachen 

Germany 

volkm@math2 . rwth-aachen . de 

Complex Analysis, Combinatorics, Graph Theory 



JOURNAL OF CONCRETE AND APPLICABLE MATHEMATICS,VOL.4,NO. 3,253-265, 
2006, COPYRIGHT 2006 EUDOXUS PRESS, LLC 



On the uniform exponential stability of 

evolution families in terms of the admissibility 

of an Orlicz sequence space 

Ciprian Preda, l Sever S. Dragomir 2 and Constantin Chilarescu 3 



1 Department of Electrical Engineering, University of California 

Los Angeles, CA 90095, U.S. A 

e-mail: preda@ee.ucla.edu 

School of Computer Science and Mathematics Victoria University 

PO Box 14428, Melbourne City, MC 8001, Australia 

e-mail: sever@matilda.vu.edu.au 

3 Department of Mathematics, West University of Timisoara 

4 Parvan Blv., 300223, Timisoara, Romania 

e-mail: cchilarescu@rectorat.uvt.ro 

A characterization of the exponential stability for evolution families in 
terms of the admissibility of some pairs of sequences spaces, is given. 
It is used the method of " test function" using a very well-known class 
of sequence spaces (the so-called Orlicz sequence spaces ). Thus, are 
extended to the case of the abstract evolution families some results 
due to Coffman, Schaffer, Przyluski, Rolewicz. 



Mathematics Subject Classification: 34D05.47D06, 93D20. 

Key words and phrases: evolution families, exponential stability, Orlicz sequence spaces, 
admissibility. 



254 PREDA ET ALL 



1 Introduction 

Over the past ten years, the asymptotic theory of linear evolution equations 
in Banach spaces has witnessed an explosive development. A number of 
long-standing open problems have recently been solved and the theory seems 
to have obtained a certain degree of maturity. An important role in the 
early development of qualitative theory of differential systems, was played by 
the paper "Die stabilitatsfrage bei differentialgeighungen" [13], where Perron 
gave a characterization of exponential stability of the solutions to the linear 
differential equations 

dx 

— = A(t)x, t e [0, +oo), x e R n 

(I / 

where A(t) is a matrix bounded continuous function , in terms of the ex- 

(JbX 

istence of bounded solutions of the equations — = A(t)x + f(t), where / 

is a continuous bounded function on M + . After these seminal researches of 
O. Perron, relevant results concerning the extension of Perron's problem in 
the more general framework of infinite-dimensional Banach spaces were ob- 
tained, in their pioneering monographs, by M. G. Krein, J. L. Daleckij, J. L. 
Massera and J. J. Schaffer. In the present there are different important char- 
acterizations of exponential stability or dichotomy for a strongly continuous, 
exponentially bounded evolution family, which can be found for instance in 
the papers due to N. van Minh [11,12], Y. Latushkin[2,7,8], P. Randolph [8], 
P. Preda[10,15], R. Schnaubelt [11,17], S. Montgomery -Smith[7]. For the 
case of discrete-time systems analogous results were firstly obtained by Ta Li 
in 1934 [see 18]. In Ta Li's paper, can be found the same principal concern 
as in Perron's work, but using discrete arguments. This approach was later 
developed for the discrete-time systems in the infinite-dimensional case by 
Ch.V. Coffman and J.J. Schaffer in 1967 [3] and D. Henry in 1981[5]. More 
recently we refer the reader to the the papers due to A. Ben-Artzi[2], I. Go- 
hberg[2], M. Pinto[19], J. P. La Salle[8]. Applications of this "discrete-time 
theory" to stability theory of linear infinite-dimensional continuous-time sys- 
tems have been presented by Przyluski and Rolewicz in [16]. The first aim 
of this paper is to give a characterization of the exponential stability for 
an abstract evolution family (not necessary provided by a differential sys- 
tem) in terms of the admissibility of a Orlicz sequence space, so this work 
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fit into the context initiated by Ta Li. Roughly speaking, this means that 
an evolution family, acting on a Banach space X, is uniformly exponentially 
stable if and only if the corresponding inhomogeneous difference equation 
with the inhomogeneous term from 1®(X) admits a solution in Z*(X), where 
1®(X) = {/ : IV i— ► X : (||/(n)||) ne jv is in the Orlicz sequence space Z*}. 
Also, we note that the technique used in this work does not require any 
continuity hypothesis about the evolution families (as the strongly continu- 
ity or partial strongly continuity, assumptions required in most of the above 
cited works ). Classical examples of Orlicz sequence spaces are /^-spaces, 
pG [1, oo), and there is also presented in the paper other example of a Orlicz 
sequence spaces which is not V (also, for well-chosen Young functions $ other 
various examples of Orlicz sequence space can be found). So, this approach 
generalize the equivalence between (l p , /^-admissibility and the exponential 
stability of evolution families using the admissibility of a Orlicz sequence 
space. Also, roughly speaking, we note that using this discrete-time the- 
ory we obtain here the uniform exponential stability of the continuous-time 
evolution families , fact which is very useful. Moreover, this approach does 
break a new ground and it can bring other useful situations (as Example 2.2), 
adding some nice twist to the subject concerning the connection between ad- 
missibility and exponential stability of evolution families. 

2 Preliminaries 

First, let us fix some standard notation. For X a Banach space we will denote 
by l p (X) and l°°(X) the normed spaces, 

oo 

F(X) = {/ : N - X : ]T ||/(n)||* < oo}, pE [1, oo), 

n=0 

HX) = {/ : N ^ X : sup H/HH < oo}. 

neN 

We note that l p (X), l°°(X) are Banach spaces endowed with the respectively 
noms 

/ oo \ 1/P 

P=(E||/(n)r 

\n=0 

oo = sup || /(n) || . 

ngN 
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For the simplicity of notations we denote by l p = / P (R), l°° = /°°(R). 
For more convenience we will list in the next the definition of a Orlicz se- 
quence space. Let ip : M + — ► M + be a function which is non-decreasing, with 
(p(t) > 0, for each t > 0. Define 

t 
$(t) = I ip( s )ds 
o 
A function $ of this form is called an Young function. For 

/ : JN — > R a real sequence and the Young function $ we define 

oo 

"»*(/) = $>(I/(*)D- 

fc=0 

The set /* of all / for which there exists a j > that m?(jf) < oo is easily 
checked to be a linear space. Equipped with the Luxemburg norm 

Il/H* = inf |j > : m* Q/^ < 1 J 

the space (/*, || • ||$) becomes a Banach space. 

Remark 2.1. It is easy to check that X{o,...n\ £ /* and | |x{o,...n} I |<s> = ^-i, 1 i -, , 

for all n G JV, where in general xa denotes the characteristic (indicator) 
function of the set A. 

Example 2.1. Classical examples of Orlicz sequence spaces are the well- 
known /^-spaces, for all p G [1, oo), (i.e. /* = l p if $(£) = t p ). 

Remark 2.2 If (/*, || • ||) = (/ p , || • ||) then lim ^ = 1. 

Proof. If (/*, || • ||) = (l p , || • ||) then ||x{o,...,n}||* = IIX{o,...,n}|| P , for all neJN, 
which is equivalent with: 

<5>- 1 ( — —) = (- 1 —) P , for all n G IN. 

Let x G (0,1] and m — - G iV*, where [a] denotes the greatest integer 
which is less or equal than a. Using the fact that $" 1 is nondecreasing we 
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have that 
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Example 2.2. Consider ip,<& : M 



1 



(*(«))* 



, m" 1 Jo i 

m=l m=l 



m{m + 1) 



We pretend that /* 7^ / p , for all p E [l,oo). Indeed, lim — p = and 



lim 
t-*o 



tp 



00, for all p G (l,oo) and using the above remark, our claim 



follows easily. 

In what follows, if /* is a Orlicz sequence space we denote by 

l*(X) = {f:N~X:(\\f{n)\\) nGK is in /*}. 



Remark 2.3. 1®(X) is a Banach space endowed with the norm 



l*(X) 



11/(011 



Remark 2.4. For any Orlicz sequence space /* we have that: 
i) /* C Z°°; 
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< 1 



A'{()}ll* 

Proposition 2.1. //$ is an Young function of the Orlicz sequence space /* 
then the fallowings statements hold: 

i) The map a$ : IV — > M* + given by o$(n) = (n + 1)^~ 1 (^^_) zs a 
nondecreasing one. 

n 

n) E |/WI<a*(n)||/||*, for allt>0,fel*. 

k=0 
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Proof. 

i) First let us prove that the map b : 1R* + — > IR* +) given by b(u) = — ^ is 
nondecreasing. If < U\ < u 2 then 



U\ «2 



■ ■"• — (p(s)ds = — / (p( — v) — dv 



U\ U\ J U\ J U 2 U 2 

1 f ( Ul W ^ l f ( \A $ M2 

= — / ip{ — v)dv < — / (p{v)dv = . 

u 2 J u-i u 2 J u 2 

In order to prove that a$ is nondecreasing let n G IV. It follows that < 
w 2 '■— ^~ 1 (^t 2 ) < ^ >_1 ( r jXi) := w i an d so b( w 2) < b(wi). Having in mind 
that 

1 1 

& ( Wl ) = — 1 — r~rr and b ( w ^ = — rr> 

it results that a$ is a nondecreasing function. 

ii) Consider /ei $ ,n£ IV*, c > such that m*(-/) < 1. Then we have 
that 

/ 1 n \ l n /l \ 1 

Vc(n + 1)^ J n + l^ \c J n + 1 



and so 



£|/(A0|<(n + l)W-^-]r 

fc=o \n -i- i 



which implies that 



£ |/(*)| < (n + l)^- 1 (-]-) H/IU = a.(n)||/||., 

for all n e N, f e /*. 

Remark 2.5. Using a simple translation argument we may state that 

no+n 

E l/(*)l<a*(n)||/|U, 

k=n,Q 
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for all n , ne FfJeL*. 

Definition 2.1. A family of bounded linear operators acting on X denoted 
by U = {U(t, s)}t> s >o is called an evolution family if the following statements 
hold: 

e±) U(t,t) = I (where / is the identity operator on X), for all t > 0; 

e 2 ) u(t, s) = U(t, r)U(r, s), for alii > r > s > 0; 

63) there exist M > 0,uj > such that 

1 1 U(t, s) I ] < Me w ^ s) for all t > s > 0. 

Definition 2.2. The evolution family U = {U(t, s)} t > s >o is called uniformly 
exponentially stable (u.e.s) if there exist two strictly positive constants N, v 
such that the following statement hold: 

||*7(M)|| <Ne~ v{t ~ s) . 
If I® is a Orlicz sequence space we give the following: 

Definition 2.3. /* is said to be admissible to the evolution family U if for 

all / G I (X) the application Xf : IN — > X defined by 

n 

x f (n) = J2 u ( n , k )f( k ) lies in /# ( x )- 

fc=0 



3. The main result 

Let /* be a Orlicz sequence space. 
Lemma 3.1. If I® is admissible to U then there is K > such that 

\\xf\\i*{X) <-K"||/||j*(x) 

Proof. We define the linear operator, acting on Z*(X), denoted by 
T : Z*(X) -^ /*(X), and given by 

m 

(Tf)(m) = Y / U(m,k)f(k). 

fc=0 
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Consider {g n } nelN cl*(X),ge l*(X), h G l*(X) such that 

j*(jf) j*(jo , 

# n — ► £, T#„ — ► /i 

Then 

m 

||(r^)(m)-(Ty)(m)||<^||C/(m,A;)(^(fc)- 5 (A;))||< 

fc=0 
m 

<Y,Me"™\\g n {k)-g{k)\\<Me"™a*{m)\\g n -g\\ lHx) , 

fc=0 

for all to, n G IV. 

It follows, using again the Remark 2.4 , that Tg = h, and hence T is closed 

and so, by the Closed-Graph Theorem it is also bounded. 

So we obtain that 

\\ x f\\i*(x) = \\Tf\\i*( X ) < \\T\\ ||/||i*(x-), for a11 / e **P0 as required. 

Lemma 3.2. Let g : {(t,to) G R 2 : t > to > 0} — *• R + be a function such 
that the following properties hold. 

1) g(t, t ) < g(t, s)g(s, t ) , for all t > s > t > 0; 

2) sup g(t,to) < oo; 

0<t o <t<t() + l 

3) there exist a sequence h : IN — > M + , lim h(n) = and g(m + n, n) < 

h(m) , for all to, n G N. 

Then there exist two constants N, v > such that 







(Mo) <Ne- v{ *- to) , for all t > t > 



Proof. Let a = sup g(t, to), Too = min < to G N* : /i(m) < - >. 
o<to<*<*o+i I- e J 

Conditions 1) and 2) imply that sup g(t,t ) < a 2m °. 

0<t <t<t +2m Q 

Fix t > 0, t > t + 2to , to = — , n — — where [s] is the largest integer 
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equal or less than s G R. One can see that mom < t < mo(m + l),mon < 
t < m (n + 1), m > n + 2, and so, 

g(t,t Q ) < g(t, m m)g(m m, m (n + l))g(m (n + l), t ) < 



< a 4mo J] g{m k,m {k-l)) < a 4m » ]J h{m ) 

k=n+2 k=n+2 

< a 4^o e -(m-n-l) < a 4mo e -^+2_ 

If we note that 

#(*, t ) < a 2mo < a 2m »e 2 e~ t ^ , for all t > 0, t G [t , t + 2m ] 
we obtain easily that 

g(t,t ) < Ne- u{t - to) , for all t > t > , where 



iV = max{a 4mo e 2 ,a 2mo e 2 }, v=—. 

m 

Theorem 3.1. U is u.e.s. if and only if there exists a Orlicz sequence space 
/* admissible to U. 

Proof. 

Necessity. It follows easily from (Definition 2.3) that the space I 1 is admissible 
to U. 

Sufficiency. Let m G N,x G X, and / : N — > X, f = X{m}X- It is easy to 

verify that / G 1®(X) and \\f\\<s> = \\X{o}\\$\\ x \\ an d 

(xf)(k) = Y,U(k,j)fU) = 

3=0 

j U(k,m)x , k > m 
| , k < m 

and so \\U(k,m)x\\ < \\xA\oo < Tl — ^-n — I|a7f IL < K Tl — ^— ||/"|L = Kllxll, 

II V ) / II — II /lloo _ || X{0} || # II /ll* — j|X{0}ll* "■' nv " "' 

for all k > m. 
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Let no, m G N, x G X, f : N — ► X, given by 

t ( n ) = I C/ ( n ' n o) x > n G {no,...,n + ra} 
\ , n£{n ,...,n H-ra} 

Then / G J*(X), ||/|U X) < K i_^_A \x\\. It follows that 

n ( , n <n 

(x f )(n) = J2U(n,k)f(k) = < (n - n + l)[/(n,n )z , n G {n , ...,n + m} 
fc=0 [ (m + 1)C/(to, no)x , n > no + m + 1 

and so 

( m + l)( m + 2 ) "°+™ 

\\U(m + n ,no)x\\ = >_^ (n - n + l)||t/(m + n ,n )x|| 



n=no 
•riQ+ra no+m 

< K J2 (n-n + l)\\U(n,n )x\\ = K J2 \\ x f( n )\\ < ^"M^lk/II^PO 

<Kaz(m)\\f\\ mx) <K 3 \\x\\(m + l). 
We obtain that 

||C/(m + n ,n )|| < \\x\\ , for all m,n GN 

m + 2 

By Lemma 3.2 it results that there exist two constants N, v > such that 
||tf(Mo)|| <Ne- y{t - to) , for all t > t > . 
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Abstract 

The generalized quasilinearization method for a second order nonlinear 
differential equation with general type of boundary conditions is developed. A 
monotone sequence of approximate solutions converging uniformly and rapidly 
to a solution of the problem is obtained. Some special cases have also been 
discussed. 
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convergence. 
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1. Introduction 

The method of generalized quasilinearization introduced by Lakshmikantham [4,5] 
has been effectively applied to find a sequence of approximate solutions of the 
nonlinear initial and boundary value problems, see, for example, [ 6-9]. In reference 
[2], the generalized quasilinearization method was discussed for a nonlinear Robin 
problem. 

In this paper, we develop a generalized quasilinearization technique for a second or- 
der nonlinear differential equation subject to general mixed boundary conditions and 
obtain a sequence of approximate solutions converging monotonically and rapidly 
to a solution of the problem. Some interesting observations have also been presented. 

2. Some Basic Results 

Consider the nonlinear problem 

-u"(t) = f(t,u), teJ=[0,ir], (1) 

p o u(0) - q o u'(0) = Ci, p u{n) + q u{n) = c 2 , 

where / G C[J x R,R], p Q , q , Cl, c 2 _ R with p , q > (2p > q ) and Ci, c 2 > 0. 
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We know that the linear problem 

-u"{t) = \u(t), te J, 

p o u(0) - q o u'(0) = 0, P u{tx) + q u'{Tx) = 0, 

has a trivial solution for all real values of A except for those values of A which are 
the roots of the equation 



r— 2VXp q 

tan V A7T 



(Qo X -P 2 o)' 

Consequently, for all such values of A for which the homogeneous linear problem has 
a trivial solution, the corresponding non homogeneous problem 

-u"(t) - Xu(t) = o-(t), t E J, 

p o u(0) - q o u'(0) = d, P u{tt) + q u{Tx) = c 2 , 

has a unique solution 

rit d d 

u(t) = / G\{t, s)a(s)ds + c 2 — G x (t, s)\ s=7T - Ci—G x {t, s)\ s=0 , 
Jo ds ds 

where G\(t,s) is the Green's function of the associated homogeneous problem and 
is given by 

G x (t,s) 



2p q X c °s V\n + (plV\ — ql A 2 ) sin \f\-n 

(p sin \f\t+q V\ cos V\t) if < / < S < 7T 



X 



G x (t,s) 



[qoVXcos vA(vr— s)+p sin vX(tt-s)] 

(posmVXs+goVXcosVXs) ^ if < S < t < 7T (A > 0), 

[q V Acos\/A(7r— t)+p sin\/A(7r— £)] 



(qo+Pot)(q +Po(^ ~ s), ifO <t < S < 7T, 



p (2q + p Tc) \ (qo+Pos)(q + Po(n-t), if < s < t < n (A = 0), 



G x (t,s) ' 



2p q (— A) cosh \/ — Xn + (p 2 \f— A + <^(— A) 2 sinh v^— Att 

Qo sinh y^At+gp y/^A cosh \/^At) ifO<t<S<7T 



y. / [?o\/ — A cosh V - A(-7r— s)+p sinh V— A(-7r— s)] 

" ^ (Po sinh ^=A,+ go% ^A cosh ^X.) if < S < £ < 7T (A < 0). 

[<7oV — A cosh v — A(7r— i)+p sinhv— A(-7r— 4)] 



We observe that G\ > for A < 1/4. Now, we state the following lemma ( for proof, 

see [2]). 
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Lemma 2.1. (Comparison Result) Let A < 1/4, a(t) > and u G C 2 (J). Then 
the nonhomogeneous problem 

-u"{t) - \u{t) =a(t), te J, 

p o u(0) - q o u'(0) = d, Pou{n) + q u(ii) = c 2 , 

has a nonnegative solution. 

We shall say that a(t) G C 2 (J) is a lower solution of (1) if 

-a"(t)<f(t,a(t)), tEJ, 

p o a(0) - q a'(Q) < c 1: p a{n) + q a'{^) < c 2 . 

Similarly, f3 G C 2 (J) is an upper solution of (1) if 

-(3"(t)>f(t,(3(t)l teJ, 
PoP(0) - q o (3'{0) > ci, Po(3{ti) + g /3'(7r) > c 2 . 

Now, we state some theorems (without proof) which can be proved using the stan- 
dard arguments [2, 9]. 

Theorem 2.2. Let / G C 2 [J x R, R] be nonincreasing in u for each t G J and a, /3 
are lower and upper solutions of (1) respectively. Further, there exists a constant 
L > such that 

/(*, M i) - /(*, ^2) < I^(«i - u 2 ), 

whenever u\ > w 2 - Then a(t) < /9(t) on J. 

Theorem 2.3. Let a,/3 be lower and upper solutions of (1) respectively such that 
Oi{t) < (3{t) on J and / G C 2 [J x R,R\. Then there exists a solution -u(t) of (1) 
such that a(t) < u(t) < /3(t), t G J. 

3. Generalized Quasilinearization Technique 

Theorem 3.1. Assume that 

(Ai) a and (5 G C 2 (J) are lower and upper solutions of (1) respectively such that 
a{t) < (3{t) on J. 

(A 2 ) -gt(t,u), Q^(t,u) exist and are continuous such that ^(£,w) < 1/4 and 

U(/(t,w) + 0(t,w)) > 0, where G C[J x i?, i?] such that 0(t,w) > 
for every (£, u) <E J x R. 

Then there exists a monotone sequence {u> ra } of solutions converging uniformly and 
quadratically to the unique solution of the problem. 
Proof. We define 

F(t,u) = f(t,u) + <f>(t,u), teJ. 
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Clearly F(t,u) G C[J x R,R]. In view of (A 2 ) and the generalized mean value 
theorem, we have 

F(t, u) > F(t, v) + F u (t, v)(u -v)- 0(£, «), 

where a <v <u < j3 on J (u, v £ R). Define 

g(t,u,v) = F(t,v) + F u (t,v)(u-v)-<j>(t,u), (2) 

and observe that 

g(t, u, v) < F{t, u), git, u, u) = F(t, u). (3) 

Also, it can easily be seen that g(t,u,v) is nonincreasing in u for each fixed (t,v). 
Further, using the mean value theorem repeatedly, we have 

d 2 
g(t,u,vi) - g{t,u,v 2 ) > ^(^1)^ - v 2 )(v 1 -v 2 ), 

(v2 < Ci < ^, v 2 < £, < vi, t E J), which in view of (A 2 ) implies that g(t,u,v) is 
nondecreasing in v for each fixed (t, u). Also, g(t,u,v) satisfies Lipschitz condition: 

g(t,u,v 1 )-g(t,u,v 2 ) = (F u (t,v)-(l> u (t 1 ri))(u 1 -U2) < f u {t,u){ui-u 2 ) < L(«i-« 2 ), 

where L > 0, and u±> u 2 - 

Now, we set w = a and consider 

-u"(t)=g(x,u(t),w (t)), teJ, (4) 

p o u(0) - q o u'(0) = Ci, p u{ii) + q u{ix) = c 2 . 

Using (Ai), (3) and the nondecreasing nature of g(t,u,v) in v, we get 

-<(«) < f(t,w (t)) = g(t, Wo (t),w (t)), t G J, 

j9 o w o (0) - q o w' o (0) < d, PoW (n) + q w' {-K) < c 2 , 

and 

-P"(t)>f(t,p(t))>g(t,w ,p), teJ 

PoP(0) - QoP'iO) > ci, Po(3{n) + q (3'{n) > c 2 , 

which imply that w and (3 are lower and upper solution of (4) respectively. Hence, 
by Theorem 2.3, there exists a solution W\ of (4) such that w < W\ < j3 on J. 
Now, consider the problem 

-u"(t)=g{t,u{t),w l {t)), teJ, (5) 

p o u(0) - q o u'(0) = Ci, p u{ir) + q u'(iT) = c 2 . 
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From 

-w'l(t) = g(t,Wi(t),w (t)) < g(t,Wi,Wi), t e J, 

p o «;i(0) - q o w[{0) = Ci, p Wi{ir) + <7<Xi(7r) = c 2 , 

and 

-P"(t)>f(t,(3(t))>g(t,w ,(3), teJ, 

PoP{0) - q o (3'{0) > ci, p /5(vr) + q (3'{n) > c 2 , 

it follows that w\ and /3 are lower and upper solutions of (5) respectively. Again, 
by Theorem 2.3, there exists a solution w 2 of (5) such that W\ < w 2 < /3 on 
J. Continuing this process successively, we obtain a monotone sequence {w n } of 
solutions on J satisfying 

w <Wi <w 2 <w 3 < ... < W n -i < w n < (3, 

where the element w n of the sequence is the solution of the problem 

-u"(t) = g(x,u(t),w n -i(t)), t E J, 

p o u(0) - q o u'(0) = Ci, P u{-k) + q u'(ix) = c 2 . 

Since the sequence {w n } is monotone, it has a pointwise limit w. To show that w is 
in fact a solution of (1), we note that 

fit d d 

w n (t) = / G Q (t, s)a n (s)ds + c 2 —G (t, s)\ s=n - d—G (t, s)\ s=0 , 
Jo ds ds 

(Go(t, s) is given in section 2) is a solution of the following problem 

-u"(t) = <j n (t), t e J, 

p o u(0) - q o u'(0) = Ci, p u{n) + q u{ir) = c 2 , 

where 

a n (t) = F(t,w„_i) +F u (t,w n - 1 )(w n -w n -i) -(f>(t,w n ). 

Since a n is continuous for each n & N and a < w n < (3 (n = 1, 2, 3...), it follows that 
{<y n } is bounded in C(J). Also, limn^^anit) = f(t,w). Thus, the sequence {w n } 
is bounded in C 2 (J) and hence {w n } /* w uniformly on J. Passing onto the limit 

n — > oo, we get 

f w q 

w= G (t,s)f(s,u)ds + (c 2 + ci)- 



o ■ " (2q + p ir)' 

This shows that w is a solution of (1). 

Now we show that the convergence is quadratic. For that, we set e n = u — w n , n 
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1,2,3... and note that e n > 0, j9 o e n (0) — q o e' n (0) = and p e„(7r) + q e' n (7r) = 0. 
Using the definition of g(t,u,v) and the generalized mean value theorem, we get 

-e"0) = -u"(t)+w£(t) 
OF OF 

dF 

- <Pu(t,£ 2 )(u-U n ) + — (t, ,M n _i)(lt-lt n ) 

d 2 F dF 

= g-2-(*,6)Ul -ttn-l)(«-«n-l) + bp(*,,Un-l) ~ &•(*, 6)] (« ~ «n) 

< C e n-i + q-(*» >«n-i)e n < Ce^-i + a n(t)e n , 

where w n _i(x) < £3 < £1 < w , u n < £2 < « and a n = ^(t,u n -i). Since 
lim n ^ooa n (t) = f u (t,w) < 1/4, therefore we can choose A < 1/4 and n & N 
such that for n > n , a n (t) < A, £ e J. Thus, for some b n (t) < 0, the error function 
e n (t) satisfies the problem 

-e'^(t) - X(t)e n (t) = (a n (t) - A)e„(t) + ce\_ x + b n (t), t e J, 

p o e„(0) - q o e' n (0) = 0, p e n {^) + goe'J 71 ") = 0, 

whose solution is 

e„(t) = / G x (t, s) [(a n (s) - A)e„(s) + ce 2 n _ x + b n (s)]ds, t E J. 



/o 
Since a n (t) — A < 0, e n = w — w n > 0, b n < 0, therefore 

(a n (t) - A)e n (t) + &„(£) + ce^ < ce^. 

Consequently, we have 

e n (t) <c G\(t, s)e 2 l _ 1 (s)ds, n > n , 
Jo 

which, on taking the maximum, can be written as 

||e n || < <5||e n _i|| 2 , 
where S provides a bound on c Jq G\(t, s)ds and 

||w|| = max{|-u(t)|,£ G J} 

Theorem 3.2. (Rapid Convergence) Assume that 

(Bi) a, (5 e C 2 (J) are lower and upper solutions of (1) respectively such that a < (3 
on J. 
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(B2) g^(t,u), i — 1, 2, 3, ..., k exist and are continuous on tt = {(t,u) G JxR] such 
that |J(t,«) < \, £z(f(t,u)+<j)(t,u)) > for some function G C°'M[J X 
#,#] such that 0(t,u) > 0. 

Then there exists a monotone sequence {u> ra } of solutions converging uniformly and 
rapidly with the order of convergence k (k > 2) to a solution of (1). 
Proof. Define 

F(t,u) = f(t,u) + (j)(t,u), teJ. 

Using (B2) and generalized mean value theorem, we have 

t^d i F / Ju-vY ,, , 



i= o ^ (*) ! 



Now, we set 



k ^dj_ (u-vY d k <P (u-v) k 

where v < £ < u and a<v<u</3 on J. 
Observe that 

K(t, u, v) < F(t, u), K(t, u, u) = F(t, u). (6) 

Fix w = a and consider the problem 

-u"(t) = K(t,u(t),w (t)), t G J, (7) 

p o u(0) - q o u'(0) = Ci, Pou{tt) + q u'(iT) = c 2 . 

Using (Bi) and (6), we get 

-<(*) < f(t,w (t)) = K(t,w (t),w (t)), t G J, 

p o w o (0) - q o w f o (0) < ci, PoW (n) + go^l 71 ") < c 2> 

and 

-p"(t)>f(t,p(t))>K(t, Wo ,p), teJ, 

PoP(0) - q o (3'{0) > ci, p /5(vr) + g 0/ 3'(7r) > c 2 , 

which imply that u> and /3 are lower and upper solution of (7) respectively. Hence, 
by Theorem 2.3, there exists a solution w\ of (7) such that w < W\ < (3 on J. 
Similarly, we can show that the following problem 

-u"(t) = K{t,u{t),wi{t)), t G J, (8) 

p o u(0) - q o u'(0) = d, p u{n) + q u(ii) = c 2 , 
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has a solution u^ such that w± < u>2 < (3 on J, where u>i and /3 are lower and upper 
solution of (8) respectively. 

Continuing this process successively, we obtain a monotone sequence {w n } of solu- 
tions satisfying 

w < tUi < U>2 < W3 < ... < w n -i < w n < (3 

on J, where the element w n of the sequence is the solution of the problem 

-u"(t) = K(t,u(t),w n ^(t)), t E J, 

p o u(0) - q o u'(0) = d, p u{ir) + q u{n) = c 2 . 

Employing the procedure used in the preceding theorem, we can show that the 
sequence {w n } converges to the unique solution w of the boundary value problem (1). 

To show that the convergence of the sequence is of order k (k > 2), we set e n = w — 
w n , a n = w n+ i-w n , n = 1,2,3.... Clearly, a n > 0, e n > 0, e n -a n = e n+1 , a n < e n 
and a^ < e k n . Using the mean value theorem repeatedly, we have 

-4(t) = <(0-»"(0 

k—l ai x 1 i— 1 

i=o aM W- j=0 

< 9n (t)e n + JVe^, 



where 



fc-l ai 1 i— 1 

£J <9w l (z)! ^0 



and A^ > provides bound for Q^{t,w n -i{t)) on fl As lim n ^,ooq n (t) = f u (t,w) < 
1/4, we can choose A < 1/4 and n £ N such that for n > n , q n (t) < A, we have 

-<(t) - A(t)e„(t) < (g„(t) - A)e„(t) + TVe^ < iVe^, 

P o e„(0) - q o e' n (0) = 0, p e„(7r) + g e'„(7r) = 0, 

whose solution is 

e„(t) = r G x (t,s)Ne k n _ 1 ds, t e J. 
Jo 

Taking maximum over [0,7r], we obtain 

I \&n\ I — ^ I \&n— 1 1 1 i 
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where C provides a bound on N Jq G\(t, s)ds. 

4. Concluding Remarks 

In this paper, we have developed a generalized quasilinearization method with rapid 
convergence for a somewhat more general type of boundary value problem. Some 
interesting cases can be obtained by assigning particular values to the parameters 
involved in the boundary conditions and these are given below: 

(i) The results of references [10] and [3] can be recorded as a special case by taking 
p — 1, q = 0, c\ — 0, C2 = for = Mu 2 and = Mu k respectively. 

(ii) For p = 0, q = 1, C\ = 0, c 2 = 0, we recover the results presented in 
reference [1]. 

(iii) The results of reference [2] appear as a special case by taking p — 1, q = 
1, d = 0, c 2 = 0. 
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Abstract 

The space of finite tight frames of M vectors in R N with prescribed 
norms {bj}fL 1 and frame constant A corresponds to the first N columns 
of matrices in O(M) (the orthogonal group) with the property that the 
norms of the first N elements of their rows equal the values cij = bj/y/A. 

j=M 

Then a] < 1 and £ a) = N. 

3 = 1 

For any sequence {aj}fL 1 of positive real numbers such that a| < 1 

j=M 

and ^2 a,j — N, correspond to the first N rows of matrices in O(M) (the 

3=1 
orthogonal group) with the property that the norms of the first N elements 
of their rows equal the values a., . we prove existence of such frames. The 
proof is constructive, giving an embedding of O(N) x O(M) into the 
space of such frames. In addition, for any such {aj}^-^, all solutions 
can be factorised into — 2 ~ - — — * ( 2 ~ - parameters and one matrix 
-Rjv £ O(N), and each different solution provides a different embedding of 
O(N) into the space of such frames. Replacing Rn by any other element 
of O(M), — 2 - - different solutions are obtained. A simple and fast 
algorithm providing particular solutions is given. In particular, Parseval 

frames correspond to sequences {aj}jLi such that Oj = \/ jf- The results 
provide an independent proof of some of the existence results in [CKLT02] . 
All proofs are constructive. A MATLAB toolbox implementing all results 
is freely distributed by the authors. 
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1 Introduction 

Frames for Hilbcrt spaces play a fundamental role in a variety of importatnt ar- 
eas including signal/image processing [CasOO] , multiple antenna coding [GKV98] , 
perfect reconstruction filter banks [DGK02], quantum theory [EF01], [S] and 
much more. For applications, tight frames arc preferred since they alow simple 
reconstruction formulas. A common problem in applications of frames is to find 
a tight frame {<Pj}jLi f° r an -/V-dimensional Hilbert space Hn with {||</?j||}:?li 
prescribed in advance. In [CKLT02] the authors give necessary and sifficicnt 
conditions on {aj}fLi so that there exists a tight frame {^ilj^i f° r Hn with 
W^PjW = a,j, for all j — 1, . . . , M. The main tool used in [CKLT02] is the notion 
of frame potentials introduced by Benedetto and Fickus [BF02]. However, this 
is an existence proof while for applications we need an exact representation for 
the frame. In this paper we will give an algorithm for constructing a family of 
tight frame vectors {ifij}fL 1 for Hn with \\tpj\\ — aj, for all j = 1, . . . , M. This 
provides an independent proof of some of the results in [CKLT02] while at the 
same time allowing exact constructions for the necessary frames. A MATLAB 
toolbox implementing all these results is freely distributed by the authors. 



2 Definitions 

Througout the paper we let N < M be fixed positive integers. First we recall 
the well known fact that finite normalized tight frames correspond to the first N 
columns of matrices in O(M), the M x M orthonormal matrices. Background 
definitions and a detailed proof of this fact is found in [GK01] and [BF02]. 

For the purposes of this paper it suffices to recall that {(fij}jLi is a (finite) 
tight frame in M. N with frame constant A if for every vector y £ ~R N 

j=M 

Sy= ^2(y,<Pj)<Pj = Ay 

The " analysis frame operator" L of the frame is given by 

Ly = {{y^ 3 )}]zf 

with adjoint operator L* given by 



j=M 



We have the diagram 



j'=i 



i N -^ f(M) iU R M JU l 2 (M) 
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Then the frame operator S and grammian operator G equal S = L*L and 
G = LL* , where L is an M x N matrix and L* is an N x M matrix given by 



L 



Pi 



\<Pmj 



(vi|--.|vm) 



where ip* are row vectors and ipj are column vectors. The tight frame condition 



jives L* L = AInxn and the diagonal of the grammian is 
Now extend -j= to a matrix U € O(M), 



m\ 



■,\\<Pm\\ }■ 



u 



'-Pi 



~M 

-Va 



In [CKLT02] it is proved that for {a,- > OHlf the condition £ a 2 > TVa 2 



j=M 



j'=i 



(suppose ai is the largest Oj) is sufficient for the existence of a tight frame 
{ifij} J jZ 1 with llvjH = Oj. The associated matrix U € O(M) satisfies the 
condition 



N: 



j=M 

£ 

.3=1 



Pj 



and 



<1, 



where A is the tight frame bound of {<Pj}l = i ■ 
The main result in this paper is then: 

Theorem 2.1. For a sequence {a,j]^L. 1 of positive real numbers such that a 2 < 1 

j = M 

and ^2 a 2 = N a matrix U G O(M) exists such that, in squared norms, the 

j=i 
first N columns are 



'■M 



We proceed to obtain such matrices. Their construction provides an inde- 
pendent proof of some of the results on existence of tight frames in [CKLT02] . 

j=M 

Any sequence {aj} 1 ^L 1 of positive real numbers such that a 2 < 1 and X) a ? = 

i=i 
N will be called admissible. For Rm G O(M) let He/tj denote the first N terms 

= M 2 

of its j'th row. Then ^ || rj e /t,.j || — N. We will say that Rm is a solution for 
the admissible sequence {aj} 1 ^L 1 if ||ne/tj|| = Q-j for j = 1, . . . , M. 



280 



CASAZZA.LEON 



3 Factorisation of O(M) 



The following factorisation is similar, with minor changes, to that described in 
[Vai93], p. 747. Every matrix in O(M) is obtained as a product of Givens 
rotations 6(t,j,k) <E O(M), 
j < k, where 

A-io-i o o o o \ 

cos(i) sin(i) 

9(t,j,k)= I M -j-k-2,M-j-k-2 

-sin(i) cos(t) 

V h-i,k-i/ 

It is clear that 

${t,j,k)- 1 = e{-t,j,k) 

To begin with, every i?2 <E 0(2) is obtained as 

cos(i) sin(£)\ (\x 0\ _ + 

v -sin(t) coa(t)J ^0 lj ' M ~- 

and thus can be stored with one parameter t and a sign _1 (taking account of 
the determinant ). 

Let Rm € O(M), and we will see how to factor Rm- Let 



t M-l 



ir/2 if i? M (M,M) = 0, 



and 



,M-1 
l M 



(1) 

and 



= arg( J R M (M, M) - iR M (M - 1,M)) otherwise. 

Then, if T = 0(*^ _1 ,M - 1,M)R M , we have that T(M - 1,M) 
T(M, M) > . That is, 

T(1,M) \ 

7^ = ... ! T(M - 2, M) 

T(M, M) y 

Now repeat the process on the M — 2 term of Mth column of T, thus obtaining 
t%~ 2 . The matrix 

S = 9(t^- 2 ,M - 2, M)T = 6{t™- 2 ,M - 2, M)B{t^\M - l,M)R M 

is such that S(M - 2, M) = S(M - 1, M ) = and ^(M, M) > 0. 



S 



5(1, M) \ 

S(M - 3, M) 


S{M,M) ) 
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Iterating the process we obtain £ M , . . . , t M 1 such that if 

Q M = 0(* M , 1. M)6(t 2 M ,2, M) . . . 9{t^- 2 , M - 2, M)d(C~ 1 ,M - 1, M)R M 

then 

Qm(1, M) = Q M {2, M) = ■ ■ ■ = Q M (M - 1, M) = 

and Q M {M,M) > 0. Since Q M G O(M), we now have Q M (M,M) = 1. Also 
and since Qm(M, M) = 1, it follows that 

g M (M, i) - g M (M, 2) = • • • = q m (m, m - i) = o 

This means that 

Qm=(V J) (2) 

for some matrix Rm-i, and since Qm G O(M), we have Rm-i G 0(M — 1). 
Therefore, 

i? M - 0(-tM _1 , M - 1, M)«(-*^" 2 , M - 1, M) . . . 6{-t 2 M ,2, M)6{-t 1 M , 1,M)Q M 

for some matrix Qm as in ( 2 ). 

Any choice of M — 1 parameters t x M , . . . , t^ _1 will induce embeddings 

0,i ,m-i : OfM - 1) — > O(M) (3) 

taking Rm-i G 0(Af - 1) into 

0(t^- 1 , M - 1, Af)0(t^- 2 , M - 1, M) . . . 9(t 2 M ,2, M)9(t 1 M , 1, M)Q M 

for Qm as in ( 2 ). Multiplication by any of the matrices 6(t,j,k) will only 
introduce changes in rows j and k. Parameters defined in ( 1 ) arc defined up 
to integer multiples of 2ir. Therefore for different (up to integer multiples of 2ir) 
M — 1 parameters s x M , .... s M ~ we obtain different embeddings 9 i m-i. 

The process can be iterated for Rm-i- And composing such embeddings 
( 3 ) we obtain embeddings 

0(N) — > 0(N +1) — > ... 0(M - 1) — > O(M) 

The resulting parametrisation and the embeddings of O(N) into O(M) will 
play a significant role and we record them as follows. 

Lemma 3.1. If N < M , then 

(a) Every matrix in O(M) is parametrised by (M — 1) + (M — 2) + • • • + 
2 + 1 = ^ 2 — - parameters and one sign. 

(b) Every matrix in O(M) is parametrised by (M — 1) + (M — 2) + • • • + 
(N + 1) = — ^-j — ^-g — - parameters and a matrix Rn G O(N). 
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(c) Both of these parametrisations are unique (up to integer multiples of 
2ir for the real parameters). 

Proof. Parts (a) and (b) are the well known representation of matrices in O(M) 
described above. For part (c), the sign of the decomposition is the determinant 
of the matrix. The real parameters t in ( 3 ) are defined up to integer multiples 

of 2tt. □ 

The factorisation reformulates, for storage and computation purposes, the 
well known fact that as a Lie Group, O(M) has dimension 2 an< ^ ^wo 
components, corresponding to the two possible values of the determinant. 

Whenever we refer to a matrix in O(M) by giving the M * (M — l)/2 pa- 
rameters and a sign we refer to the decomposition of the Lemma 3.1 . For later 
reference we now record both factorisations of arbitrary Rm G 0(M). 

Rm = 0(t%-\M - l,M)9(t%- 2 , M - 1, M) . . . 9(t 2 M , 2, M)9(t M , 1, M) 

9(t M ~_\,M-2, M-l)0(t%zl, M-2, M-l) . . . 0(&_!, 2, M-l)0(tk_i, 1, M-l) 

/ cos(4) sin(4) \ (\x 

...0(4,2,3)9(4,1,3) -sin(4) cos(^) 1 

\ Im-2,M-2/ \ Im-2,M-2j 

»=±1 (4) 
and if any Qm £ O(M) is given by 

QN = 0(t%- l ,N-l,N)e(t%- 2 ,N-2,N)...0(1? N ,2,N)0(i l N ,l,N-l) 

COs(t\) Sill^g) 

.6(4,2,3)6(4,1,3) (-sin(ti) cos(4) 

Im-2,M-2 




then 



where Rn € O(N), and 



( ^ = [ R o I ° ) 

U J-M-N.M-N / 



Rm = ^(t^- 1 , M - 1, M)6(t™~ 2 , M-1,M)... 9(t 2 M , 2, M)6(t 1 M , 1, M) . . . 
9(t% +1 ,N, N + l)9(t%-{,N -1,N + 1)... 0(i]v +1 , 1, N + 1)Q N = VQ N (6) 

where 

* = 9(t M ~\M - 1, M)9(t%~ 2 , M - 2,M) . . . 9(t 2 M ,2, M)9(t M , 1,M) 
...6(t% +1 ,N,N + l)e(t%+l,N-l,N + l)...0(t 1 N+1 ,l,N + l) 
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4 Existence and Construction Results 

Lemma 4.1. Let Rm € O(M) be a solution for the admissible sequence {%}^lu 

and let Rm be factorised as in ( 6 ) by means of — ~ ~ parameters 

and a matrix Rn € O(N) as in ( 5 ). For any matrix Sn € 0{N), let 

(S N 



Pn ~ \ n i 

\ U J-M-N,M-N 



Then 



Sm = 0{t M -\M - l,M)9(t M - 2 , M - 2, M) . . . 9{t 2 M , 2, M)8(t M , 1, M) . . . 
^ +1 ,iV,^ + l)^;J,7V-l,7V+l)...0(4 +1 ,l,7V + l)P jV = *P jV 

is a solution for the admissible sequence {aj}j= 1 . This provides an embedding 
of O(N) into the space of solutions for the admissible sequence {clj}¥ = i- 

Proof. We will show that the values {a,j}Y=\ depend on the parameters 

.M-l .M-2 ,2 .1 ( 7 \ 

L M > V M J • ' ' t AT+li L N+1 \> ) 

and are independent of the particular choice of Rm € O(N). 

Let n be the 2th row of Rn for I = 1, . . . , N. Then (ri 7 rk} — 5^k- Let Xj be 
the first TV terms of the jih row of Rm for j = 1, . . . , M. Multiplication by a 
Givens rotation will replace the first N terms of any row by a linear combination 
of {ri}ff. v At the end of the process 



l=N 



E A ? n 



i=i 

where the coefficients A; depend only on the — - 2 ~ 2 ~ - parameters in 

( 7 ) and are independent of the n given by Rn- Since the vectors r; are 
orthonormal, 

l=N l=N l=N 

\\ Xj \\ 2 = ( Xj , Xj ) = (J2M n, J2 x i n) = E^) 2 

1=1 1=1 1=1 

Thus under replacement of Rn by another matrix in O(N) the values of ||xj|| 
do not change. Again from ( 6 ) it follows that the parameters in ( 7 ) induce 
an embedding of O(N) into the space of solutions for the admissible sequence 

MfLv ' a 

Remark 4.2. The equations giving A; in terms of ( 7 ) arc in practical terms 
unmanageable. They are given in terms of the — - ~ „~ parameters. 

Theorem 4.3. Let N < M be fixed. Lf {dj}fLi is an admissible sequence, then 



284 CASAZZA.LEON 



(a) There is a solution for {aj}*^ 

(b) Moreover, there is an embedding from O(N) x 0(M — N) 

O(N) x O(M-N) 

into the space of all solutions for {aj}^Li- The embedding will take the 
pair of matrices Rn G O(N) and Rm-n € 0(M — M) into 

* \ Rn ° 

Rm-n,m-n 

where the matrix \l/ is determined by the admissible sequence {aj}jL 1 . 

Proof. The proof is just an algorithm. Let "f = Im,m We start with the matrix 
O eO{M) given by 

q __ i Rn 

Rm-n 

where Rn and Rm-n are arbitrary matrices in O(N) and 0(M — N) respec- 
tively. The fact that there is no other requirement on i?j\r and Rm-n will 
provide the clue for the proof of the second claim of the lemma. We will con- 
struct matrices n <G O(M) for n = 1, . . . , M — 1. We will denote 

o™ e t t j = first N terms of jth row of O n and 
°right,j = I* 3 * M — N terms of jth row of O n 

Once the values a\, . . . ,a M _ 1 have been attained the problem is solved since 
each O n is an orthogonal matrix. The solution will be M ~ 1 . Let 



and rename 



Let 



ii = arg(ai +iJl 



* = 6>(ii,l,M)*. 



O 1 =0(ti,l,M)O 



Then O 1 = #0, and 

||°le/t,l|| =°li and || °Je/t,M || =l-Ol- 

Also Ojg^j M remains orthogonal to o^^ for j > 2 and o^ , t M remains or- 
thogonal to o\ iht ■ for j < M — 1. The values of the squared norms of o^ ■ 
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and o- ht ■ are described by the diagram: 



1 
1 

1 



\l-al 

Now one of the following applies: 
(CASE I) 1 < aj + al, or 
(CASE II) 1 > a\ + a 2 

In CASE I, take t 2 a solution of 



l-o?\ 






1 



a\ 



Then 



1 - a 2 

sin(£ 2 ) 2 = P- and O 2 = 6(t 2 ,2, M)O x 

of 



2 (1) 

, i e /t,2 + sin ( i 2)0/e/t,M|| = ||cOs(t 2 )oL/t,2 

„ ,, , ,,9 ..„,,, 



= \\cOs(t 2 )oj eft 2 
■ ■ 2 



II 2 
||°2e/t,2 

+ ||sin(t 2 )oL/t,M|| = COs(t 2 ) 2 \\oj efti2 

+ sin(t 2 ) 2 (l - a 2 ) = 1 - sin(t 2 ) 2 (a 2 ) = 1 



2 f21 o 

+ sin(t 2 ) 2 ||oj e/t>M || = cos(t 2 ) 



1 — a 2 , r, 



: a 2 



i 

where equality (1) holds because o\ e t t 2 and o\ e c t M are orthogonal and equality 
(2) holds because oj e f t 2 is a unitary vector (in Rn). The values of the squared 
norms of o 2 p j t and o 2 iht ■ are described by the diagram: 



o? 



\2 



I -a 2 




1 



\ 



1/ 
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Now for j = 3, . . . , N, we have of e r t • 



are unitary and they remain orthogonal to of e f 

:ft,3 fOT 3 ~ 

, M — 1 , we have o 



} e f t (they come from Rm) so they 
1 t M since the latter has been 



obtained as a linear combination of oj e f t ■ for j < 2. 

?right,j = °rf fl ht,j ( thc y COmC 

since the latter 



Similarly for j — N + 1 , 
from i?M 
is just a scalar multiple of o^ ht M . 

In CASE II, take £ 2 a solution of 



so they are unitary and remain orthogonal to o ri ht M 



sin(£ 2 ) 2 



«2 



and let O 2 = 0(£ 2 ,M - 1, AfjO 1 



Then 



o' 



right, M—l\ 



\cos(t 2 )o rightM _ 1 



■ sm(t 2 )ol ightiM \\ = ||cos(t 2 )Ori flhtiM _ 1 || 



|sin(£ 2 )o* 







( = 5 cos(i 2 ) 2 



II /^ ^2 

right,M || = COS(t 2 J 

sin(i 2 ) 2 a 2 = 1 - sin(t 2 ) 2 + sin(i 2 )" : a 1 



rig/i*,M-l| 
2 



sin(i 2 ) 



2 11 1 



rig/tt, M I 



l+sin(£ 2 ) 2 (a 2 ~l) = l + 



1-oJ 



(a? - 1) = 1 



where equality (1) holds because o^ ht M _ 1 and o*- w M are orthogonal and 
equality (2) holds since o- ht M _ 1 is a unitary vector (in Rm-n)- The values 



of the squared norms of of e f t ■ 
I 



and 



1 
1 



Kiqht j are described by the diagram: 



1 -a 







V 



Now for j = 2, . . . ,N, we have o 2 e ^ 



/ 



(they come from Rm-n)- 



u left,j 

Hence, they are unitary and they remain orthogonal to of e , t M since the latter 
has been obtained as a linear combination of o\ e f t _■ for j < 2. 



Similarly, for j = N + 1 , 
from Rm) 



. , M — 2, we have o 2 



right, j 



So they are unitary and remain orthogonal to o 2 ri ht M since the 
latter has been obtained as a linear combination of o). iqht .- 



'riflfctj ( the y come 

o 2 
for j > M - 2. 



In either case, by renaming 



# = 9(t 2 ,m,M)ty 
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where m is given by the CASE used, we have 

O 2 = *0 
After k applications of CASE I and I applications of CASE II we obtain 



the matrix O fe+ ' +1 .The values of the squared norms of o 
described (up to reordering of {dj}jLi) by the diagram: 



k+l+l 
left,] 



and o_ 



k+l+l 



right, j 



are 



"fc+1 
1 

1 




2 

k+l + l 

„2 



fe+3 

2 

fc+2 



1 
1 

I- a 




1 

1 



fc+i 



\k+l-aj a 2 k+l+1 

Now the two cases correspond to : 

(CASE I) k + 1 < a\ + ■ ■ ■ + a 2 k+l+1 4 
(CASE II) k + 1 > a\ + ■ ■ ■ + a 2 k+l+1 



1 a k+l+l 



1 - 4+3 
1 - 4+2 
' ' + a k+l+l 



kj 



*fc+Z+2' 



'k + l+2 



In CASE I, take tk+1+2 & solution of 
sin(t fe+(+2 ) 2 = -j- 



1-a 



k+l+2 
a k+l+l 



and 

O k+l+2 = 9(t k+l+2 ,k + 2,M)O k+l+1 
In CASE II, take tk+1+2 a solution of 



sin(t fe+ ; +2 ) 2 



<i 



k+l+2 



k + l-ai 



"k+l+l 



and 



O 



k+l+2 



9{t k +i+2,M-l-l,M)0 



k+l + l 
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In either case, by renaming 

tf = 0(* fc+ i +2 ,m,M)tt 

where m is given by the CASE used, we have 

Qtk+l+2 _ \\lQ 

Now it remains to prove that CASE I eventually takes place whenever k < 
N — 1 and when k = N — 1 only CASE II can apply. 

Suppose k < N — 1 . Then k + 1 < N — 1. At the same time 

«! + ••• + 4+i+i + <&-i >N-1 



giving 



1 < N - 1< a? 



^fe+i + l ~r "M-l 



so CASE I will eventually apply . 

If k = N — 1 and CASE I applies at some step, 

fc + 1 = N < a\ + • • • + a 2 k+l+2 < N 

This could only happen if N = of + ■ ■ ■ + a1.+i+2-> so a k+i+3 = • • • = Om-i = 
AM = 0. In this case O fc +' +1 is a solution for {a^};^. It is possible to reorder 
the sequence {a,j} so that in the algorithm first take place N — 1 times CASE I 
and then It is clear from the construction that 

qM-1 = ^ 

Finally, the parameters t\, . . . ,£m-i and the matrix ^ were determined by 
the norms a\ , . . . , a 2 M _ 1 and so is ^ . Replacement of O by any other 

qi _ f-Rjv ° 

would have lead to another solution 

0' M ~ X = *0' 

It is clear that multiplication by a unitary matrix is an injection. The claim is 
thus proved. □ 

It must be pointed out that the embedding of O(N) x O(M-M) into O(M) 
does not fill out the space of solutions. Using alternative algorithms it is possible 
to construct solutions which do not belong to the image of the embedding, that 
is, can not be factorised as 

\ U riM-N 
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Abstract 

In this article we start from a model presented in [5], [16] and in [21, 
Introduction] . Wc explain why this model is unrealistic and propose a sys- 
tem of modified equations. Our approach to the study of these equations 
is based on semigroup techniques. In particular we use the theory devel- 
oped in [9] and [10] . The basic idea is to rewrite the equations that express 
the biological model as a delay equation with nonautonomous past on a 
suitable state space and then to study their well-posedness and stability. 

2000 Mathematics Subject Classification:34G10, 35B40, 47A10, 47D06, 47N60. 
Key words and phrases: Genetic repression, partial differential equations, semi- 
groups, stability. 



1 Introduction 

Systems of delayed reaction diffusion equations have been used frequently in 
modeling genetic repression, (see, e.g., J. Wu [21, Introduction]). The study 
of these equations goes back to the 60's with B.C. Goodwin, F. Jacob and J. 
Monod (see, e.g., [12], [13] or [14]). 

In particular, Goodwin suggested that time delays caused by the processes 
of transcription and translation as well as spatial diffusion of reactants could 
play a role in the behavior of this system. The later studies of these models 
included either time delays (see, e.g., [2], [15] or [20]) or the spatial diffusion 
(see, e.g. [17]). 

In this paper we study the one-dimensional model presented, e.g., in [5], 
[16], and in [21, Introduction] which includes spatial diffusion and time delay. 
According to this model the repressor in the cytoplasm at time t and position 
x depends on the mRNA (messenger ribo nuclcin acid) that was at time t — r 
at the same position x, where r > 0. This assumption, however, is unrealistic. 
For this reason we present a system of modified equations, which take into 
account the diffusion in the past of the mRNA contained in the cytoplasm. In 
particular we modify the equations associated to this genetic repression in such 
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a way and then study them with the theory developed in [9] and in [10]. In 
particular in Section 2 we explain this model following [16] or [21, Introduction] 
and then justify the modifications of these equations. In Section 3 we consider 
the model without delay. In Section 4 we rewrite the biological model as a 
delay equation with nonautonomous past, studying its well-posedness. The last 
section is dedicated to a stability analysis. 



2 The Biological Model 

2.1 The Classical Equations 

In this section we briefly explain the biological model and rewrite it as a system 
of equations following, e.g., [5], [16] and [21, Introduction]. 

The eucharyotic cell f2 consists of two compartments where the most im- 
portant chemical reactions happen. Such compartments are enclosed within 
the cell wall, unpcrmcable to the mRNA and to the repressor, and separated 
by the permeable nuclear membrane. The first compartment u> is the nucleus 
where mRNA is produced. The second compartment, denoted by Q \ u>, is 
the cytoplasm in which the ribosomes are randomly dispersed. The process of 
translation and the production of the repressor occurs here. 

We denote by Ui and Vi the concentrations of mRNA and of the repressor, 
respectively, in u> if i = 1 and in Q \ u> if i = 2. These two species interact 
to control each other's production. In the nucleus ui, mRNA is transcribed 
from the gene at a rate depending on the concentration of the repressor v± . The 
mRNA leaves u> and enters the cytoplasm f2 \ u where it diffuses and reacts with 
ribosomes. Through the delayed process of translation, a sequence of enzymes 
is produced which in turn produce a repressor v 2 . This repressor comes back to 
lo where it inhibits the production of u\. This process can be written, in one 
dimension, as the following system of equations. 

( ^f = %( ( + r i))- 6 i u i( f ) + o iM f ' )- w iW). *^°> 

d ^p- = -b 2Vl (t) + a 2 (v 2 (t,0) - vi(t)), 
du 2 {t,x) _ d 2 u 2 (t,x) 



i>0, 



= D, 



dt dx 2 

dv 2 (t,x) _ d 2 v 2 {t,x) 

dt dx 2 

with boundary conditions 

( du 2 {t,0) 

Ox 
dv 2 (t,0) 

d, 



~ biu 2 (t,x) 



£>0, x£ (0,1], 



- b 2 v 2 (t,x) + c Q u 2 (t + r 2 ,x), t > 0, x e (0,1], 



0u 2 (?,l) _ dv 2 (t,l) 



-/?l(U2(*,0)-Ul(t)), *>0, 

-Pt{v 2 {t,0)-vi{t)), t>0, 



(1) 



(2) 



dx 



dx 



= 0, 



t > 0, 
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and initial conditions 

M i0) = AO), 

vi{s)=gi{s), ,g. 

u 2 (s,x) = f 2 (s,x), 

v 2 (s,x) = g 2 (s,x), 

for a; € (0, 1] and s e [— rj,0], i = 1, 2. As in [16], the interval (0, 1] corresponds 
to the cytoplasm fi \ 10 and the nucleus uj is localized in 0. The constants hi 
are kinetic rates of decay, a\ are rates of transfer between u> and fi \ u) and 
are directly proportional to the concentration gradient. The constants Di are 
the diffusivity coefficients, and the constant cq is the production rate for the 
repressor. The function h is a decreasing function and represents the production 

of mRNA. It is of the form h(x) = : — , where k is a kinetic constant and p 

is the Hill coefficient. The delay — r\ > is the transcription time, i.e., the time 
necessary to the transcription reaction, and — r 2 > is the translation time. The 
constants (3\ and 01 are the constants of Fick's law (see, e.g., [1, Chapter VI] 
or [19, Chapter V]). We have to underline the fact that all biological constants 
are positive. 

2.2 A better model 

According to model (1), the variation of the repressor v 2 {t, x) at time t and 
position x depends on the mRNA which was at time t + r 2 at the same position 
x. Clearly, this is unrealistic because the mRNA is subject to a diffusion process 
in the time interval [t + r 2l t], where we recall that r 2 < 0. 

To include such a phenomenon in our model, we suppose, for simplicity that 
this migration is given by a diffusion of the form e tA ° , where Ap := 4-^ is the 
Laplacian with Dirichlct boundary conditions. 

To be more precise, we take the Laplacian Ad with domain 

D(A D ) := {/ G W 2 ' 1 ^, 1] : /(0) - /(l) = 0} 

on the Banach space i 1 [0, 1]. 

Then the evolution family hi :=(U(t, s))-i<t< s <o solving the corresponding 
Cauchy problem (see [9, Example 6.1]) is 

U{t,s) :=T(s-t), -1 <t< s<0, (4) 

where (T(t)) t >o — (e tAlD )t>o is the heat semigroup on L^O, 1]. Observe that 
the growth bound of the evolution family (C/(i, s))_i<t< s <o and of the heat 
semigroup (T(t))t>o coincide and are negative, i.e. 

-ix 2 = coo(W) = woCT(-)) < 0. (5) 

Thus, assuming that the mRNA in the cytoplasm is subject to a diffusion 
in the past of the form e D , the term u 2 (t + r 2 ,x) must be modified. Let 
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U2(t + r 2 ,x) be the modification of u 2 (t + r 2 ,x) governed by (U(t, s))-i<t<s<Cb 
i.e. 

U{r 2 ,0)u 2 (t + r 2 ,x), < r 2 + t, 



(6) 



M2( +r2 ' X) ' ' C/(r 2 ,t + r 2 )/ 2 (i + r 27a ;), r 2 + t < 0, 

r(-r 2 )u2(t + r 2 ,a0, < r 2 + t, 

T(t)f 2 {t + r 2 ,x), r 2 + t<0. 

Then, the system (1) becomes 

d ^fl = h ( Vl ( t + ri) ) _ 6lUl(i) + ai (u 2 (t, 0) - «i(t)), « > 0, 
at 

^P = -62fl(t) + 02(«2(t, 0) - wi(t)), * > 0, 

at 
du 2 (t,x) d 2 u 2 (t,x) ,. n , M1 
o. = A — q-2 »i«2 (*,»), t> 0, a; G (0,1J, 

g t - =J> 2 ^ 2 '- -b 2 v 2 {t,x) + c u 2 {t + r 2 ,x), t>0, are (0,1]. 

(7) 

Remark 2.1. If Ac is substituted by A^v, i.e. the Neumann Laplacian with 
domain 

D(A N ) := {/ G W^O, 1] : /'(0) = /' (1) = 0}, 

then for the growth bound of the associated heat semigroup (T(t)) t >o we only 
have u>o{T) < 0. 

3 Semigroup without Delay 

We want to study the system (7) with the theory developed in [9] and [10]. To 
this aim we have to rewrite the genetic repression as a delay equation of the 
form 

( W(t) = BW(t) + $W t , £>0 
(NDE) I W{0) =yeX 

{ W =f€LP([-l,0],X), 

on some Banach space X, where (B, D(B)) is the generator of a strongly continu- 
ous semigroup (S(t))t>o on X, the delay operator $ : M /1 ' p ([— 1, 0], X) — > X is 
a linear operator, p > 1 and the modified history function W t : [—1,0] — ► X 
(see [9, Definition 3.2]) is given by 

W(t\-=\ U(r,0)W(t + r) for < i + r, 

* W ' | t/(T,i + r)/(t + r) fort + r<0 K > 

for some evolution family (U(t, s))_i< t < s <o- 

In the definition of the modified history function Wt two time variables t 
and t appear. The variable t can be interpreted as the absolute time and r as 
the relative time. The meaning of (NDE) is that if we start with the history 
function /, this function is shifted to the left by —t, and for values greater than 
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—t the value of the solution is given by the delay operator <I> applied to the 
shifted function. 

In order to rewrite (7) as a delay equation with nonautonomous past we 
proceed as follows. 

As a first step we ignore the terms with delay i.e. we consider the system 

^p = -6i«i(t) + oi(«2(*,0) - «i(t)), t > 0, 

^P - -b 2Vl {t) + a 2 (v 2 {t,0) - Vl (t)), t > 0, 

at 
du 2 (t,x) „ d u 2 (t,x) , . 

= D i — § S yr^-biu 2 (t,x), t > 0,x € (0,1], 



(9) 



dt 
dv 2 (t,x) 

Si 



= £>. 



9x 2 
d 2 v 2 (t,x) 

dx 2 



-b 2 v 2 (t,x), t>0,xe(0,l], 



with initial conditions (3). 

To rewrite (9) as an ordinary differential equation of the form 



W(t) = BW(t), i>0, 
W(0) = yeX, 



(10) 



for a linear operator (B,D(B)) on a Banach space X, we take as X the space 
X := R 2 x (L^O, l]) 2 and as B the operator 



B:= 



—b\ — ai aii5o 

-62 - 02 a 2 (5 

DiA-b! 

D 2 A-b 2 , 



(11) 



with domain 
D(B) := { ( 



x(W 2 ' 1 [0,l]) 2 :i(^) = (^)aiid/'(l) = fl '(l)=0 



where S f := /(0) for / e C[0, 1], A := ^ and the operator L : (V^ 2 ^[0, l]) 2 



is defined by 



L 



I 



/'(Q) 
ft 

g'(Q) 

/3* 



/(0)' 
•5(0) 



(12) 



Remark 3.1. The Laplacian A in the definition of the operator matrix B has 
"maximal" domain W^ 2 ' 1 ^, 1] and thus is different from the Dirichlet Laplacian 
Ap that governs the diffusion in the past. 



Let now 



W{t) := {u) 1 {t)v 1 {t)u 2 {t)v 2 (t). 



(13) 



Then the ordinary differential equation (10) and the system (9) are "equivalent" . 
Thus, to prove the existence of a solution of (9) is sufficient to prove that 
(B,D(B)) is the generator of a strongly continuous semigroup (S(t))t>o ■ I n 
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this case the solution of (10) is given by W(t) = S(t)y. To this aim we rewrite 
B in the form 



B = B + 6 - I! := 



■h + ai 00 

b 2 + a 2 

h 

b 2 . 

with domains D(B ) = D(B), D(B) = M 2 x (W 1,1 ^, l]) 2 and n e £(X). 
Proposition 3.2. The operator (Bq, D(Bq)) generates an analytic semigroup. 
Proof. Let 

D 



£>iA 
Z) 2 A 

with the maximal domain D(D m ) = (VF 2,1 [0, l]) 2 and B := B m . Then, 

by [8, Chapter VI, Section 4], Bq generates an analytic positive semigroup 

(S (t))t>o. 

Applying [6, Corollary 2.8] to the operator (Bo, D(Bo)), the assertion follows. 

□ 

The next definition will be needed to state Lemma 3.4. 

Definition 3.3 (see [8], Definition 111.2.1). Let A : D(A) cl^Ibca linear 
operator on the Banach space X. An operator B : D(B) C X — » X is called 
A— bounded if D(A) C D(B) and if there exist constants a, b e R + such that 



\\Bx\\ < a\\Ax\\ + b\\x\\ 
for all x E D(A). The A - bound of B is 

ao := inf{a > : there exists b € M+ such that (14) holds}. 
Lemma 3.4. The operator is Bo— bounded with Bq— bound ao = 0. 
Proof. Obviously, D{B ) C D(6) and for 



(14) 



V= » UW, 



we have 



|ev|| 




<l|oi/(0)|| + ||a 2S (0)|| 
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Since 



IBnVH = 




it suffices to prove that for arbitrary small a, b > there exist constants c, d G 

R+, such that ||/(0)|| < o||/"||i + 6||/||i and || 5 (0)|| < c||/"||i + d||/||i. 

Using the fundamental theorem of calculus and the fact that the operator 

d d 2 d 2 

is -t^t— bounded with -r~^— bound (see [8, Example III. 2. 2]), the assertion 

□ 



dx dx 2 

follows. 



dx 2 



The following proposition is an easy consequence of Proposition 3.2 and 
Lemma 3.4. 

Proposition 3.5. The operator (B,D(B)) generates a positive analytic semi- 
group (S(t)) t >o on x - 

Proof. By the previous proposition, the operator and hence also + II is 
Bo— bounded with So— bound ao — 0. Using [8, Theorem III. 2. 10], one has that 
Bq + + LT generates an analytic semigroup. Moreover, by [6, Proposition 5.2], 
this semigroup is positive as well. □ 



4 The Genetic Repression as a Delay Equation 
with Nonautonomous Past 

As we mentioned at the beginning of Section 3, we want to rewrite (7) as a delay 
equation with nonautonomous past, i.e. in the form (NDE) (see the previous 
section). To this end and for the sake of simplicity, assume r\ = r 2 = — 1 and, 
instead of h(x) = 1+kxP , consider its linearization, i.e. the function h : R — ► K 
given by 

kp(vl)P- 1 



h(x) 



rX, X G 



(15) 



(l + k(vl)P) 2 ' 

Here v\ is such that (u\ , vf, u%, ff ) T is one of the steady-state solutions of (7) (see 
[16, Section 5]). Hence, instead of (7) we consider the simplified and linearized 
system 



du\(t) 

~dT~ 
dvi(t) 



cvi(t— 1) - biui(t) + ai(u 2 (t, 0) - Wi(i)), 

t) 
d 2 u 2 (t,x) 



= -b 2 v 1 {t) + a 2 {v 2 {t,0) - «i(t)) 
dt 
du 2 {t,x) „ ^ V v,^ . . 

- Di 7r^ biu 2 (t,x), 



dt 

dv 2 (t,x) 

dt 



D- 



dx 
d 2 v 2 (t,x) 

dx 2 



t> 0, 
t> 0, 
t>0,xe (0,1], 



b 2 v 2 (t, x) + c a u 2 (t — 1, x), t > 0, x € (0, 1], 

(16) 
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where c := - ff^^ ■ Let $ : W lp ([-l,0],X) -> X be the delay operator 
given by 

/0 c£_i 0\ 

*■= ° ° ° ° (17) 

I ' ( ' 

VO c 0< 5_i 0/ 
where <5_i/ = /(-l) for / e W^Q-l, 0],R) -► R and take 

U(t,s):=(I)dIdU(t,s)Id=(I)dIdT(s-t)Id for - 1 < i < s < 0. (18) 

Recall that (T(£))t>o denotes the heat semigroup on L l [— 1,0]. Then it is easy 
to prove that the system (16) is equivalent to 

W(t) = BW(t) + §W t , t>0 

W(0) =yeX, (19) 

W =f€LP([-l,0],X), 

where 

/=(/)i5i/252, (20) 

W(t) is as in (13) and the modified history function W t : [— 1, 0] — > X is defined 

by ' 

W (t) ■= / ~ (T ' 0) ^ (< + T) for < t + r, 

H j ' [ [/(r,t + r)/(t + r) fort + r<0. 

Here U := (f/(i, s))_i< t < s <o is the evolution family defined in (18). Thanks to 
the equivalence between (16) and (19), to prove the existence of a solution of 
(16) it is sufficient to study the well-posedness of (NDE). 

Definition 4.1. 1. We call a function W : M. — > X a classical solution of 

(NDE) if 

(i) We C(t,i)nC 1 (i + ,i), 
(ii) W(t) e D(B), VK t e D($), i > 
(iii) W satisfies (NDE) for all t > 0. 

2. We call (NDE) well-posed if 



(i) for every I H J in a dense subspace S C X x L' P (R-,X) there is a 
unique (classical) solution u(y, f, ■) of (NDE) and 

(ii) the solutions depend continuously on the initial values, i.e., if a se- 
quence ( v f J in S converges to I v f ) £ S, then u(y n , /„, t) converges 
to u(y, /, t) uniformly for t in compact intervals of R_. 
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The next two results are concerned with the well-posedness of (19) and as a 
consequence the existence of the solutions of (16). 
Take 

with domain 

D(C):={(*)eD(B)xD(g):f(0) = v) (22) 

on the product space £ := X x L p ([— 1, 0], X). Here the operator Q is the matrix 

(I o 0\ 




















G 





\o 











with domain 

D(Q) := (W^-1,0]) 2 x D{G) x W 1 *([-1,0],L 1 [0,1]), 

4- is the weak derivative and (G, D(G)) is the closure of 

Af = /' + /", (23) 

for / in an appropriate subspace of D(G) (for details see [11, Proposition 3.1]). 
The following theorem follows by [9, Theorem 4.3]. 

Theorem 4.2. For the function h given by (15), the operator (C,D(C)) gener- 
ates a strongly continuous semigroup (T(t))t>o ■ 

As an immediate consequence of [9, Theorem 4.5], we obtain the next theo- 
rem. 

Theorem 4.3. If the function h is given by (15), then the delay equation (19) 
is well-posed. Thus the classical solutions u of (16) are given by 



I /(*), *<o, 

for every ( v ± ) € D(C). Here n\ is the projection onto the first component X of 
£. 



5 Stability 

In this section our goal is to study the stability of the solutions of the system 
(16), in particular we want to find conditions such that the solutions decay 
exponentially. In this context positivity will be very helpful. First of all we have 
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to observe that the function h in (15) is negative, which implies that the delay 
operator $ is negative. Then we consider the system 



dui(t) 

~dt~ 
dvi\t) 

dt 
du 2 (t,x) 

dt 

dv 2 (t,x) 

dt 



-cvi{t - 1) - biui{t) + oi(u2(*,0) - «i(t)), * > 0, 



= -b 2 v 1 (t) + a 2 (v 2 (t,0) - Vl (t)), 



D 1 



D 



d 2 u 2 (t,x) 

dx 
d 2 v 2 (t,x) 

dx 2 



hu 2 (t,x), 



t>0, 

t>0, xe (0,1], 



b 2 v 2 (t, x) + c u 2 (t - 1, x), t > 0, x e (0, 1], 

(24) 

where c is the constant in (16). Let <I> + be the delay operator associated to this 
modified system, i.e. 



$+:= 



-c5_ x 





c <5_i 



(25) 



Hence <!> + is positive, thus also the semigroup T + :=(T + (t))t>o generated by 

C+ . = (B $ + 

with D(C+) = D{C) is positive (see [7, Theorem 3.2]). 
Observe that 

\T(t)\<T+(t) 

for all £ > and hence 

||T(£)||<||T+(£)|| 

for all t > (see [18, Proposition II. 4.1]). Thus, if we want to find conditions 
implying the exponential decay of the semigroup (T(t)) t >o , it is sufficient to find 
these conditions for the semigroup (T + (t))t>o ■ To this aim we first estimate 
the spectral bound of C. 

For each A e C with 3?A > uq(U), where U denotes the evolution family 
associated to the heat semigroup (see (4)), we consider the bounded operator 
E x :X^ D> ([-1,0], X) defined as 



Ex 



'e x 

e x 

ex 

ex. 



Here the bounded operators e A : R -> W^Q-l.O],^ 1 ^, 1]), e A : L^O.l] 
^([-l.O],!, 1 ^,!]) and e A : iMO, 1 ] ^ LP([-1, 0], ^[0, 1]) are defined as 



(e A a;)(s) := e As a;, for s e [-1,0], a; e 
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and 



(e A /)( S ) := e Xs f, for a G [-1,0],/ G ^[0,1], 



(e A /)( S ) := e As C/( S ,0)/ = e As T(-.s)/, for s G [-1,0],/ G ^[0,1], 



respectively, for (T(i)) t > as in (4). 

The following corollary follows by the positivity of (7~ + (£)) t >o and by [7, 
Theorem 4.1]. 

Corollary 5.1. For the spectral bounds ofQ, B+<& + Eq andC + the next relation 
holds 

if s{G) and s(B + $+£ ) < 0, then s(C + ) < 0. (26) 

For the proof of this corollary it is sufficient to observe (see [7, Theorem 4.1]) 
that we can rewrite C + as 

C+ ._(B 0\ / Id W0 <&+ 

\0 Go) \-E a ld)^\0 

where the operator Go is the following matrix 



£ := 



Jf 
G 

Vo o o ^y 



with domain 

D(Q ) := (W^-l.O]) 2 x D(G ) x ^^([-1,0], ^[0,1]). 

Here (Gq,D(Go)) is the operator defined by 

Go/ := Gf and D(G ) := D(G) n {/(0) = 0}, 

where (G,D(G)) is given by (23). 

Remark 5.2. The negativity of the spectral bound of G, s(G), follows by (5) 
and by the fact that ^ is the generator of the nilpotent translation semigroup 
(Tl(*))t>o on ^[0, 1] (see, e.g., [3, Lemma 1.1.12]). 

Thus the problem reduces to find conditions such that s(B + Q + Eo) < 0. To 
this purpose, we firse calculate 



-c aiSo 

/ n —h„ 

B+<5> + E Q = 




+ _ l ■■. -b 2 - a 2 a 2 <5 



L>iA - 6i 

c <5-ie D 2 A — b 2 , 



D(B + $+E )=D(B), 
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where we recall 
D(B) := I U J G M 2 x (^[0, l]) 2 : l( J) = (*) and /'(l) = «/(l) = 

Hence the matrix B + Q + Eo is of the form 

A B 
D m 

on X. The operator B is a diagonal matrix and A and D m are triangular 
matrices, i.e. 

__ /oi^o \ 
^ a 2 5 ^ ' 

A:=(- b \; a i ~ C ), 

-b 2 -ail 



and 



D . = [ £>iA-6i 

co^-ieo -D2A - fe 2 



with D(B) := (VK 2 ' 1 ^ l]) 2 , D(i4) := M 2 and D(D ro ) := { ( ' G (H/ 2 ^[0, 1]) 



9 
/'(l) = flf'(l) = 0}, respectively. 

Now let D C An with £>(£>) = KcrL, where, as above, i : (Vy 2 ' 1 ^, l]) 2 
M 2 is defined by 

Then for the matrix 

v -( A B 

with domain D(T> m ) = M 2 x D(D m ) we have 

B+<S>+E <ZV m , 

and the operator B + $ + Eq is one-sided coupled (see [7, Definition 1.1]). For 
the spectral buond of B + ^ + Eq the following proposition holds. 

Proposition 5.3. The spectral bounds of the operators B + Q + Eq, D and A + 
BLq satisfy 

s(B + <S> + E ) < <=> s(D) < and s(A + BL ) < 0, 

where L := (L\^ )-* : R 2 -» ker(D m ) C (^[O,!]) 2 . 
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The proof of this proposition follows again by [7, Theorem 4.1], rewriting 
B + <5>+E as 

k> , *+ ^ ( A \( Id \ , / B 

Now, let C\ be the operator C\ C D\A — bi with domain 

D(d) := {/ G (W 2 ^[0,1],R) : /' (1) = and /'(0) = -/?i/(0)} 

and C2 the operator C2 C D2A — 62 with domain 

D(d) := {.f G (W^O, 1],M) : /'(l) = and /'(0) = -#/(0)}. 

Proposition 5.4. TTie spectral bound of the operator D satisfies the following 
property 

s{D) < <£> s(Ci) < and s(C 2 ) < 0. 

The next theorem gives a stability result for (T + (t)) t >o . It follows by [10, 
Theorem 4.1] and by Corollary 5.1. 

Theorem 5.5. Assume that s{C\), s(d), and s(A+ BLq) are negative. Then 
[T + (t))t>o and hence (T(t))t>o as well are uniformly exponentially stable. 

5.1 A Non Constant Diffusion in the Past 

Assume now that the diffusion in the past of the mRNA presented in the cyto- 
plasm is not constant, but is governed by the operators A(t) := a(t)Ajj, where 
< a(-) G C(R_) and A^> is the Dirichlet Laplacian on L^O,!] as before. In 
this case the evolution family associated to these operators is given by 

U(t,8) = e ( J*' a ( a W" 3 . (27) 

Since the norm of the evolution family is 

||C/(i,s)|| = e ( ^ a(<7)<:(o ' )Ao , (28) 

where Ao denotes the largest eigenvalue of Ap, we can compute directly the 
growth bound of (U(t, s))t< s <o- 

Proposition 5.6 (sec [4], Example 5). The growth bound of the evolution family 
(U(t,s))-i< t <8<0 is given by 

/ 1 rs+h 



uon(U) = inf sup — / a(o~)da Ao, 
fc>o s+/l < \hj s J 

By Theorem 4.2 one has again that there exists a solution of (NDE), but 
in this case the operator G defined in (23) is 

Gf := f + «(•)/", a.e. (29) 

for appropriate /. For the stability, proceeding as before, we can find sufficient 
conditions in order to obtain that the solutions of (4.2) decay exponentially. 
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Abstract 

This paper introduces a new geometrical method for a general two-dimensional 
irregular nesting problem; an efficient algorithm is derived. The validity of this algo- 
rithm is testified by several statistical tests, whose results include a numerical estimate 
of the asymptotic performance bound and the percentage of wastage of area utilization. 
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1 Introduction 

Cutting and Packing problems have applications accross the whole business activity, from 
design to manifacturing and distribution. These problems have a common logical structure 
that can be synthetized as follows. There are two groups of basic data, whose elements 
define geometric bodies in one or more dimensions: the stock of large objects, and the 
list of small items; the cutting and packing processes realize patterns being geometric 
combinations of small items assigned to large objects without overlaps. The residual 
pieces, that means figures occurring in patterns not belonging to small items, are usually 
treated as trim loss. The objective of most solution techniques is to minimize the wasted 
material. 

The great majority of researchers have focused their attention on the case where both 
the objects and the items are rectangular and the orientation of the items is restricted 
(orthogonally oriented). Many of these papers are surveyed in Dyckhoff and Finke [10] 
and Dowsland and Dowsland [8]; for a wide discussion about the state of the research see 
also Faina [12] for the two-dimensional case and Faina [13] for the three-dimensional case. 

However, there are many situations where either the pieces or the containing region are 
irregular in shape (see, for instance, textile, metal, or footwear industry). Problems involv- 
ing irregular pieces comprise the most difficult class of packing problems (see Dowsland 
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and Dowsland [7] for a survey). Human intelligence is very able to face these problems. 
Indeed, it has been proved by several studies comparing layouts obtained by automatic 
processes with those produced by a human expert that the computer generated solutions 
are inferior in terms of minimizing the waste. However, in some industry the expertise 
required to beat the best packages often takes several years to acquire and in others the 
time required to produce a manual solution may be many times that of the automatic 
process. 

Although the primary objective is to minimize the waste, often the cutting time or 
other constraints like minimizing the movements of the cutter between the cutting opera- 
tions have a great relevance. Therefore good automatic computerised solutions are always 
welcome. 



1.1 State of the research 

There are two main approaches for facing the irregular nesting problem. The first produces 
one or a series of different layouts based on piece orderings and placement polices where 
the algorithm optimizes locally by means of shifts and rotations (see, for instance, Terno 
et al. [32]). The second approach is to produce an initial layout, which may be feasible 
but non-optimal or infeasible, and then to use small changes in order to improve it. This 
second approach may incorporate a metaheuristic technique such as simulated annealing 
or tabu search in order to allow non-improving moves (see, for instance, Reeves [29]). 

In the spirit of first approach, the method developped by Amaral et al. [2] is notewor- 
thy. Their method is based on a sophisticated process in order to find a suitable position 
for the next piece. Pieces are ordered in decreasing order of their areas and two different 
placement policies are used for large and small pieces, the rationale being that small pieces 
are used to fill holes left between the larger pieces in the layout. This reflects the strategy 
used by experts working on the problem manually. 

Stoyan and Pankratov [31] find a way of packing identical copies of a polygon in a 
rectangular sheet using regular patterns allowing just two orientations. 

Some researchers have considered an interesting alternative in which the irregular 
pieces are nested inside other more regular shapes, and these simpler shapes are then 
packed into the available area. The most popular shape for nesting is the rectangle. 
Freeman and Shapira [15] studied the problem of enclosing a piece, whose orientation is 
not restricted, in a rectangle of minimal area. 

If many of the pieces are far from rectangular in shape a more effective option is to 
nest more than one piece together, as was developped by Adamowics and Albano [1]. 

An alternative to the use of rectangles is to nest all the pieces into identical polygons 
which can be used to tile the plane. Dori and Ben-Bassat [6] and Karoupi and Loftus [21] 
based their packing algorithms on tessellations using hexagons. 

In the spirit of second approach, Ismail and Hon [18] studied the blanks nesting prob- 
lem, but using only two pieces and allowing 180° degree of rotation only, using a genetic 
algorithm. Jain et al. [20], using simulated annealing, studied the same problem but 
where more than two pieces are involved, and these may take on any orientation. In both 
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these methods, the fitness value of each solution is a combination of the area utilisation 
and an overlap penalty. 

Many other authors used simulated annealing, genetic algorithm or tabu search for 
facing the irregular nesting problem. We quote Lutfiyya et al. [23], Marques et al. [24], 
Oliveira and Ferreira [26], Dowsland and Dowsland [9], Blazewicz et al. [4], George et al. 
[17], Jacobs [19]. 

Milenkovic et al. [25] and Li and Milenkovic [22] considered the problem of planning 
motions of the pieces in an already existing layout to improve the layout in some fashion: 
increase efficiency by shortening the length, open space for new pieces without increasing 
the length, or eliminate overlap among pieces in an overlapping layout. This type of 
improvement strategy is also used by Stoyan et al. [30]. 

The method used to determine the geometry of the situation is essential in order to 
implement any of these algorithms. Depending on the strategy used, it is necessary to 
find the distance between two pieces along a given vector, the set of feasible positions 
for one piece with respect to another, or the existence of an area of overlap between any 
two pieces. The complexity of the calculations involved depends on the types of pieces 
considered and on the accuracy required. 

For Qu and Sanders [28] pieces are approximated by unit squares on a rectangular grid. 
Preparata and Shamos [27] used basic trigonometric formulae to do these calculations, like 
the intersection of two lines or intersection of two polygons. 

Things are even worse when non-convex shapes are involved. One possibility is to cut 
the shape into a number of convex pieces, as suggested by Cuninghame-Green [5]. 

One of the most used concepts in determining the interaction between two pieces is 
the concept of the no-fit polygon. This was first introduced by [1] as an efficient way of 
determining the minimum enclosure for a cluster of two or more pieces. 

An important practical problem linked to the irregular cutting problem is to cut out a 
given shape or design from a given piece of parent material. Bhadury and Chandrasekaran 
[3] studied the problem to find a sequence of guillottine cuts to cut out a convex polygon 
Pin from a convex polygon P out D Pj n , such that the total length of the cutting sequence 
is minimized. 



1.2 The aim of this paper 

We study the problem of nesting triangles and rectangles on a strip with a fixed width 
and virtually infinite length, minimizing the length required. This is the first stage of a 
study whose goals is to nest convex polygons of any number of edges. 

The limited number of sides permitted here is motivated by the exceptional accuracy 
of the calculations which allows us, in some cases, to get an optimal solution. Indeed, a 
peculiar characteristic of our algorithm coneid is the capability to solve puzzles and this 
gives many assurances on the validity of the algorithm. 

We use a strategy which is an evolution of the geometrical method introduced in 
[12, 13, 14] for rectangular pieces, and that has been theoretically proved to lead to an 
optimal solution. This new geometrical procedure generates a particular finite class of 
placings to which a statistical global optimization algorithm, based on simulated annealing, 
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is applied. In some relevant cases, this reduction scheme is proved to lead to an optimal 
solution (see Section 3.1). 

The pieces are considered one at a time and no overlap is tolerated in any stage of the 
process. In each stage of the allocation process, there are some free zones of conical shape 
where the pieces can be nested in such a way that no check for overlapping is necessary 
(with great saving of time!). 

We consider any number of different pieces, and these may take any orientation; no a 
priori ranking rule is necessary. 

After generating a starting feasible layout, the algorithm cone2d uses small changes in 
order to improve it, incorporating a fully statistical technique based on simulated anneal- 
ing. 

We do not have a mathematical proof for the optimality of this algorithm except for 
the capability to solve puzzles. However, we believe that there is a substantial difference, 
on a principle level, between developping an algorithm whose layout is as close as possible 
to an optimal solution (and the capability to solve puzzles is the minimum request in this 
sense) and the description of a mere heuristic procedure which, at most, incorporates some 
metaheuristic technique, but having no care at all of the theoretical validity of the used 
algorithms. For instance, simulated annealing is an algorithm which has deep theoretical 
foundations, but in most of the papers quoted in the reference section which assert to 
use simulated annealing we see no traces of a proof or, at least, a discussion about the 
convergence of the algorithm presented and/or any relations with an optimal solution. 

For sure it is difficult to prove the asymptotic convergence of simulated annealing to 
an optimal solution of an irregular nesting problem. Indeed we did not get it; but, at 
least, we prove the asymptotic convergence of the algorithm cone^d to an optimal solution 
each time the items involved form a perfect puzzle. 

In experimental sciences, the results, for being valid, should be at least reproducible; 
in mathematics, the results should be at least theoretically proved; operational research 
is in between these two philosophiae, and we believe that it is our duty to prove as much 
as possible, giving motivations for the unproved and reasons for the conjectures. 

We will show the validity of the algorithm cone^d by reporting the results of many tests 
based on randomly generated initial set of conditions, valuated with several parameters like 
the worst-case performance ratio, the asymptotic performance bound and the percentage 
of wastage of area utilisation. In some cases, a graphic representation of the solution is 
also presented, in order to show the difficult link between the parameters and the validity 
of the algorithm cone2d (see figure 9) . 



2 Statement of the Problem 

Let S be a rectangular strip, with a fixed width w and unbounded length; consider S 
embedded into a two dimensional Cartesian frame, in such a way that the lower left side 
corner of S coincides with the origin and each side of S is parallel to a reference frame 
axis, i.e. S = {(x, y) : < y < w, x > 0}. 

Let Q be the set of all closed triangular and rectangular items contained in S. Given 
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Figure 1: A bit of notations about the items. 

an item q £ Q, we denote by lo(q) and h(q) its width and length respectively, and by 
h(q) its diagonal, if q is a rectangle; otherwise, we denote by lo(q),h(q),l2(o) the three 
edge lengths of q and by ao(q) , ai(q) , a,2(q) the angles opposed to lo(q),h(q), and h{q) 
respectively. For the sake of shortness, when there will be no risk of confusion, we will 
write li,a{ instead of k(q),a,i(q) (see figure 1). 

Let L = {qi, • • • , q n } cQbea list of n items. A geometrical combination of the items 
of L is called a feasible placing P if the interior of the items do not overlap. 

Let n(L, S) be the set of all the feasible placings P of L contained in S. If P € n(L, S), 
then the length of the strip S containing P is called the length of the placing P, and it is 
denoted by len(P). 

The two-dimensional irregular nesting problem consists in finding a feasible placing 
£ n(L, S) which has the minimal length, i.e. 



pL 

± opt 



(2.1) 



len(P t 



opt) 



min len(P). 

Peii(L,s) 



Clearly, this is a natural generalization of the regular two dimensional nesting problem 
involving only rectangles, and therefore it is NP-hard (see [16]); this means that, in general, 
optimal solution s are not known . From the statement of the problem (2.1) we derive 
that no restrictions are made neither on the orientation of the items nor on the number 
of different items. 



2.1 The Method of the Cones 

For placing an item, any nesting algorithm, sooner or later, should face the following 
questions: Which are the possible positions where the item could be located? Does the 
item fit into the strip? Is the item overlapped to the already placed items? 

Mainly, there are two leading strategies: to store a lot of informations about some 
special positions on the strip, which permit to reduce the problem of overlapping; or to 
locate approximately an initial position of the item and then to apply some strategy for 
eliminating the possible overlaps. Both the strategies have their strenghts and weaknesses: 
the first strategy implies the storage of a lot of positions to avoid the penalty of a poor 
placement, but every position implies a lot of computations to do; the second strategy 
has the heavy duty to check and eliminate the possible overlaps; but even a simple good 
routine for checking the overlapping between two triangles is everything except easy. 
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Figure 2: left: Description of a conical zone; right: Placement of an item into a conical 
zone. 





Figure 3: The conical zone used for the placing of an item is replaced with two new conical 
zones: case of a triangular item. 

We cannot say that one strategy is better than the other. In the papers [12, 13], we 
developped algorithms for the regular cutting and packing problems in the spirit of the 
first strategy. We operate this choice also in the present two dimensional irregular nesting 
problem. 

The strategy of our method is to determine a certain number of zones where it is 
possible to place an item without troubling about overlaps. Since these zones will have a 
conical shape, we will call this geometrical method the method of the cones. The method 
of the cones develops through three stages: the generation of the conical zones; the de- 
scription of the strategy for placing an item inside such conical zones; and, each time a 
new item is placed, a reset policy for revising all the conical zones in order to preserve 
their properties. 

Assume to have stored some conical zones; we describe now what happens when an 
item is placed in a particular conical zone. Suppose first to have a triangular item. Let C 
be the vertex and a be the amplitude of the conical zone (see figure 2-left), and suppose 
that the angle ai of the triangle q is smaller than a. Then, it is possible to place the 
triangle in the conical zone; we put the corner relative to the angle 02 on the point C and 
lean the side Iq on the lower side (with respect to the clockwise orientation) of the cone 
(see figure 2-right). If the triangle remains into the strip, we find an admissible placing 
for the triangular item q. Now two new conical zones are naturally determined: the first 
conical zone has the vertex in C and amplitude equal to a' = a — a<i (see figure 3-left); the 
second conical zone has the vertex in D and amplitude equal to a" (see figure 3-centre). 
It is to underline that the amplitude of the second conical zone is, in general, smaller than 
it — a±, because we should guarantee that no other items occupy that conical zone. In the 
case a = a,2, the first conical zone has vertex in E and amplitude equal to a' (see figure 
3-right). In the same spirit, figure 4 indicate how to operate with a rectangular item. 

Since the conical zones have to be truncated for fitting into the strip S, some tuning 
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Figure 4: Generation of two new conical zones: case of a rectangular item. 





Figure 5: The amplitude of the new conical zones has to be tuned when their vertices lie 
on the border of the strip. 

is necessary when the vertices of the new conical zones lie on the border of the strip (see 
figure 5). 

Clearly each time we introduce a new item, all the conical zones already stored should 
be revised; first we check if the new item intersects the interior of a conical zone and, in 
the positive case, we reduce the amplitude of that conical zone in the spirit of figure 6. 

Since for the choice of the sequence of conical zones where to check for the placing of 
the current item the algorithm cone2d uses a metaheuristic technique, we postpone the 
complete description of the method of the cones to the subsection 3.1. 



3 The base of the nesting algorithm: the simulated anneal- 
ing 

Simulated annealing algorithms are based on the analogy between the simulation of the 

annealing of solids and the problem of solving large combinatorial optimization problems. 

These algorithms continuously transform the current configuration into another one 

by a small perturbation. The new proposed configuration, called transition, is accepted 





Figure 6: Reduction of the amplitude of the other conical zones after the placing of a new 
item. 
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criterion is strongly guided by a control parameter which is lowered step by step, and which 
reduces the number of transitions accepted as the algorithm proceeds. 

It can be proved (see for example Faina [12] for an essential bibliography) that if any 
new transition from a starting configuration has the same probability to be generated then 
this process leads to an optimal solution with probability 1 as the control parameter goes 
to zero. It is important to underline that the solution obtained by simulated annealing 
does not depend on the initial configuration. 

This framework solves the problem from a theoretical point of view; but asymptotic 
convergence is attained possibly in infinite time. Therefore, in any implementation of 
simulated annealing, asymptotic convergence can be only approximated, and the simulated 
annealing turns into a heuristic algorithm. 

Indeed, the number of transitions for each value c& of the control parameter, for in- 
stance, must be finite and ]im)._> +00 c& can only be approximated in a finite number of 
values Cfe. Due to these approximations the algorithm is not guaranteed to find a global 
minimum with probability 1. 

3.1 The nesting algorithm cone-id 

In the notation introduced in this section, a feasible placing P G II(L, S) is considered a 
configuration and the length of the placing P, len(P), is the cost functional. 

Given a list L, the items are placed one by one following a certain order that could be 
as simple as that in which the items appear in the list (the initial ordering of the list is 
not important, since simulated annealing does not depend on the initial configuration). 

At the very beginning, we have only one conical zone with vertex in the origin and 
amplitude equal to ^. In general, we have to consider six different positions for valuating 
the possibility to locate a triangular item into a conical zone, and two different positions 
in the case of a rectangular item. Note that an item having at least a side not greater that 
w can be always placed into a conical zone with vertex lying on the x-axis and amplitude 
equal to |. 

The first item is located, choosing randomly one among all the feasible positions of 
the item inside the initial conical zone. Then, two new conical zones are generated; we 
introduce always an additional conical zone with vertex in (h max ,0) and amplitude equal 
to |, where h max is the length reached by the items already placed. This is a safety zone, 
which prevents the halt of the algorithm (see, for example, figure 7). 

By induction, suppose to have located the i-th item; the geometrical method of the 
cones locates at most (n + 1) conical zones where the {i + l)-th item could be located and 
a conical zone is choosen at random, until the {i + l)-th item is placed; then we reduce 
the already stored conical zones in order to eliminate overlaps with the {i + l)-th item; 
and so on. 

In this way we obtain the initial configuration. Then, we operate a small perturbation 
to this initial configuration by modifying a little the order of the items, for instance by 
changing the position of any two items -at random- and by constructing a new configura- 
tion as shown above. Let II* (L, S) C II(L, S) be the set of all the finite feasible placings 
that can be obtained from the method of the cones. Since the transition mechanism de- 
pends only on the order of the items, and this order is perturbed at random, any new 
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Figure 7: This is a simple case showing the necessity of the safety zone. The only two 
available conical zones (the shadowed areas) have the amplitude smaller than ^, and 
therefore no rectangle can be placed at this stage. 

configuration has the same probability of being generated. This property guarantees that 
simulated annealing will converge to a global optimal solution of the problem 



(3.2) 



min len(P). 
Pen*(L,S) 



In general, an optimal solution of (3.2) has a length bigger than an optimal solution of 
(2.1). It has proven difficult to find a relation between problem (3.2) and (2.1). However, 
if the items of L form a perfect puzzle, then it is always possible to find a suitable order 
for the items in such a way that the items' puzzle is represented by a placing of II* (L, S). 
This property holds because, in the case of a puzzle, the items are located in the positions 
and with the orientations which are peculiar of the method of the cones. 

Thus, in these particular but relevant cases, the two problems are equivalent, and 
therefore our algorithm converges asymptotically to an optimal solution of problem (2.1). 



3.2 The implementation of the algorithm cone-id 

For the implementation of the algorithm we should specify the following parameters: 

• the initial value of the control parameter, Co; 

• the final value of the control parameter, cf (stop criterion); 

• the number of new transitions generated for each value of the control parameter; 

• a rule for changing the current value of the control parameter, Cfc, into the next one, 

Cjfc+l- 

A choice for these parameters is referred to as a ' cooling schedule '. 

The initial value cq is determined in such a way that virtually all transitions are 
accepted. The stop criterion which determines the final value of the control parameter, 
consists in fixing the number of values of Cfc, say it F^, for which the algorithm can be 
executed, or by terminating if consecutive decrements of the control parameter are identical 
for a given number of times, (a ' stalemate ' condition), whichever occur first. 

For controlling the number of transitions generated, we have to face two conflicting 
requirements: the first is that for each value of the control parameter a minimal number 
of transitions should be accepted; the second is that, since transitions are accepted with 
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decreasing probability as Ck — ► 0, we should aim to prevent the generation of large numbers 
of transitions for low values of c^. A good compromise is to keep fixed the number of 
transitions generated, say it L&, choosing a quite big number depending on the size of the 
problem, and to fix a maximum number of accepted transitions for each value of c/%, say it 
Mfe. In this way, for values of c& quite far from 0, the number of transitions generated will 
probably be much smaller than L& (since a lot of transitions are accepted), while for small 
value of Cfc this number will more likely be closer to L&, assuring that a sufficient number 
of transitions are accepted. Thus, the number of accepted transitions is substantial for 
each value of Cfc, and there is little waste of computational time for the initial steps. 
For decrementing the control parameter, we use the rule 

Cfc + i = ack for k > 0, 

where a is a constant smaller than but close to 1. 

The cooling schedules depends on the number of items to place and on the objective 
to achieve. Indeed, heavier cooling schedules (this means that Co, F^jL^jM^ are big) gives 
better and almost optimal solutions of problem (3.2) but with a larger computational 
time, and vice versa. The aim of the following tests was to present cooling schedules 
which guarantee a good quality of the solutions in a reasonable computational time. 



4 Numerical Tests 

The computer codes for the algorithm cone2d is written in the programming language 
C, under the LINUX operative system. The computational time is computed through a 
virtual timer counter, which increments both when the routine executes and when the 
system is executing on behalf of the routine. This choice means that the computational 
time measures the time spent by the routine both in user and kernel space. The platform 
used is a PENTIUM III 450 MHz. 

The evaluation of the algorithm cone2d was performed by means of a self-comparison 
test on the basis of randomly generated initial set of conditions. Let cone2d{L) be the 
final placing obtained by the algorithm cone 2d for a given list of items L. The main 
performance measure of the nesting algorithm is the asymptotic performance bound, which 
characterizes the behaviour of the ratio of len(cone2d{L)) over len(P£p t ); if there are 
constants a and (3 such that for any list of items L, 



(4.3) len(cone 2d (L)) < a • len(P^ pt ) + (3D, 



L 

mini 



where D^ in = max;, iS £-{7en(PoJ ' )}, then a is called an asymptotic performance bound 
for the algorithm cone2d- 

The number D^ nin represents the minimal length necessary for placing each single item; 
it represents a necessary correction to the formula (4.3) in the case of relatively small lists 
of items, for avoiding an unfair big value of a even in the case of quasi-optimal solutions 
(see, for example, figure 8). 
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Figure 8: Optimal solution with a big percentage of wastage of area utilization. 

Actually, since we do not have an estimate of len(P^ pt ), we use a different form of 
formula (4.3) in the numerical estimations 

len(cone2d{L)) < a* ■ len{A{L)) + D min , 

where A(L) is the lower bound of /en(PJL), equal to the length such that A(L) • w = 
Sb gz,{ area °f bi} (P = 1); therefore a* is called an approximate asymptotic performance 
bound. 

We introduce another two parameters for a more complete evaluation: the worst-case 
performance ratio r w 

len(cone2d(L)) 
r ' w = len{A{L)) ' 

and the percentage of wastage of area utilization A%, 

_ len(cone 2 d{L)) - len(A(L)) 
len(cone2d{L)) 

A comparison between r w and a* explains better the role of D^ in . Clearly, the two value 
get closer as soon as the list of items becomes larger and larger. 

Furthermore, it is to underline that A% does not coincide with the true wastage of area 
in comparison with the optimal solution, but it is, in general, much bigger. This means 
that a small value of A% implies a good performance of the algorithm; but a relatively 
big value of A% (or r w ) should not be necessarily interpreted as a failure of the algorithm. 
Some example reported in figure 9 help understanding better this situation. 

The numerical tests have been performed as follows: 

• each test has been executed on the basis of 100 runs; 

• in each test, we have: 

— a fixed number of items (between 8 and 1000) whose parameters are uniformly 
generated random numbers: in the case of a rectangle, the two sides are between 
jfi and w; in the case of a triangle, one side is between ^ and w, another side 
is between ^ and 2w and the angle between them has an amplitude between 
0.2 and § ; 

— a fixed percentage of triangles and rectangles in the list of items; 

— each run has as output the numbers a*, r w , Ay , and the computational time 
needed t; 
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.:. . 



items=16, % triang=100, a* = 0.16, r w = 1.43, A% = 30 




items=16, % triang=100, a* = 0.55, r w = 1.43, A% = 30 




items=16, % triang=100, a* = 0.59, r w = 1.52, A% = 34 




items=16, % triang=100, a* = 0.65, r w = 1.42, A % = 29 

Figure 9: Some outputs of the algorithm cone2d', the big values of A% and r w do not 
correctly express the quality of the solution obtained. 
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Test 


Number 


CO 


a 


Max n. conf. 


Max n. conf. 


Max n. deer. 


Stalemate 


type 


of runs 






generated (Lfc) 


accepted (Mfc) 


control param. (Fk) 




A 


100 


50 


0.7 


16000 


1000 


30 


20 


B 


100 


10 


0.9 


12000 


1000 


20 


10 


C 


100 


10 


0.9 


16000 


1000 


30 


20 


D 


100 


10 


0.9 


12000 


1000 


30 


10 


E 


100 


10 


0.9 


12000 


1000 


20 


10 


F 


100 


50 


0.7 


12000 


800 


10 


10 


G 


100 


1 


0.9 


100 


10 


1 


1 


P 


1 


10 


0.8 


20000 


1000 


20 


5 



• the output of each test returns the average value of a*,r w ,A% and t, plus their 
best/worst performances. 

The Table 1 contains the cooling schedules of all the test performed. 



5 Remarks on the Numerical Tests 

The tests have the purpose to valuate the algorithm cone2d with respect to very general 
conditions, where the lists of items contain every kind of pieces, from that very big, 
through that very thin and long, to that very small. These conditions are very difficult; 
the algorithm cone2d has no shortcuts of any kind. 

The complexity of these problems, mainly measured by the number of stored positions 
and feasible placings for each item, start to become uncontrollable as soon as the number 
of items exceeds 16; notwithstanding the results up to 128 items are still reasonable from 
all points of view (see Table 2). 

Concerning numerical results for instances with many triangles, it should be said that 
the number of triangles influences the size of feasible region, since for each triangle and for 
each cone there are six possible placements. Therefore such instances are more difficult to 
be solved compared to instances with the same number of items but more rectangles, and 
this fact may explain the reduced performance of the algorithm. In the case of assence 
of triangles, the algorithm cone2d is compared with the algorithm zone^d developped by 
the author in [14]; zone2d treats only rectangles, therefore it is an important comparison 
for cone2d- These results are shown in Table 4 (see [14] for the values related to zone2d)', 
clearly, zone2d is better than cone2d, but cone2d is not that bad. The results for 64 and 
128 items show better the penalization of cone2d that "does not know it has no triangles!". 

Figure 10 shows an example of perfect puzzle solved by cone2d] from the dimensions 
of the items involved, one can extrapolate the complexity of the puzzle, even in this case 
of 9 items only. 

Finally, Table 3 reports the results of cone2d stopped after very few iterations; this 
separate test shows the quality of the initial placings of the algorithm and the quality's 
limitations of the final placings of cone2d in the case of very large list of items (within a 
computational time of few seconds). 
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Table 2: Tests for the algorithm cone2d- 



Number 
of items 


%of 
Triangles 


Test 
type 


a* 


Perf. Ratio 


A% 


Comp. Time in sec. 


mean 


min/max 


mean 


min/max 


mean 


min/max 


mean 


min/max 


8 


100 


C 


0.65 


0.10/1.08 


1.51 


1.26/2.60 


33.05 


21.09/61.59 


9.18 


6.32/11.80 


50 


A 


0.78 


0.43/1.03 


1.26 


1.06/1.59 


20.69 


6.26/37.09 


46.17 


8.59/72.04 


50 


B 


0.81 


0.45/1.12 


1.30 


1.10/1.59 


22.74 


9.16/37.30 


5.23 


3.06/6.80 





C 


0.79 


0.64/1.02 


1.10 


1.06/1.25 


9.82 


6.15/20.32 


7.26 


5.26/8.67 


16 


100 


C 


1.00 


0.59/1.56 


1.52 


1.27/2.10 


33.76 


21.61/52.46 


22.29 


18.26/29.25 


100 


D 


1.03 


0.71/1.67 


1.55 


1.32/2.10 


35.39 


24.62/52.42 


11.35 


8.39/14.23 


50 


D 


1.01 


0.79/1.26 


1.31 


1.12/1.55 


23.49 


11.07/35.86 


11.9 


8.28/17.55 





D 


0.94 


0.84/1.06 


1.11 


1.06/1.21 


10.64 


6.45/17.47 


10.32 


8.19/12.86 


32 


100 


C 


1.17 


0.98/1.30 


1.44 


1.30/1.56 


30.81 


23.08/36.14 


37.42 


30.42/47.37 


100 


F 


1.20 


1.05/1.37 


1.46 


1.34/1.68 


31.87 


25.56/41.56 


20.94 


16.10/24.89 


50 


E 


1.10 


0.99/1.24 


1.27 


1.13/1.42 


21.57 


11.82/29.57 


42.21 


31.21/54.83 





E 


1.03 


0.98/1.08 


1.12 


1.07/1.17 


10.87 


7.29/15.08 


38.30 


29.84/49.41 


64 


100 


E 


1.30 


1.17/1.45 


1.44 


1.32/1.58 


30.72 


24.28/36.99 


116.6 


91.9/144.3 


50 


E 


1.17 


1.07/1.28 


1.27 


1.18/1.39 


21.31 


5.25/28.47 


148.1 


107.2/190.7 


50 


F 


1.19 


1.11/1.30 


1.28 


1.20/1.40 


22.39 


16.96/28.63 


99.8 


77.98/127.0 





E 


1.08 


1.05/1.12 


1.13 


1.10/1.17 


11.84 


9.25/14.80 


137.2 


108.0/159.8 


128 


100 


E 


1.36 


1.29/1.46 


1.44 


1.36/1.54 


30.66 


26.83/35.11 


415.6 


356.2/490.4 


50 


E 


1.22 


1.17/1.28 


1.27 


1.22/1.34 


21.50 


18.25/25.56 


568.6 


466.4/698.6 


50 


F 


1.23 


1.17/1.32 


1.28 


1.22/1.36 


22.38 


18.33/26.94 


332.9 


285.0/392.0 





E 


1.12 


1.09/1.16 


1.44 


1.12/1.18 


12.99 


10.61/15.81 


533.7 


452.9/612.9 



Table 3: Tests for the algorithm cone^d stopped after few iterations. 



Number 
of items 


% of 

Triangles 


Test 
type 


a 


Perf. Ratio 


A% 


Comp. Time in sec. 


mean 


min/max 


mean 


min/max 


mean 


min/max 


mean 


min/max 


32 


100 


G 


1.71 


1.38/2.24 


1.99 


1.66/2.59 


49.52 


39.93/61.46 


0.02 


0.02/0.04 


50 


G 


1.42 


1.14/1.79 


1.59 


1.30/1.98 


36.95 


23.21/49.63 


0.03 


0.02/0.04 





G 


1.18 


1.08/1.29 


1.26 


1.16/1.39 


21.13 


14.25/28.35 


0.02 


0.02/0.04 


64 


100 


G 


1.80 


1.58/2.39 


1.94 


1.71/2.50 


48.29 


41.63/60.78 


0.08 


0.07/0.11 


50 


G 


1.48 


1.30/1.68 


1.57 


1.40/1.77 


36.46 


28.72/43.57 


0.11 


0.09/0.14 





G 


1.24 


1.16/1.42 


1.29 


1.20/1.48 


22.78 


17.08/32.59 


0.09 


0.08/0.11 


128 


100 


G 


1.86 


1.67/2.20 


1.93 


1.75/2.28 


48.24 


43.00/56.21 


0.29 


0.24/0.36 


50 


G 


1.51 


1.38/1.69 


1.57 


1.43/1.75 


36.32 


30.11/43.05 


0.39 


0.35/0.46 





G 


1.28 


1.21/1.35 


1.30 


1.24/1.38 


23.45 


19.36/27.62 


0.34 


0.31/0.39 


1000 


100 


G 


1.85 


1.77/1.92 


1.86 


1.78/1.93 


46.50 


43.89/48.28 


15.91 


14.85/17.21 


50 


G 


1.50 


1.44/1.57 


1.51 


1.45/1.58 


34.08 


31.08/36.91 


21.30 


20.02/22.76 





G 


1.32 


1.29/1.37 


1.33 


1.30/1.37 


24.95 


23.12/27.25 


19.46 


18.63/20.66 
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▲, 




Figure 10: Example of perfect puzzle solved by cone^d m 30 seconds. We use the cooling 
schedule P. 



Table 4: Comparison between zone2d and cone2d (only rectangular items!). We report 
just the mean values of the parameter measured; the first value is referred to zoneid an d 
the second to cone2d- 



Number 
of items 


a 


A% 


Comp. Time in sec. 


mean 


mean 


mean 


8 


0.74/0.79 


9.69/9.82 


5.34/7.26 


16 


0.87/0.94 


6.74/10.64 


9.13/10.32 


32 


0.95/1.03 


5.32/10.87 


18.75/38.30 


64 


1.00/1.08 


5.96/11.84 


40.10/137.2 


128 


1.03/1.12 


5.95/12.99 


91.28/533.7 
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6 Conclusions 

In this paper we propose a new geometrical method which reduces, in some cases, the 
two dimensional irregular nesting problem (involving triangles and rectangles) to a finite 
reduction scheme. The algorithm derived, cone2d, is able to solve puzzles. In the case of 
absence of triangles, coneid is compared with a fully regular algorithm (only for rectangular 
items), zone2d, developped by the author in [14]. This comparison gives a "lower bound" 
for the algorithm coneid] the reasonable gap between each couple of parameter in Table 4 
denotes that the increased complexity of the strategy for the algorithm cone 2d due to the 
addition of triangles does not affect too much the quality of its final solutions, except for 
the computational time. 
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Abstract 

We prove the sufficient part of Prokhorov's Theorem in the vector setting. 
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1 Introduction 

As it is well known the Prokhorov's Theorem has a very important role in the study of cylin- 
drical measures and in general in probability theory ([14])- 

Vector versions of the Prokhorov's Theorem have been studied in the literature ([5], [7], [13], 
[14], [18]) in relation to several problems and applications (marginal problem, existence of 
the projective limit). However the authors either consider vector measures ranging in the 
positive cone of a Banach lattice or, even in the case of more general target spaces (as in 
[13], [14]), deal with special families of Radon measures. 
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In this paper we shall achieve one implication of Prokhorov's Theorem for a sequence of 
abstract measures in bv(£l,Y,,X), where X is a general Banach space, along the ideas of 
Billingsley [2] . Indeed, we consider weak convergence in terms of the integral of continuous 
functions. The integral that is usually considered in the classic case ([2]), can be lifted to 
the vector case, since only continuous bounded integrands are taken into consideration (see 
for instance [18]). 

In [4] Brooks and Martellotti show that in this particular class of integrands, the integral 
can be equivalently defined in the monotone sense, according to the scalar definition due to 
De Giorgi and Letta ( [9] ) : this equivalence easily yields the validity of the vector version of 
Alexandroff Theorem ([12] IV.9.15). 

The proof is rather long and elaborated, and goes along the scalar one as given in [2] : how- 
ever one has to replace upper and lower limits by Cauchy nets, and also needs suitable 
extension results in the vector setting as those given by [17] [20]. 

The author whishes to thank Professor Anna Martellotti for the interesting and useful sug- 
gestions and the referees for their valuable suggestions. 

2 Notations and Preliminaries 

Let £1 be a separable metric space, £ the Borel cr-algebra of O. Let d be the metric on Q. 
We denote by C&(fi) the set of all continuous and bounded functions / : Q — > JR. 
If P n and P are finite real measures, we say that P n weakly converges to P, and we write 
P n - P,if for every / e C h (Q) 



lim / fdP n = f fdP 
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Weak convergence 



A set A E X whose boundary dA satisfies P{dA) = is called a P- continuity set. 

Let X be a Banach space, X* its dual and Xj* the unit ball of X*. Let m : X — > X be a 

finitely additive measure, or simply a vector measure. 

Definition 2.1 A vector measure m is said to be strongly bounded whenever given a se- 
quence {A n ) n of pairwise disjoint members of X the limit lim n m(^4 n ) is zero. 

Theorem 2.2 ([16]) yl strongly bounded vector measure m is bounded. 

From Theorem 2.2 it follows that all countably additive measures, defined on <r-algebras, 
are strongly bounded. 

Definition 2.3 The variation of m is the set function | m |: X — ► [0, +oo] defined by 

| m | (E) = sup 2J 11^(^4)11 

where the supremum is taken over all partitions ir of E into a finite number of pairwise 
disjoint elements of X. 

If | m | (O) < +oo, then m is of bounded variation (b.v.). 

We denote by ca(£l, X, X) the set of all countably additive measures m : X — > A 7 " and by 
bvca(Q, X, X) the subset of all countably additive measures of bounded variation. 

Definition 2.4 The semivariation of m is the function ||m|| : X — ► [0, +oo] defined by 

\\m\\{E) = sup{| x*m \ (E) : x* G X*, ||x*|| < 1}. 

If ||m||(ri) < +oo, then m is of bounded semivariation. 
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One can easily prove the following relationship: 

\\m(E)\\ < \\m\\(E) <\ m \ (E), (1) 

for every E £ T,. 
Definition 2.5 A set A £ T, will be called an m-continuity set if ||m||(cL4.) = 0. 

Definition 2.6 A finitely additive bounded measure m is regular if for every E £ T, and 
for every e > there exist an open set G and a closed set F with FC£CG such that 
\\m\\{G\F) <e. 

Lemma 2.7 ([8]) Since Q is a metrizable space, every countably additive measure is regular. 

Definition 2.8 Let m and v : £ — ► [0, +oo] be positive subadditive functions. We say that 
m is absolutely continuous with respect to u, and we write m <C u, if for every e > there 
exists 5(e) > such that for every E £ T, with v{E) < 5 it is m{E) < e. 

Definition 2.9 Let m and ^ : S — > [0, +oo] be positive subadditive functions. We say that 
m is equivalent to z/ if they are absolutely continuous with respect to each other. 

Definition 2.10 A positive subadditive function A : S — ► [0, +oo] is a control measure for 
m if A is equivalent to ||m||. 

Theorem 2.11 ([3]) If m is a strongly bounded vector measure, then m admits a control 
measure, which is finitely additive. 

Theorem 2.12 ([11]) If m is a strongly bounded vector measure then there exists x* £ X* 
with \\x*\\ = 1 such that \ x*m \ is a control measure for m. 
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In this case we say that A =| x*m | is a Rybakov control for m. 

Definition 2.13 ([4]) Let / : Q, — ► [0, +oo] be a measurable function. 

/ is i^)- integrable with respect to m if ||m||({w € ft, : f(u>) > t}) is Lebesgue integrable. In 

this case, as it is shown in [4], the X- valued vector function 

t i— > m{uj G 0, : f{to) > t) turns out to be Bochner integrable on [0, +oo]. In this case we set 

r r+oo 

/ fd\\m\\ = / ||m||({w G tt : f(u) > t})dt, 
Jn Jo 

and 

r r+oo 

/ fdm = / m({uj £ Q, : f(u) > t})dt. 
Jn Jo 

Also in [4] it is proved that if / is (^-integrable then, for every i£S, /l^ is C")-integrable. 
Therefore we can set 

fdm = / flAdm, 

a Jn 



and 



fd\\m\\ = / fl A d\\m\\ 
a Jn 



These integrals satisfy the following properties: 

(2.13.1) / fdm= [ fdm+ [ fdm, where A,B eS, A n 5 = 0; 

JAUB JA JB 

(2.13.2) If / = k in A then / /dm = k ■ m(A); 

J A 

(2.13.3) If f<g then f fd\\m\\ < f gd\\m\\; 

Jn Jn 

(2.13.4) If ACS then //d||m||< [ fd\\m\\. 

J A Jb 

If / takes values in M we say that / is ((^-integrable if / + and / _ are C")-integrable and we 



set 



fdm = / f dm — If dm, 
n Jn Jn 
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and 



fd\\m\\= / f + d\\m\\- / f-d\\m\\. 
n Jn Jn 

Theorem 3.2 in [4] shows that every bounded function is (~)-integrable. 



Definition 2.14 Let m^ and m be countably additive vector measures. We say that m& 
weakly converges to m, and we write m^ — *■ m, if for every / G Cb(£l) and for every x* G X* 
it is 



limx*( / fdrrik) = x*( fdm). 
k Jn Jn 

If A is an algebra, we denote by o~(A) the cr-algebra generated by A. 

Theorem 2.15 ([20]) Let \x : A — ► X be a countably additive set function, where A is an 
algebra, such that for every monotone sequence (A n ) n £ A there exists lim. n /j,(A n ). Then (i 
can be extended to o~(A) in a countably additive way. 

Definition 2.16 A family of sets £ is a lattice if C is closed under finite joints and meets, 
and G C. 

Let C be a lattice and A : C — ► X be a function. We say that A is strongly additive if the 
following hold: 

1) \{A) + \{B) = \{A U B) + \{A n S) with A,B eC; 

2) A(0) = 0. 

Theorem 2.17 ([17]) Every strongly additive set function A on C has a unique extension 
to an additive set function defined on the ring generated by C 
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We recall that a subnet of a net g : A — ► X is the composition g o (f, where M is directed 
and (p : M — ► A is increasing and cofinal in A (i.e. for each A G A, there is some [i £ M such 
that A < </?(//)). 

3 The Prokhorov's Theorem for tight families in bvca(f2, X, X) 

According to [2] we set the following definition: 

Definition 3.1 A family II C bvca(0,,T,,X) is weakly sequentially compact if for every 
sequence {rrik)k Q n there exists a subsequence (mfc.)j and a countably additive vector 
measure /? such that m^. — ^ /?• 

Definition 3.2 A family II C bvca(£l, S, X) is uniformly tight if for every e > there exists 
a compact set i^T e C ft such that 

| m | (K £ ) >| m | (fi) — e, 

for every m £ II. 

Definition 3.3 A family II C bvca(£l, T,,X) is uniformly sequentially tight if for every 
(ink)k ^ n there exists a subsequence (mk)j uniformly tight. 

Theorem 3.4 (Prokhorov) Let II C 6wca(i7,S,X) be a family of measures such that 

1) II is equibounded in the sense of the variations; 

2) II is uniformly sequentially tight; 

3) for every compact subset SofU there exists a weakly sequentially compact set Ws in X 

such that {m(S) : m £ II} C Ws- 
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Then II is weakly sequentially compact. 

Proof: Step 1 Fix (rrik)k m H. We shall construct the weak limit (5 on S. 
In order to do this, first we shall define a subsequence of indexes for which the measures and 
their variations simultaneously converge. This construction will coincide with that in [2] for 
the sequence (| nik \)k- 

Since II is uniformly sequentially tight, there exists a sequence of compact sets K u with 
K\ C K<i C • • • and a subsequence {nit . )j such that 

I m k „ I (fi\ K u ) < -, 

J u 

for every u £ IV and j G W. We will continue to denote (m^) by (m^). 
Let -D = {xj : j G W} be dense in U and let S be the family {B(xj,p) : j G IV, p G Q + }. 
Let 7i consist of and of the finite unions of sets of the form A n K u , for A £ S and u > 1. 
Ti is at most countable and closed with respect to the finite unions and every set of 7i is 
compact. We set 

H ={H 1 nH 2 ,H i eH,i = l,2}. 

We define the function tp : TC x 7i — > TC by ip{H\,H2) = H\C\H2- Then ip is onto and so TC is 
countable. Let H £ TC . Then H is compact and by assumption {m,k(H), k G IV} C Wh, for 
some relatively compact set Wh- Therefore there exists a subsequence of (mk(H))k which 
weakly converges to an element of X. By a diagonal argument we can determine indexes kj 
such that the following two limits exist: 



a(H) = (w)-limm kj (H); (2) 

3 



a(H) = lim I m k . I (H). (3) 

3 
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We assume that the subsequence (irik)j is weakly convergent. 
We have 



\\a(H)\\<lim\m kj \(H) = a(H) (4) 

3 

Claim 1) Let G C fl be an open set. Then {a{H) : H £ 7i, H C G} is a strongly Cauchy 
net. 
Proof: Fix G open in fl. We set 

A G = {H G H : H C G}. 

The set Aq is non empty by definition of 7i and it is directed with respect to the inclusion. 

Define 

P{G) = sup o-(H) (5) 

HeA G 

for every open set G, and for M £ E set 

7 (M) = inf{P(G), G open and McG}. (6) 

As in the proof of Prokhorov's Theorem ([2]), one proves that P = 7 on the open sets and 

that it is countably additive on E. 

Let e > be fixed; for every H £ H., there exists an open set Go D H such that 

P(G )<7(H)+e, 

and so from (6) we have 

j(H) > P(G ) - £ = sup <j(T) - e > a(H) - e. 

TCG 

By the arbitrariness of e, 7 > a on 7Y. Moreover, for every open set G, there exists i^o C 
G, i^o G W, such that 

0<P(G)-a(iIo)<|. 
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Let Hi £ Aq with Hi D Hq, i = 1,2. Then we have 

< a(ili) + a(H 2 ) - 2a(Hi n # 2 ) < 

< 7(^0 + 7 (# 2 ) - 2a(tf ) < 2[P(G) - a(H )} < e. 

Since H\,H 2 and H±n H 2 £ 7i , from (3) it follows that there exists j* such that for j > j* 

a(iJi) + a(If 2 ) - 2cr(#i n # 2 )- I m kj I (ffi A P 2 ) < e. 

Therefore | m kj | {Hi A iJ 2 ) < 2e, for j > j*. 
So, for every x* £ X*, it is 

I x*m fej I (ffi A ff 2 ) < 2e, 

for every j > j*. 
Then we have 

I x*a(iJi) - x*a(H 2 ) |= lim | x*m kj (Hi) - x*m kj (H 2 ) \< 

< lim sup I x*m kj \ (H\ A H 2 ) < 2s. 

j 

Hence the net {a(H), H £ Tt, H C G} is strongly Cauchy. □ 

Now for every open set G we can define 

13(G) = lim a(H) (7) 

#6A G 

Claim 2) The set function defined in (7) is finitely additive. 
Proof: We observe first that a is finitely additive on TC. In fact if Hi,H 2 £ TC, for every 
x* £ X{ it is 

x*a(Hi l)H 2 ) = limx*m k .(H 1 U H 2 ) = 
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= limx*mfc.(i^i) + lira x*mk(H 2) — lim x*nik (Hi n H 2 ) = 

j 3 j 3 j 3 

= x*[a(Hi) + a(H 2 ) - a(Hi n H 2 )]. 
By the arbitrariness of x* we obtain 

||a(fl"i U H 2 ) - [a(fTi) + a(# 2 ) - a(#i n # 2 )] II = 0, 

namely 

a(H x U H 2 ) = a(H ± ) + a(# 2 ) - a(#i n # 2 ). (8) 

Note that, if H 1 nH 2 = 0, then from (8) 

a(#iU# 2 )=a(#i)+a(# 2 ). 

Now we prove that (3 is finitely additive. 

By definition of (3 we have /3(0) = 0. 

Let Gi, G 2 be two disjoint open sets. We define the family 

Hg 1 vjg 2 = {Hi U H 2 : Hi eH,Hi C Gi,i = 1, 2}. 

We want to prove that {a(H\ U H 2 ) : Hi £ 7i,Hi C Gi,i = 1,2} is a subnet of the net 
{a(H) : H £ 7i, H C G\ U G 2 }. Obviously TCg 1 uG2 ls directed with respect to the inclusion. 
Let ip : H-g^Gi ~> {H £ TC : H C Gi U G 2 } be the identity function, ip is clearly monotone 
with respect to the inclusion. It remains to prove that <p is cofinal. Let H £ Ag iL jg 2 . Then 

H can be written as 

v 
H=\J (B(xj, Pj ) n K Uj ) cGiU G 2 , 
i=i 

where B(xj,Pj) £ S, the countable basis fixed in the beginning. 
Define 

F 1 = {u £ H : d{u, G\) > d(u, G c 2 )} 



336 

M.C. Isidori 

F 2 = {oj G H : d(w, G c 2 ) > d{u, G^)} 

As in the proof of Prokhorov's Theorem [2], it follows that F\ C G\ and F 2 C G 2 . Moreover 
H = F\ U F 2 . Let j G {1, • • • ,p} be fixed. The set F\ n B(xj, pj) n if^ is compact in Gi, 
and so there exist yi,- ■ -y n £ -C an d n, ■ ■ ■ r n G Q + such that 

n 

Fi n B(xj,pj) dk Uj c\J B( yi , n) n i^ Uj C Gi. 

i=l 

Set i?ij = UILi B(xi, pi) f] K u .. Obviously i?ij G Ac r Iterating this construction for 

J G { 1 , ■ ■ ■ p} , we have 

v 
F 1 = F 1 HHC \jH ld . 
3=1 

Since Ti. is closed under finite unions and every Hij C G\, setting H\ = U?=i Hij> we obtain 
F\ C H\ C Gi, where .Hi G W. So we have proved that for every .H G Ag iL jg 2 there exist 
iJi G Aq 1 ,H 2 G Ag 2 such that H C i?i U #2, namely <£ is cofinal. (Note that 99 is cofinal 
even if G±, G 2 are not disjoint sets). Then, by e) pag. 75 of [21], it is 

lim a(H 1 UH 2 )= lim «(#), 

HiU^ 2 GA GlUG2 HQGiUG^H&i 

and so 

/3(Gi U G 2 ) = lim («(#!) + a(# 2 )). 

-ffiUfl" 2 eA GlUG2 

By definition of /3 it follows that for every e > o there exist Hi and H 2 such that for every 

H[ D #i, with ff! G A Gi , i = 1,2, 

mG 1 UG 2 )-a(H' 1 UH 2 )\\<^ 

||/3(Gi)-a(fli)||<|; 

||/3(G 2 )-a(^)||<|. 
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Thus [3 is finitely additive on open sets. □ 



By (7) it follows that for every open set A in Q there exists H e A G 7i such that ||/3(-A) 
a(H)\\ < |, for every H G H with H% C H C A. 
Define A' G = {H 1 G Hi : tf' C G}. We shall show that 

Claim 3) [3 can be equivalently defined as 

f3(G) = lim a(H'). 
H'eA' G 



Proof: Let the open set G and e > be fixed. It is enough to show that there exists 
H e G G A G such that for every H G H and H' G ft' with F G C H C G and H £ G C #' C G it 
is ||a(i? ) — a(H) \\ < e. Let G be an open set of O, and let e > be fixed. From (5) there 
exists H G C G, Hq G ft, such that 



0<P(G)-<r(tf G )<|. 



r i „ ,i 



Let H £ Tt be a subset of G. We will prove that there exists Ho G H. such that H C Hq C 

G. 

Since H £ TC , there exist if i , H2 G ft such that H = i?i n H2 . So H is the finite union of 

sets of the form AiDBiD K U[ n if V| , where Ai,Bi € S, ui, vi > 1 and 1 < Z < t, for some 

£ G W. Since H C G and G is open, for every compact set A\ n f?z n K Mi n i"^, there exists 

a finite family {-D'}i<j<n; C S such that 



A n Bi n K Ui n k vi c |J d| c (J dJ c g, 



338 



M.C. Isidori 



and therefore 



It follows that 



Ai n Bi n K Ul nK Vl c \J d\ n K Vl c G. 

l<i<nj 



#' = (J An^n^n^c |J ( (J £>Sn *:„,). 

l<Ki l<Kt l<i<n; 

Then, setting i^o = Ukk* \<i<nX^i ^ ^vi)j we fi n d that 

#o G W, H' CH C G. (9) 

l( H £ 7i and H £ Tt are such that iJg. C H n H , and Ho £ 7i is obtained from (9), we 
have that 

<7(ff&) < a(H') < a(H ) < P(G); 

a{Hh) < a(H) < P(G); 

<?{H £ G ) < a(H n H) < a(H) < P(G); 

and for every x* £ Xf, 

| x*a(H) — x*a(H ) |=| limx*mj(H) — ]im.x*rrij(H ) | = 

3 J 

= | lim(x*rrij(H) — x*m,j(H )) |< limsup[| x*rrij \ {H — H P\ H ) + 
3 ' ' j 

+ | x*m,j \ (H - H n H)} = limsup | x*rrij \ (H A H) = 

j 

= limsup[| x*rrij \ (H)+ \ x*mj \ (H') - 2 | x*nij \ (H n H')] = 
j 

= lim[| x*rrij \ (H)+ \ x*mj \ (H') - 2 \ x*mj \ (H n H')] = 
j 

= a(H) + a(H) - 2a(H n H) < 

<| a(H) - P{G) | + | a(H') - P{G) | +2 | P(G) - a{H n #') | = 

= (P(G) - a(JJ)) + (P(G) - a(H')) + 2(P(G) - a(H n #')) < 

<4|P(G)-a(^)|<e. 
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It follows that 

\\a(H) - a(H')\\ <e. 



□ 



Claim 4) Let Q be the family of the open sets of S7. Then the set function (3 defined on 
Q is strongly additive and it has a unique countably additive extension to S. 
Proof: The family Q is a lattice of sets because it is closed under finite joints and meets 
and G Q. Obviously /3(0) = 0. 
We will prove that 

(3(A) + (3(B)=(3(A{JB) + (3(AnB), (10) 

for every A, B G Q. 

Let A, B G Q be fixed. We consider the collection 

H A ®H B = {Hi UH 2 :H 1 cA,H 2 CB,Hi£n,i = 1, 2}. 

Obviously 7i A © Tig is directed by inclusion. 

Let (p : 7i^®7iQ —> {H G TC : H C AU-B} be the identity. Clearly ip is monotone. Moreover 

as in the proof of Claim 2) (p is cofinal. 

Let e > be fixed. From the definition of (3 and from Claim 3) there exist H AuB G 

Aaub, H AnB G A^ns, H%£ A a , H e B G A B such that 

||/3(AuB)-a(iI)||<£, 

ifHeH and H^ UB CffCiUB; 

||/?(AnB)-a(tf)||<e, 
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if H G H and H e AnB C H C A n 5; 

||/?(A)-a(fOII<e. 



if 5 G W and H A C 5 C A; 



and 



||/?(5)-a(5 B )||< £ , 



H5)-a(5|)||< £ , 

if H' G W' and H £ B C H' C B. 

Since (p is cofinal there exist H\,H 2 G W with H\ C A,H2 C 5 such that H AuB C 5i U 
H 2 C AU B. We set H' = H%{J Hi <Z A and 5" = H e B U H 2 C B; so it follows that 
#1ub C H' UH" C AUB. Set i?? = 5^ ni? U if' and 5| = i^ nB U H" . Then it follows 
that HI D H% H\ D H%, H{ U H$ D H £ AuB , An B D HI n 5| D ^ nB . Remind that, 
since Hi £ 7i,i = 1,2, H* n 5| G W . Therefore we have 

||a(#W)-«(#i*n# 2 *)||<£, 

hence, clearly 

||/3(An5)-a(/f 1 *n/f 2 *)|| <2e. 
Moreover, observing that TC C TC , from (8) 

^(^ U HI) + a(5* n Hi) - a(H{) - a(H^)\\ = 0. 

Therefore we easily find 

\\P(A UB)+ 0(A n B) - (3(A) - p(B)\\ < he. 

By the arbitrariness of e, (10) is proved. 

By Theorem 2.17/3 has a unique finitely additive extension defined on the algebra 1Z 
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generated by Q. 

Moreover, by (4) we have, for every G £ G 

\\/3(G)\\ = lim ||a(U)|| < lim a(H) = sup a(H) < 7 (G); (11) 

HeA G HeA G H&A G 

since fi is a metrizable space, the result is true also for every G £ 1Z (see [2]), and so (3 
is countably additive and strongly bounded on 7Z, since 7 is (see [2]). By Theorem 2.15, 
since strong boundedness implies that for every monotone sequence {A n ) n lim n (3(A n ) ex- 
ists, there exists a unique countably additive extension of j3 to S. Without loss of generality 
we will continue to denote with /3 this extension. □ 

Step 2) We will prove that m^. converges weakly to [3. 
Claim 1) For every open set G of ^-continuity it is 

lim G m kj (H) = m kj (G) (12) 

uniformly in kj. 

Proof: Let {m k .y be the subsequence chosen in the proof of Step 1 (at the beginning). 
Fix kj] since m&. is regular (by Lemma 2.7), for every e > there exists a compact set 
F £j k j C G such that 

||m fci ||(G\F e)fc ,)<e, 

being F e k . = Ff]K u , where F C G is closed, u G IN and \\mk\\(0,\K u ) < — , ||mfc-||(G\ 
F) < — , and so there are B(x\ ' ,r\ ' ),■■■, B(x n ' ,r n ' ) £5 such that 



F 6ifc . c\jB(x^ kj \r^ kj) )cG. 
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Let H = [Sl =1 B{xf k] \rf ,k3) )r\K u e A G . By inclusion, \\m kj \\(G\H) < e. Hence for every 
H € A G ,H D H it is \\m kj \\(G \ H) < e, and a fortiori \\m kj {G \ H)\\ < e. 
This proves that 

lim m kj (H) = m kj (G). (13) 

We want to show now that the limit in (13) is uniform with respect to j. 

Let 7 be the measure defined in (6) (see [2]) and let G be an open set such that j(dG) = 0. 

Then by Portmanteau's Theorem [2] it is 

P(G) = 7 (G) > lim sup | m kj \ (G). 

3 

By definition of P, for every e > there exists Hq £ A G such that 

P(G) - a(H ) < e. 
So it follows that 

limsup{| m kj \ (G)- \ m kj \ (H )} < 

3 

< lim sup | m kj \ (G) - lim | m kj \ (H ) < 

3 J 

< P(G) - a(H ) < e. 
Thus there exists j* such that for H D Hq, H C G, 

I rn kj \(G)-\ m kj \ (H) < e, 

for every j > j* . Thus 

||m fci (G \ fr)|| <| m kj \(G\H) =\ m k] \ (G)- \ m kj \ (H) < e, 

for every j > j * . Since lim# 6 A G m kj (H ) = m kj (G) for each kj , we can determine Hf , • • • , H% G A G 
such that 

\\m kp (G) - m kp (H)\\ < e, 
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for every H D iTf and for every p = 1, ■ ■ ■ j*. 

We set H = H U H{ U • • • U #J„ with H £ A G . Let H D H. Then we have 

||m fcj .(G) -m fcj .(fr)|| <£, 

for every j £ IN. □ 

Now we can apply Lemma 1.7.6 of [12] and we obtain 

(3(G) = lim a(fl")= lim [(w) - Y\mm k \H)\ = 
HeAq HeAc j 

= (w) — lim[ lim mfe-(-ff)] = (w) — limmfe(G) 
i -f/eA G J j J 

Therefore, for every open set G of 7-continuity, we have 

/3(G) = (w) -lim m kj (G) (14) 

By complementation (14) is true also for every closed set of 7-continuity 

Let A be the algebra of 7-continuity sets: we want to prove that the equality (14) is verified 

for every M 6 A. 

Let x* 6 X\ and e > be fixed. Then we want to find a j G JN such that for each j > j 

\x*[/3(M)-m kj (M)] \<e. (15) 

Observe that 

I x*m kj (M)-x*f5(M) |< 

<| x*m kj (M) - x*m kj (M°) | + | x*m kj (M°) - x*/3(M°) \ + 

+ I x*(3(M°) - x*(3(M) \<\ x*m kj (M\M°) \ + 

+ I x*[m kj (M°) - (3(M )} I +\\(3(M \ M°)\\. 
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By (11) it is \\/3(M \ M°) || < 7 (M \ M°) = 0. 

Moreover, since M° is a 7-continuity open set, from (14) there exists j* £ JN such that for 

every j > j* it is 

\x*m kj (M°)-x*(3(M°)\< £ -. 

Since | m k . |— *• 7 (see [2]), from the Portmanteau's Theorem it follows that there exists 
j** £ M such that for every j > j** 



7 (M)- I m k . j (M) |< 



\P(M°)-\m kj |(M°)|<-. 
Since M £ A, we have 7 (M) = P(M°). Therefore it is 

|x*m fe .(M\M°)|< ||m fc . || (M\M°)< 
<\ m kj I (M \ M°) <| m fc . | (M \ M°) < |. 

Hence (15) is proved. 

The next step will be finally to prove weak convergence. 

Let A £ A and let / £ C b (U). We set H = {t : j(f = t) > 0}. Since 7 is bounded, H is at 

most countable. We observe that for every t H it is (/ = t) £ A- Since ||/3(»)|| < 7(»), if 

t ^ H then the set (/ > t) is a /3-continuity set. Let x* £ X* be fixed and assume / to be 

positive. Since / is bounded, then 



x* I fdm k . -x* fdj3 
n Jn 



fd(x*m kj ) - / fd(x*(3) 



+00 r+oo 

x*m k .(f > t)dt - / x*p(f > t)dt 
Jo 



I 



[0,sup/]\if 



[x*m k .(f>t)-x*(3(f>t)]dt 



< 



< I \x*m k] {f>t)-x*(3{f>t)\dt. 

'[0,sup/]\i? 
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By (15) 

\x*0(f>t)-x*m k .(f>t)\-+O 

in [0, sup /] \ H. Moreover it is 

I x*m kj (f > t) - x*(3(f >t)\<\ x*(3(f >t)\ + \ x*m kj (f > t) \< 
<||x*||-[||m fc .||(fi)+||/3||(n)]<+oo. 

By the Dominated Convergence Theorem the assertion follows. 

Remark 3.5 For an m G ca(Q,T,,X), and AgEwe denote by m the induced measure 
m (E) = m(A n E). Then from Prokhorov's Theorem it follows that for every A € A, 
m k ~^ @ ■ ^ suffices to observe that, for Aei and BgE fixed, B is a /3 -continuity 
set if B n A is a /3-continuity set. 
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Abstract. 

In this paper we develop B-spline collocation method for solving a class of singularly 
perturbed reaction diffusion equations given by 

— eu + a(x)u(x) = f(x), a(x) > a* > 
u(0) = a, w(l) = 13 

Here we use the fitted mesh technique to generate piecewise uniform mesh. Our scheme 
leads to a tridiagonal linear system. The convergence analysis is given and the method 
is shown to have uniform convergence of second order. Numerical illustrations are 
given in the end to demonstrate the efficiency of our method. 

Key words: Singularly perturbed boundary value problems, B-spline collocation 
method, fitted mesh method, boundary layers, uniform convergence. 

1 Introduction 

We consider the following class of singularly perturbed two-point boundary 
value problems 

(1.1) Lu = —eu"(x) + a(x)u(x) — f(x) where < x < 1 
subject to 

(1.2) u(0) = a w(l)=/3, a,/3eM 

where e is a small positive parameter and a(x) and f(x) are bounded con- 
tinuous functions. For a(x) > 0, Most the equations of type, (1.1) possesses 
boundary layers [1], i.e regions of rapid change in the solution near the end- 
points, at the both of the end points. Due to this unique characteristic, these 
type of problems are very important in application point of view. These class 
of problems arises in various fields of science and engineering, for instance, fluid 
mechanics, quantum mechanics, optimal control, chemical-reactor theory, aero- 
dynamics, reaction-diffusion process, geophysics etc. 

There are three principal approaches to solve numerically these type of prob- 
lems, namely, the Finite Difference methods [2] and [3], the Finite Element 
methods [4] and the Spline Approximation methods . First two methods have 
been used by numerous researchers. Enright [5] reported on an ongoing investi- 
gation into the performance of numerical methods for two-point boundary value 
problems. He outlined how methods based on multiple shooting, collocation 
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and other discretizations can share a common structure. Surla and Jerkovic [6] 
considered the singularly perturbed boundary value problem using spline collo- 
cation method. Sakai and Usmani [7] gave a new concept of B-splinc in term 
of hyperbolic and trigonometric splines which are different from earlier ones. It 
is proved that the hyperbolic and trigonometric B-spline are characterized by a 
convolution of some special exponential functions and a characteristic function 
on the interval [0,1]. 

In this paper we use the third approach, namely, B-Spline collocation method 
[8], [9] and [10], to solve the problems of above type. In section 2 we have given 
the derivation for the B-splinc method and mesh strategy . Uniform convergence 
for the method have been discussed in section 3. In sections 4 and 5 we have 
solved some problems using the method and the results and graphs have also 
been shown. 

2 B-spline collocation method 

We subdivide the interval [0, 1], and we choose piecewise uniform mesh points 

represented by ir = {xo,x\,X2, Xn}, such that xq — and xjy = 1 and h 

(Discussed in the next section) is the piecewise uniform spacing. We define 
Li2[0, 1] is a vector space of all the square integrable function on [0,1], and X be 
the linear subspace of L,2[0, 1]. Now we define for i = 0,1, 2, ....N. 
(2.1) 

(x - Xi- 2 ) 3 , if x € [xt-2,Xi- 

h 3 + ih 2 (x — Xi-i) + 3h(x — Xi_i) 2 — 'S(x — Xi-i) 3 , if x £ [xj_i, Xi] 

Bi(x) = ■=- < h? + 3h 2 (x i+ i — x) + 3h(x i+ i — x) 2 — 3(x i+ i — a;) 3 , if x € [xi, x i+ {\ 



/ t ;i 



(x i+2 - x) 3 , if x e [x i+ i,x i+2 ] 

0, otherwise. 



We introduce four additional knots as x_2 < X-\ < xq and x^ + 2 > x^ + i > xpf. 
From the above equation (2.1) we can simply check that each of the functions 
Bi(x) is twice continuously differentiable on the entire real line, Also 

U, \£i=j 
(2.2) B i (x j )=ll, if * - j = ±1 

[o, iii-j = ±2. 

and that Bi(x) = for x > x.i + 2 and x < Xi-2- 
Similarly we can show that 



(2.3) B[{x ) 
and 

(2.4) BUxj) 
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Each Bi(x) is also a piece- wise cubic with knots at 7r, and Bi(x) G X. Let 

O = {B-i, Bo, B\, Bn + i} and let $3(71) = span 0. The functions f2 are 

linearly independent on [0, 1], thus $3(71") is (TV + 3) -dimensional. Even one can 
show that $3(71") C sp X. Let L be a linear operator whose domain is X and 
whose range is also in X . Now we define 

(2.5) S(x) = c_iS_i(x) + c B (a;)+ciSi(a;) + +c N B N (x)+c N+ iB N+1 (x) 

Then force S(x) to satisfy the collocation equations plus the boundary conditions. 
We have 

(2.6) LS( Xi ) = f(xi) 0<x t <N 
and 

(2.7) S(0) = a, 5(1) =/3 
On solving the equation (2.6) we get 

(2.8) 

c,_i(-e B'l^Xi) + aiBi-i(xi)) + c,(-e B"{xi) + a,iBi(xi)) 

+ c i+ i(-e B" +1 (xi) + aiB i+ i(xi)) = f t \fi = 0,1,2....N 
where a{xi) = (ii and f(xi) — fi. Solving equation (2.8) we get 

(2.9) (-6e+a l h 2 )c l ^ 1 + (12e+4:a l h 2 )c l + (-6€+a l h 2 )c l+1 =h 2 f u Vi = 0,l,..JV 
The given boundary conditions (2.7) becomes 

(2.10) c_i+4c + ci =a 
and 

(2.11) cjv-i + 4cjv + cat+1 = P 

Equations (2. 9), (2. 10) and (2.11) lead to a (tV + 3) x (TV + 3) tridiagonal system 

with (N+3) unknowns Cn = (c_i, Co, cjy+i)* ( where t stands for transpose). 

Now eliminating c_i from first equation of (2.9) and (2.10): 
we find 

(2.12) 36e c = f h 2 - a(-6e + a h 2 ) 

Similarly, eliminating c^+i from the last equation of (2.9) and from (2.11), we 
find 

(2.13) 36e cat = f N h 2 - /3(-6e + a N h 2 ) 

Coupling equations (2.12) and (2.13) with the second through (N-l)st equations 
of (2.9), we are lead to the system of (N+l) linear equations Txm = dn in the 
(N+l) unknowns xn = (co, cjy)* with right-hand side d^ = (foh 2 — a(— 6e + 
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a n h 2 ) 7 h 2 fi,h 2 f2 h 2 Jm-It JNh 1 — /?(— 6e + a^h 2 )) and the coefficient ma- 
trix is 
(2-14) 

36e 

Qe + aji 2 I2e + 4a 1 h 2 -Qe + aji 2 



: : 

-Qe + a-h 2 12e + 4a;/i 2 -6e + a t h 2 



-6e + a N ^ih 2 12e + 4a N -ih 2 




-6e + apj-ih 2 
36e 



Since a(x) > 0, it is easily seen that the matrix T is strictly diagonally dominant 
and hence nonsingular. Since T is nonsingular, we can solve the system Txn = 

dpf for Co,Ci, cat and substitute into the boundary equations (2.10) and 

(2.11) to obtain c_i and cjv+i- Hence this method of collocation applied to 
(1.1) using a basis of cubic B-spline has a unique solution S(x) . 

2.1 Mesh selection strategy 

We form the piecewise -uniform grid in such a way that more pts are generated 
in the boundary layers region than outside of it. 

we divide the interval [0,1] into three sub- intervals (0, k), (k, 1— «) and (1— k, 1), 
where 



(2.15) 



k = mm 



{1/4, c\fe InN}; c is a constant. 



Assuming N — 2 r with r > 3 be the total no. of subintcrvals in the partitions 
of [0,1]. 

we divide the intervals (0, k) and (1 — k, 1) each into N/4 equal mesh elements, 
while the interval (k. 1 — k) is divided into N/2 equal mesh elements. The 
resulting piecewise mesh depends upon just one parameter k. Obviously Now 
we consider 



(2.16) 



where xq — 0. Also 



h = h\ in the interval [0, k] 

x^ + hi for i = 1,2, 3.. ..N/4. 



4k 

hl= N 



(2.17) 



h = 

h 2 = 



hi in the interval [k, 1 — k] 
2(1 -2k) 

N 
Xi-i+hi for i = N/4 + 1, 3N/4 



Similarly 
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h = h 3 in the interval [1 — k, 1] 

4k 



(2-18) h 3 = — 

Xi = Xi-i + h 3 for i = 3N/4 + 1, N. 

3 Derivation for Uniform Convergence 

First we prove the following lemma 

Lemma 3.1. The B-splines {B_i,Bq, _B/v +1 } defined in equation (2.1), 

satisfy the inequality 



N+l 



Y^ \ B i( x )\ < 10 ' <X < 1 



t=-l 

PROOF. We know that 



N+l N+l 

i=-l i=-l 



At any ith nodal point Xi, we have 

N+l 

J2 \B t \ = |Bj_i| + 15,1 + \B i+1 \ = 6 < 10 

Also we have 

|B»(a;)| < 4 and \B. l - 1 (x)\ < 4 for x £ [xi_i,x»] 

similarly 

|Bi_ 2 (a;)| < 1 and \B i+1 (x)\ < 1 for x £ [xi-i,Xi] 

Now for any point x £ [a;»_i,a;»] we have 

N+l 

J2 \Bi(x)\ = \Bi_ 2 \ + lBi.il + \Bi\ + \B i+1 \ < 10 
»=-i 

Hence this proves the lemma. D 

Now to estimate the error ||u(a;) — S'(a;)|| 00 , let Y n be the unique spline interpo- 
late from $3(71-) to the solution u(x) of our boundary value problem (1.1)-(1.2). 
If f(x) £ C 2 [0,1], and u(x) £ C 4 [0,1], and it follows from the De Boor-Hall 
error estimates that 

(3.1) \\D^u(x)-Y n )\\ 00 < lj h 4 c - j , .7=0,1,2. 
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where h c = max{/ii, /12, /13} and 7j's are independent of h c and A. Let 

N+l 

(3.2) Y n (x) = J2 W*) 
Where 

N+l 

S(x) = J^ CiBi(x) 

is our collocation solution. It is clear that from equation (3.1) that 

(3.3) \LS( Xi ) - LY n { Xi )\ = \f{xi) - LY n ( Xi ) + Lu(x t ) - Lu(x t )\ < Xh 2 

where A — [e 72 +7o||a(x)|| oc ^]- Also LS(xi) = Lu(xi) — f(xi). Let LY n (xi) = 

f„(xi) \/i, and /" = (f n (x ), f n (xi), f n {xN)) t - Now from the system 

Txjy = djv and equation (3.3) that the ith coordinate [T(xn — y n )]i of T(xn — 
y n ), y n — (bo,bi, frjv)*: satisfy the inequality 

(3.4) \[T(x N -y n )] i \=h 2 c \f i -f i \<\hi 

since {Tx N ) l = h 2 J t and (Ty n ) t = h 2 J n (x t ) for i = l,2,3...iV- 1. Also 

— 2 a ~ 2 

(3.5) (Txjv)o = /i c /o-Q!(-6e+ao/ic ), and (Ty n ) = h c f n (x )-a(-6e+a h c ) 

similarly 
(3.6) 

~ 2 ^ ~ 2 

(Tx N ) N = h c f N -/3(-6e + a N h c ), and {Ty n ) N = h c f n (x N ) - f3(-6e + a N h c ) 

But the ith coordinate of [T(xat — 2/™)] is the ith equation 

(3.7) 

(-6c + Oi/»*)<Ji_i + (12c + 4oi^)5i + (-6c + Oi^)(Ji+i = & Vt = 1, 2, ....TV - 1. 

where Si — bi — Cj, — 1 < i < A + l,and 

(3.8) 6 = /*c[/(»i)-/n(a;i)] V* = l,2,3, JV-1. 

Obviously from equation (3.3) 

(3.9) |&| < A/i* 

Let £ = maxi< x <jv-i |£j|. Also consider S = (5_i, <5o, <$jv+i)*, then we define 

e, = |5j|, and e = maxi<j<jv-i \a\. Now equation (3.7) becomes 

(3.10) (12c + 4aih 2 c )Si = & + (6e - a^X^-i + *+i) Vi = 1, 2, ....A - 1. 
Taking absolute values with sufficiently small h c . We have 

(3.11) (12e + 4a,ih 2 c ) e t < £ + 2g(6e - a % h\) 
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Also < a* < a(x) for all x. We get 

(3.12) (12e + Aa*h 2 c ) e t < £ + 2i(6e - a*h 2 c ) < £ + 2g(6e + a*h 2 c ) 
In particularly 

(3.13) (12e + 4a* hi) e < £ + 2e(6e + a*h 2 c ) 
which gives 

\h 2 

(3.14) 2a*h 2 c e<£<\hi implies e < — c - 

2a* 

To estimate e_i, eo, &n and ejv+i, first we observe that the first equation of the 
system T(x N - y n ) = h 2 c [F N - /"] (where F N = (/ , /i, f N )) gives 



(3.15) 






36e 


So = K[fo 


which gives 










(3.16) 








e < - 

U - 36e 


similarly we 


can 


calculate 






(3.17) 








36e 



Now e_i and ew+i can be calculated using equations (2.10) and (2.11) as 6-1 - 
(-4<5 - Si) and 5 N + 1 = (-AS N - Sjv-i) 

«-*£ + £ 

also 

(3.19) eAr+1 <_ + _ 

using value A = [e 72 + 7o||a(a0||cx>/ic], we S et 

(3.20) e = max {ei} =>■ e < w/j;? 

-l<i<Af+l 

where w = ^r^ + tA- where (-^ ~ 0). 

9 2a* v e ' 

The above inequality enables us to estimate \\S(x) — Y n (x)\\ QC , and hence ||u(x)- 
S'(x)||cxd- In particular 

AT+l 

(3.21) S(x) - Y n {x) = J (a - bi)Bi(x). 
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thus 

JV+l 

(3.22) \S(x)-Y n (x)\<max\a-bi\ ^ \B t (x)\. 
But 

N+l 

(3.23) Y^ l B *( x )l ^ 10 ' < x < 1 (using lemma 1). 

i=-l 

Combining equations (3.20) (3.22) and (3.23), we see that 

(3.24) ll-S-Fnlloo^lOw^. 

But ||w-F„||oo < 7o^c- Sincc llw-S'Hoo < Wu-YnWoc + WYn- SWoo, we see that 

(3.25) Wu-SWoo^Mhl 

Where M = lOw + Joh^. Combining the results we have proved. 

Theorem 3.2. The collocation approximation S(x) from the space $3(7r) 
to the solution u(x) of the boundary value problem (1.1) with (1.2) exists. If 
f e C 2 [0,1], then 

\\u(x)-S(x)\\ 00 <Mh 2 c 
for h\ sufficiently small and M is a positive constant (independent of e). 

4 Numerical Results 

In this section the numerical results of some model problems are presented. 

Problem 1.: We take 

(4.1) -eu" + u = 1 + 2V^[exp(-x/V^) + cxp((x - l)/\/e)], 
subject to 

(4.2) w(0) = and u(l) = 
which has the exact solution 

u(x) = 1 — (1 — x) cxp(— xj \fe) — a;exp[(x — l)/\/e]. 

Problem 2. : We solve [11] 

(4.3) -eu" + u = — cos 2 (7rx) - 2eir 2 cos(27rx), 
subject to 

(4.4) u(0) = and u(l) = 
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which has the exact solution 

u(x) = [exp(-l(l - x)/y/e) + &qp{-x/y/e)]/[l + exp(-l/ v / e)] - cos 2 (ttx). 

Problem 3.: We consider 

(4.5) -eu" + u = x, 
subject to 

(4.6) w(0) = 1 and u(l) = 1 + exp(-l/-y/e). 
which has the exact solution 

u(x) = cxp(—x/\/e) + x. 

Problem 4.: We solve [12] 

(4.7) -eu" + (1 + x)u = -40[x(x 2 - 1) - 2e], 
subject to 

(4.8) u(0) = and u(l) = 
which has the exact solution 

u(x) = 40a; (1 - x). 

The maximum error for problem 1 for different values of e(uniform mesh) and 
grid points N is presented in Tabic 1. 

TABLE 1 

Maximum error for Problem 1 

Uniform Mesh 



e = 2- fc 


N=16 


N=32 


N=64 


N=128 


N=256 


N=512 


N=1024 


k=2 


9.424E-04 


2.352E-04 


5.879E-05 


1.469E-05 


3.674E-06 


2.175E-06 


2.296E-07 


4 


2.240E-03 


5.576E-04 


1.392E-04 


3.480E-05 


8.700E-06 


5.203E-06 


5.437E-07 


6 


5.462E-03 


1.339E-03 


3.333E-04 


8.325E-05 


2.081E-05 


1.778E-05 


1.300E-06 


8 


2.015E-02 


4.663E-03 


1.146E-03 


2.848E-04 


7.113E-05 


6.551E-05 


4.445E-06 


10 


6.921E-02 


1.851E-02 


4.292E-03 


1.054E-03 


2.623E-04 


2.510E-04 


1.637E-05 


12 


1.582E-01 


6.637E-02 


1.769E-02 


4.107E-03 


1.008E-03 


9.861E-04 


6.270E-05 


14 


2.318E-01 


1.552E-01 


6.495E-02 


1.728E-02 


4.014E-03 


3.968E-03 


2.454E-04 


16 


2.593E-01 


2.299E-01 


1.537E-01 


6.424E-02 


1.708E-02 


1.698E-02 


9.748E-04 


18 


2.662E-01 


2.583E-01 


2.289E-01 


1.530E-01 


6.389E-02 


6.371E-02 


3.941E-03 


20 


2.677E-01 


2.657E-01 


2.578E-01 


2.284E-01 


1.526E-01 


2.471E-01 


1.693E-02 


25 


2.680E-01 


2.679E-01 


2.677E-01 


2.666E-01 


2.626E-01 


2.471E-01 


1.961E-01 


30 


2.679E-01 


2.679E-01 


2.679E-01 


2.679E-01 


2.677E-01 


2.672E-01 


2.652E-01 



358 



KADALBAJOO.AGGARWAL 



The maximum error for problem 1 for different values of e(piecewise uniform 
mesh) and grid points N is presented in Table 2. 

TABLE 2 

Maximum error for Problem 1 

Using Fitting Mesh 



e = 2- k 


N=16 


N=32 


N=64 


N=128 


N=256 


N=512 


N=1024 


k=2 


9.424E-04 


2.352E-04 


5.879E-05 


1.469E-05 


3.674E-06 


9.043E-07 


2.296E-07 


4 


2.240E-03 


5.576E-04 


1.392E-04 


3.480E-05 


8.700E-06 


2.141E-06 


5.437E-07 


6 


5.462E-03 


1.339E-03 


3.333E-04 


8.325E-05 


2.081E-05 


5.123E-06 


1.300E-06 


8 


2.866E-02 


5.755E-03 


1.144E-03 


2.848E-04 


7.113E-05 


1.750E-05 


4.445E-06 


10 


5.226E-02 


2.152E-02 


8.340E-03 


3.114E-03 


1.122E-03 


3.737E-04 


1.094E-04 


12 


5.962E-02 


2.811E-02 


1.283E-02 


5.743E-03 


2.559E-03 


1.136E-03 


5.159E-04 


14 


6.162E-02 


3.028E-02 


1.469E-02 


7.019E-03 


3.322E-03 


1.560E-03 


7.484E-04 


16 


6.219E-02 


3.092E-02 


1.531E-02 


7.540E-03 


3.681E-03 


1.775E-03 


8.706E-04 


18 


6.237E-02 


3.112E-02 


1.551E-02 


7.720E-03 


3.828E-03 


1.875E-03 


9.312E-04 


20 


6.244E-02 


3.119E-02 


1.558E-02 


7.778E-03 


3.879E-03 


1.915E-03 


9.590E-04 


25 


6.249E-02 


3.124E-02 


1.561E-02 


7.808E-03 


3.903E-03 


1.936E-03 


9.752E-04 


30 


6.249E-02 


3.124E-02 


1.562E-02 


7.811E-03 


3.903E-03 


1.937E-03 


9.763E-04 



The maximum error for problem 2 for different values of e and grid points N 
is presented in Table 3. 

TABLE 3 

Maximum error for Problem 2 
Using Fitting Mesh 



e = 2- k 


N=16 


N=32 


N=64 


N=128 


N=256 


N=512 


N=1024 


k=4 


7.098E-03 


1.779E-03 


4.450E-04 


1.112E-04 


2.782E-05 


6.955E-06 


1.738E-06 


6 


4.073E-03 


1.016E-03 


2.541E-04 


6.353E-05 


1.588E-05 


3.970E-06 


9.926E-07 


8 


6.305E-02 


2.441E-03 


9.336E-04 


2.323E-04 


5.803E-05 


1.450E-05 


3.626E-06 


10 


7.752E-02 


5.022E-02 


3.928E-03 


9.612E-04 


2.392E-04 


5.028E-05 


1.276E-05 


12 


6.341E-02 


3.066E-02 


2.021E-02 


3.803E-03 


9.633E-04 


2.768E-04 


5.988E-05 


14 


6.237E-02 


3.174E-02 


1.576E-02 


6.303E-03 


5.367E-03 


9.917E-04 


2.398E-04 


16 


6.251E-02 


3.119E-02 


1.581E-02 


7.909E-03 


3.468E-03 


9.731E-04 


9.635E-04 


18 


6.250E-02 


3.124E-02 


1.560E-02 


7.871E-03 


3.940E-03 


1.826E-03 


6.840E-04 


20 


6.250E-02 


3.125E-02 


1.562E-02 


7.804E-03 


3.921E-03 


1.963E-03 


9.404E-04 


25 


6.250E-02 


3.125E-02 


1.562E-02 


7.812E-03 


3.906E-03 


1.952E-03 


9.759E-04 


30 


6.250E-02 


3.125E-02 


1.562E-02 


7.812E-03 


3.906E-03 


1.953E-03 


9.765E-04 



The maximum error for problem 3 for different values of e and grid points N 
is presented in Table 4. 

TABLE 4 

Maximum error for Problem 3 

Using Fitting Mesh 
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e = 2- fc 


N=16 


N=32 


N=64 


N=128 


N=256 


N=512 


N=1024 


k=2 


1.910E-04 


4.771E-05 


1.193E-05 


2.983E-06 


7.458E-07 


1.864E-07 


4.661E-08 


4 


9.553E-04 


2.337E-04 


5.938E-05 


1.484E-05 


3.710E-06 


9.276E-07 


2.319E-07 


6 


3.921E-03 


9.635E-04 


2.398E-04 


5.989E-05 


1.497E-05 


3.742E-06 


9.355E-07 


8 


1.465E-02 


7.796E-03 


9.635E-04 


2.398E-04 


5.989E-05 


1.497E-05 


3.742E-06 


10 


2.208E-02 


1.507E-02 


3.921E-03 


9.635E-04 


2.398E-04 


2.989E-05 


1.256E-05 


12 


2.761E-02 


1.581E-02 


4.842E-03 


7.921E-03 


9.635E-04 


7.118E-04 


5.269E-05 


14 


3.133E-02 


1.670E-02 


9.525E-03 


6.947E-03 


6.252E-03 


9.074E-04 


5.977E-04 


16 


3.353E-02 


1.774E-02 


9.125E-03 


5.266E-03 


3.898E-03 


3.522E-03 


3.432E-03 


18 


3.472E-02 


1.848E-02 


9.279E-03 


4.747E-03 


2.783E-03 


2.080E-03 


1.879E-03 


20 


3.534E-02 


1.890E-02 


9.476E-03 


4.683E-03 


2.416E-03 


1.435E-03 


1.078E-03 


25 


3.586E-02 


1.928E-02 


9.703E-03 


4.763E-03 


2.334E-03 


1.156E-03 


1.374E-03 


30 


3.595E-02 


1.935E-02 


9.749E-03 


4.790E-03 


2.346E-03 


1.154E-03 


1.381E-03 



The comparison Tabic for problem 4 with the existing methods for different 
values of e and grid points N is presented in Tables 5 and 6. 

TABLE 5 

Maximum error for Problem 4 

Fitted Mesh: N=16 



e 


Miller [13] 


Niijima [14] 


Niijima [12] 


Our method 

(Unif. Mesh) 


0.1E-03 


0.25E-01 


0.26E-01 


0.65E-04 


1.776E-15 


0.1E-04 


0.21E-01 


0.24E-01 


0.36E-04 


1.776E-15 


0.1E-05 


0.70E-02 


0.17E-01 


0.33E-04 


1.776E-15 


0.1E-06 


0.75E-03 


0.69E-02 


0.26E-04 


1.776E-15 


0.1E-07 


0.74E-04 


0.23E-02 


0.20E-04 


1.783E-15 


0.1E-08 


0.67E-05 


0.76E-03 


0.20E-04 


1.783E-15 


0.1E-09 


0.00E+00 


0.24E-03 


0.11E-04 


1.784E-15 



TABLE 6 

Maximum error for Problem 4 

Fitted Mesh : N=32 



e 


Miller [13] 


Niijima [14] 


Niijima [12] 


Our method 

(Unif. Mesh) 


0.1E-03 


0.64E-02 


0.65E-02 


0.59E-04 


1.776E-15 


0.1E-04 


0.61E-02 


0.64E-02 


0.21E-04 


1.776E-15 


0.1E-05 


0.41E-02 


0.56E-02 


0.35E-04 


1.776E-15 


0.1E-06 


0.77E-03 


0.31E-02 


0.39E-04 


1.776E-15 


0.1E-07 


0.76E-04 


0.12E-02 


0.21E-04 


1.776E-15 


0.1E-08 


0.67E-05 


0.38E-03 


0.21E-04 


1.788E-15 


0.1E-09 


0.00E+00 


0.13E-03 


0.14E-04 


1.789E-15 
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S(x)= Appro, sol. 
u(x]= Exact sol. 



0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

X-axis 



S(x)= Appro, sol. 
u(x]= Exact sol. 



0.1 0.2 



0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

X-axis 



Figure 4.1: Problem 1. with uniform mesh for e = 10 
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S(x)=Appro. sol. 
u(x)= Exact sol. 



0.! 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

X-axis 



S(x)=Appro. sol. 
u(x]= Exact sol. 



0.1 0.2 0.3 0.4 0.5 0.6 

X-axis 



0.7 0.8 0.9 1 



Figure 4.2: Problem 1. with Fitted mesh for e = 10 
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Figure 4.3: Problem 2. with Fitted mesh for e = 10 
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

X-axis 




Figure 4.4: Problem 3. with Fitted mesh for e = 10 
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5 Discussion 



We have described a B-spline collocation method for solving singularly per- 
turbed problems using fitted mesh technique. We have applied this method for 
problems having second derivative term and function term. These type of prob- 
lems are very important physically and difficult to solve because of two boundary 
layers at both of the end points. In Table 1, we have shown the maximum error 
for the problem 1 using B-spline collocation method with uniform mesh. It is 
very clear from the Table that for large value of e we have better results but 
as we decrease the value of e, the accuracy decreases rapidly. So we conclude 
that uniform mesh is not a good technique for such kind of problems, because 
number of mesh points in the boundary layer region should be much more than 
that from the outer region. In Tables 2,3 and 4 we have shown that maximum 
error for problems 2,3 and 4 using fitted mesh technique (piecewise -uniform 
mesh) respectively. For 

N > cxp — - 

our mesh behaves as uniform mesh. It can be seen from the respective Tables that 
if we take more points in the boundary layer region then we obtain better results 
which implies that the use of piecewise-uniform mesh is quite advantageous. In 
Tables 5 and 6, we have given the comparison with the different methods applied 
to the same kind of problems. 

To further corroborate the applicability of the proposed method, graphs have 
been plotted for problems for x G [0, 1] versus the computed solution obtained 
at different values of x for a fixed e. 

6 Conclusion 

As is evident from the numerical results, this method gives 0(h 2 ) accuracy. 
The results obtained using this method are better than using the stated existing 
methods with the same no. of knots. Also this method produce a spline function 
which may be used to obtain the solution at any point in the range, whereas the 
finite-difference methods [12]-[14], gives the solution only at the chosen knots. 
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Abstract 

In this paper a procedure is proposed to improve the shape pre- 
serving quasi-interpolant scheme defined by positive quadratic splines 
with local support proposed in [3]. In fact, starting from that quasi- 
interpolant, a new shape preserving quasi-interpolant is defined by 
quasi-interpolating the weighted error obtained at the previous step. 
This strategy provides an error reduction at the data points and guar- 
antees the Pi-reproduction property as well as the end point interpo- 
lation condition. 

Keywords: Quasi-interpolation, Convexity preservation. 

1 Introduction 

The problem of constructing a quasi-interpolant shape preserving function fit- 
ting a data set {(xj, /«)}" =1 is known to be of great interest in the application 
to graphical problems and in the construction of functions and curves follow- 
ing the shape suggested by the data (see for instance [2], [4] and references 
therein). In particular, a shape preserving quasi-interpolant in its simplest 
form, i.e. expressed as a(x) = J27=o ftCi(x) for x G [xi,x n ], was denned 
in [1], [5] and in [3] by using multiquadric functions and natural quadratic 
splines with local support, respectively. Here, dealing with convexity preser- 
vation, an improving procedure based on a more general quasi-interpolation 
scheme is proposed. The procedure defines a new quasi-interpolant function, 
namely a, of the more general type 

n+l 

a(x) := J2 Ai(f)Ci(x), x E [x 1 ,x n ] 

i=0 
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where {A}™^ 1 are suitable functionals and {Cjj^jg 1 are positive quadratic 
splines with local support. The quasi- interpolant is obtained by quasi- inter- 
polating the error function, that is 

n+l 

a(x) := a(x) + ^ Wie(xi)Ci(x), x e [xi,x n ] 

i=0 

with {wi}™= suitably chosen weights, xo, x n+ i, /o, / n +i additional data and 
e(xi) := fi - a(xi), i = . . . , n + 1. 

This strategy provides the convexity preservation, the error reduction at the 
data points, the Pi-reproduction and the end point interpolation. 

The outline of the paper is as follows. In section 2 some background informa- 
tion is given and in section 3 the strategy for improving the quasi-interpolant 
is presented. Also the reduction of the error at the data points is investigated 
together with the shape preservation properties. Finally, in section 4 some 
pictures are given to illustrate the good performance of the method. 

2 Preliminaries 

As we refer to the quasi-interpolant scheme given in [3] , we start by recalling 
it shortly. We also include in this section two new theorems useful for further 
discussions. We begin by recalling the following 



n ■ 



Definition 2.1 A set of real values {(xi, /i)}i=i,..., n with x\ < ... < x 
is called monotone increasing (decreasing) if fi < fi+i, % = l,...,n- 
(fi > fi+i, i — 1; • • • ,n — 1) and convex (concave) if Aj_i < A$ < Aj+i, % 
l,...,n-2 (A*.! > A, > A m , i = l,...,n-2), where A t = |^J, i 
1 n — 1. 



Given the data set {/,, Xj}™ =1 we define hi = x i+ i—Xi, i — 1, . . . , n — 1 and the 
extra knots x\-i = x\ —i-hi, i = 1,2, 3 and x n+ i = x n -i+i-h n -i, i — 1, 2,3. 
Then, we approximate the first derivatives of any function g at the point Xi 
by D\ ti g(x)\ x=Xi = T,l = _ 1 Y k g(x i+k ), where the coefficients {j k }k=-i,o,i are 

T-i = hi^lt+hiV ^ = TOT' 7i = ut^KY Tt is ea ^ to show that 
D\ i g{x)\ x=Xi is a P2-exact approximation of the first derivative of g at Xi, 
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i.e. it is exact for every polynomial of degree two. Next, we define the 
functions 

Ci{x) = j^Dl^Ax - V)\v=^ - iJ lS^ 1 Dl l v{x - y)\ y=Xi 
+Y l D h+i v ( x - y)\v=x i+ i, i = 0, • • • ,n + 1, 

where the discrete derivatives of v(x — y) = — \\x — y\(x — y) are done with 
respect to the y variable at the specified points. To be more specific, the 
functions C iy i — 0, . . . , n + 1 are 

(/ii-i(/ii-2+/ii-i) + h t (h l - 1 +h l )) V ( X ~ X i) + ( 2 ) 

, 7 1 v(x — Xi+i) + t 7JTTT. \V(X — Xi+2), 

hih t+1 V l ^ L > h i+ i(hi+h i+1 ) V H-^/> 

that is quadratic splines. These functions are used to define the quasi- 
interpolant a(x) := Y%=o fiCi(x) where the extra values are / := 2/i — / 2 
and / n+ i := 2/ n — / n _i. The properties of a are summarized in the following 
theorem whose proof is given in [3] . 

Theorem 2.1 The functions {Q} ig 2Z defined in (2) are piecewise quadratic 
positive functions with local support on [xi_2, x i+2]> f or i ^TL- The quasi- 
interpolant a(x) = ^7=0 fiCi( x ) ^ s Pi-reproducing and interpolating the end 
points (xi,fi), (x n ,f n ). Furthermore, if the data set is monotone and/or 
convex (concave), so is the quasi-interpolant a. 

The second theorem is about derivative interpolation at the end points. This 
can be useful when dealing with locally monotone and locally convex/concave 
data. The proof easily follows from the Cj definition by differentiation. 

Theorem 2.2 The quasi-interpolant o \x) = J27=o fiCi{x) ^ s such thato~'(xi) - 
Ai and o~'(x n ) = A n _!. 

We conclude this section with a theorem discussing the error behaviour at 
the data points i.e. e(xi) — fi — o~(xi), 1 < i < n. 

Theorem 2.3 The sign of the error at the data points depends on the con- 
vexity/concavity of the data. 
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Proof. For 1 < i < n, we have Cj_i(xj) = 2(h hi +h) , Ci(xi) = | and 



Ci + \(xi) = „,, - tt7\ - Thus, the error at the knots can be written as 



2(/i i _i+/i i ) 

Tmic "i~nci ot*t*/"it* Q"i" ^no l/"nrv 

2(fti_i+/ii) 

hi r hi_i 



1 f _ f hj x hj-i 

^-^(Ai.! - A*) , l<i<n. ■ 



2(/i 



3 Improving the convexity preserving quasi- 
interpolation 

In this section we present a strategy to define a new convexity preserving 
quasi-interpolant method. Without loss of generality, convex data is as- 
sumed. The concave case can be treated similarly. 

Based on the properties of a, the idea is to define a new quasi-interpolant a 
by quasi-interpolating the error at the data points, i.e. by considering 

n+l 

a( x ) := a(x) + ^ w i e{x i )C i {x) , (4) 

i=0 

with e(xj) := fi — o~(xi), < i < n and the weights w i: < i < n positive real 
values. The extra values are defined as e(x ) := — e(x 2 ), e(x n+ i) := — e(x n _i). 
Obviously, the quasi-interpolant a can be also written as Y%=o fi^i( x )j nav_ 
ing set {fi := fi + Wie(xi)}™=o ■ A lemma states the properties of a. 

Lemma 3.1 The quasi-interpolant a defined in (4) is JPi-reproducing. Fur- 
thermore, setting wq '■ = u>2 and w n+ i := w n -\ the end point interpola- 
tion is kept. Last, defining the new error at the data points as e(xi) := 
f(xi) — a(xi), % — 1, . . . , n, then the following holds for % — 1, . . . , n, 



hie(xi-i) e(xi) e(x i+ i)hi- 



e{Xi) = e{Xi) - Wi_i-— — — - Wi— w i+1 



2(h i _ 1 + h i ) 2 ^^(hi^ + hi) ' 

Proof. The first statement obviously follows from the Px-reproduction of a, 
while the second one is just a matter of computation. The last one is the 
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consequence of the local support of C{ and their values at the knots being 



(-"i-l{ x i) — 2(hi^l+hi) ' ^ii X i) ~ 2 & ^"i+l\ X i) 



hi-i 



2(/ii_i+/ii) • 



3.1 Error reduction 

Let us now investigate the error behaviour of the proposed procedure and the 
influence of the weight choice. First, we give the following theorem whose 
proof is trivial. 

Theorem 3.1 Let {wj}™^ 1 be equal to a given positive constant less or equal 
to 2. Then \e(xi)\ < maXj = i v .. ;n |e(xj)| ; for 1 < % < n. 

Figure 3.1. shows the behaviour of the quasi-interpolants and of piecewise 
linear functions interpolating the error at the knots. The graphs are obtained 
by iterating three times the procedure (4) assuming Wi = 1, % — 0, . . . , n + 1. 





0.2 0.2 0.4 



Fig. 3.1. 



]uasi-interpolants (left) and errors (right) 



Next, we discuss the case of non-uniform weights. In particular, Theorem 
3.2. analyzes the influence of the weights determined by the algorithm below. 
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Algorithm 3.1 

1. Set Wi := for i = 0, . . . ,n + 1 

2. Ife(x 2 ) ? 0Le(x 3 ) ? 0, set w 2 := C • min{l, ^ggf 1 } 

3. For 2 = 3, . . . ,n — 2 

3.1. Ife(xi^) ^ &e(xi) ^ &e(x«+i) ^ 
se£ iuj := min{aj, 6j, q} 

„„-+h ^7 — r 7 — Wi-lhie(xi-i) U — C(hi+h i+ i)e(x i+1 ) i 

„ — -(fei-2+fej) [/ _ p\ e (~ \ I ^i-2fei-ie(o:i-2) l 

c * — fc-aete) U™i-i o;e^Xi_i; -i- (h ._ a+h ._ l) J 
sei w n _i := min{a„_i, 6„_i} 

TOt/i o n _i := c - , "-fr ie w ' 2) ^ 

5. se£ w := w 2 

6. sei w n+ i := w n -i 

Theorem 3.2 Lei {tUj}£Jo non negative real values defined by means of the 
Algorithm 3.1, assuming C < 4. If {fi}f =1 is a convex data set, then \e(xi)\ < 
\e(xi)\ for 1 < i < n. Furthermore, if C < 2 it also follows that e(xj) < for 
1 < i < n. 

Proof. Assuming |e(aJi) | < |e(xj)| for % — 2, . . . , n — 2 leads to 

2e(x i ) < Wi-!—- — — + Wi^— + w i+l — — — < . 

2(h i - 1 + hi) 2 2{hi-i + hi) 

The inequality on the right hand side is always satisfied. For the inequality 
on the left hand side the following six cases are possible: 

If e(xi) = 0, then u>j_i := 0, w i+ i : = 0. 

If e(xi) 7^ 0, then 

if e(xi-i) = & e(xi+i) = 0, then Wi < C, 
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if eOri-i) = & e(x l+1 ) ? 0, then w t < C, w i+1 < ^gfe=g^ ■ 
if e(xi_i) 7^ & e(xj+i) = 0, then 

C(/i;_i + hi)e{xi) w i - 1 h i e{x i - 1 ) 

Wi-l < ; — -, s , Wi <C 



hie(xi-i) ' (hi-! + hi)e(xi) 

if e(xj_i) 7^ & e(xj+i) 7^ 0, then 



C(fei_i+fej)e(a:i) ^ ^ njj_ifeie(ji_i) 






hie(xi-i) ' * — (hj_i+/ii)e(cci) 



(/ii_i+/ii)[(t0» — C)e(xi)- 



w i-i h i e ( x i~i)] 



1+1 — /ii_ie(xi+i) 

Combining all the previous conditions on Wi, we conclude that the choice 

C < 4 implies |e(xj)| < |e(xj)|, i = 1, . . . , n. 

Moreover, if we also require the non-positivity of e(xi), then 

hie(xi-i) e(xi) e(x i+1 )h^i 

2(/ij_i + /ij) 2 2(/ij_i + ft*) 

This is true whenever {u)i}™=o are set as in Algorithm 3.1 with C < 2. ■ 



3.2 Convexity preservation 

To keep convexity, it is convenient to set the weights Wi in such a way that 
the new data set {/* — fi + u^e^i)}™^ 1 is convex as well. Thus, let us 

consider the quantities A* = + }~ — , i = 0,...,n. It is easy to see that 

Ai - A = Ai - A , A n - A n _i = A n - A n _ x and 



A 2 -Ai =(A 2 -Ai) + 



/12 hi ' 



A m - Aj = (A i+ i - Ai) + ^+2e{x t+2 )-w 1+1 e( Xl+1 ) 

■m+jMxi+iy-wiejx^ i = 2 n — 3 (5) 

A n _! - A n _ 2 = (A n _x - A n _ 2 ) - ^=ife) 

'*n— 1 

»n-ie(a:n-l)-Ul n -2e(ln-2) 

^n-2 

The following algorithm can be used for choosing the weights in order to 
preserve convexity. 
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Algorithm 3.2 

1. Set Wi :— 0, i = 0, . . . n + 1 



2. Ife(x 2 )^0, set 

(A 2 -A 
e(x 2 ) 



W2 -- MA2-A3) 



For i — 3, . . . ,n — 2 
3.1. //e(xi) ^0 set 

/A A / \ ^7 — 1+^7 e ( 3; 7 — 2) 

r UA A ^ fti_i(A i _2-Aj_i+TO i _ie(3;j_i)- ! - — r w>i-2—f, — — , 

r,,. ■— m ; n rMfV^Vti) __ h i-i h i h t-2 i 

Wi .- mm| e(;r . ) , e{xi) 1 

Ife(x n -i) ^ 0, set 

fe n _ 2 (A n _ 3 - A„_ 2 +«i n _ 2 e(x„, 2 ) h h~ 2 *h n ~? ~ w "-3 e fe"~f } ) 

""n — c ?.' l "n—9. ""n — 3 

U,n ~ 1 -~ e(a:„_i) 



^n-2 n n-3 



5. set w := u> 2 

6. set w n+1 := w n _i 

Theorem 3.3 Let {tUj}™^ 1 non negative real values defined via Algorithm 
3.2 and {fi}2=i be a convex data set. Then the new data set {/j}" =1 is also 
convex. 

The proof of this result based on (5) is along the same lines as the proof of 
Theorem 3.2. ■ 



3.3 Monotonicity preservation 

Now, assuming the data set is convex and monotone, the combination of the 
following algorithms with the previous one guarantees the convexity and the 
monotonicity preservation. The first algorithm is related to the monotone 
increasing case, while the second one to the monotone decreasing case. 
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Algorithm 3.3 

1. For i — 2, . . . ,n — 1, set Wi := C 

2. For i = 2,...,n-l 

i/ e(a; i+ i) ^ sei w i+1 := -^+™^) 

3. se£ w : = ^2 

4. se£ w n+ i := w„_i 



e(xj+i) 



Algorithm 3.4 

1. For i = 2, . . . ,n — 1, set Wi := C 

2. For i = n-l,...,2 

ife( Xi ) ? 0, sei Wi := ^^ + ^(^ +1 ) 

3. se£ wo : = ^2 

4. sei w n+ i := w n _i 

Theorem 3.4 Let {wi}2=o non negative real values defined via the previous 
algorithms where C is any non-negative real value. Let {fi}2=i be convex and 
monotone data. Then, the new data set {fi}™=Q is monotone as well. 

Now, as the reduction of the error is obviously desirable, in case convex 
data or convex and monotone data are given, the combination of the above 
algorithms (3.1, 3.2, 3.3 or 3.4) yields an improved shape preserving quasi- 
interpolant. Here, combination means that the final set of weights is defined 
by taking, elementwise, the minumun among the set produced by the algo- 
rithms. 

Remarks. It is important to note that, due to the non symmetry of the 
proposed algorithms, even in case of symmetric data the improved quasi- 
interpolant a given in (4) turns out to be non symmetric. A trivial solution 
of this drawback is the weight "symmetrization" by taking the minimum be- 
tween the corresponding weights. In addition, we could performe algorithms 
analogous to the one discussed above also in a converse way ( i.e. checking 
the inequality from right to left). After symmetrization of this second sweep 
the highest symmetric weights (between the two sweeps) can be used in (4) 
to reduce the error as much as possible. 

According to the results given in Theorem 3.2, the choice C < 2 in Algorithm 
3.1 allows us to iterate the procedure until an index i, such that both Wi ^ 
and e(xi) ^ 0, is found. Furthermore, locally convex and monotone data can 
be handled taking into consideration the results of Theorem 2.2. 
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4 Examples 

We conclude this paper by showing some applications of the described pro- 
cedure. Three examples are given to put in evidence its effectiveness. For 
each of them two pictures are presented. The ones on the left display the 
shape preserving quasi-interpolants o (— ■) and a (— ) and the ones on the 
right the piecewise linear functions interpolating the values of the error at the 
knots, i.e. e(xi),i = l...,n (— •) and e(xi), i = l...,n (— ), respectively. 
In the pictures on the left the data sets {/i}™ =1 and {/i}™ =1 are denoted by 
the symbols '*' and '+', respectively. In all the examples the constant is set 
as C = 2. 

The first example is related to data coming from the function f(x) = — log(x) 
when evaluated at the abscissae {0.01, 0.7, 3.6, 8, 13.4, 17}. This set of 
data is convex and monotone decreasing. Thus, the weights are obtained 
combining algorithms 3.1, 3.2, 3.4. 



The second one concerns the function f(x) = x — Jx 2 /2 — x — 4 and the 

points {4.1, 4.8, 1 + 3\/2, 5.9, 6.4, 7, 7.5}. Here we combine algorithms 
3.1, 3.2 as we deal with convex data. 

The last example deals with concave data taken by evaluating the function 
f(x) = VI -x 2 at the points {-1, -0.75, -0.35, 0, .5, .75, 1}. The 
concave quasi-interpolant is performed via algorithm 3.1 and the analogous 
to algorithm 3.2 for concave data. 





Fig. 4.1. 



]uasi-interpolants (left) and errors (right) 
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Fig. 4.3. Quasi-interpolants (left) and errors (right) 
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Preface 



This special issue contains invited research papers on "Wavelets and Applications." Results in wavelets, 
frames, subdivision schemes, spline wavelets, and wavelet applications in statistics/bio-statistics were among 
the areas discussed. 

The paper by Bruce Kessler, following a macroelement approach, deals with construction of an orthogonal 
scaling vector of differentiable fractal interpolation functions, with symmetry properties, that generates a 
space including C 1 cubic splines. 

In his paper, Qun Mo shows that normalized tight multiwavelet frames with highest possible order of van- 
ishing moments can be derived from refinable functions under the multiwavelet settings. 

The paper by Bin Han and Thomas P.-Y. Yu, entitled Face-Based Hcrmite Subdivision Schemes , studies 
the symmetry and structure of the vectors for the sum rule orders of the refinement mask for a type of vector 
Hcrmite subdivision scheme, called "face-based Hcrmite subdivision scheme by the authors. Examples of 
the refinement masks with the quincunx dilation matrix and 2/2 are constructed. 

In the paper by Don Hong and Qingbo Xue, piecewise linear prewavelets over a bounded domain with regular 
triangulation are constructed by investigating the orthogonal conditions directly. 

The contribution by Lutai Guan and Tan Yang gives results on spline-wavelets on refined grids and appli- 
cations. So-called addition spline-wavelets are constructed using natural spline interpolation skills. Applica- 
tions in image compression are also included. 

The following two papers are on wavelet applications in statistics/bio-statistics. In the paper by Jianzhong 
Wang, the author first gives a brief review of wavelet shrinkage and then applies the variational method for 
wavelet regression and shows the relation between the variational method and the wavelet shrinkage. 

In the paper by Don Hong and Yu Shyr, many applications of wavelets in cancer study are reviewed, 
in particular, in medical imaging such as in detection of microcalcifications in digital mammography and 
functional magnetic resonance imaging, and molecular biology area such as in genome sequence analysis, 
protein structure investigation, and gene expression data analysis. Wavelet-based method for MALDI-TOF 
mass spectrometry data analysis is also reviewed. 

We are grateful to all the authors who contributed to the special issue. We appreciate all the referees who 
reviewed the submitted papers. Their efforts and suggestions made it possible to publish scientific papers 
of high quality. We would like to express our special thanks to George Anastassiou for his patience and 
support and to Benedict Bobga, Shuo Chen, Yuannan Diao, Brad Dyer, Qingtang Jiang, David Roach, 
Bashar Shakhtour, Wasin So, and Qiyu Sun for their assistance in the editing of this special issue. Last 
but not least we also thank the support of the Department of Biostatistics and Ingram Cancer Center of 
Vanderbilt University, and the Department of Mathematics, Middle Tennessee State University. 

Don Hong 
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Abstract 

The main result of this paper is the creation of an orthogonal scaling vector of four 
differentiable functions, two supported on [— 1, 1] and two supported on [0, 1], that gen- 
erates a space containing the classical spline space 5-j(Z) of piecewise cubic polynomials 
on integer knots with one derivative at each knot. The author uses a macroelement 
approach to the construction, using differentiable fractal function elements defined on 
[0, 1] to construct the scaling vector. An application of this new basis in an image 
compression example is provided. 

AMS Subject Classification Numbers: 42C40, 65D15 
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1 Introduction 

Orthogonal scaling vectors have numerous applications in signal and image processing, in- 
cluding image compression, denoising, and edge detection. Geronimo, Hardin, and Masso- 
pust were among the first to use more than one scaling function, in their construction of 
the GHM orthogonal scaling vector in [7]. The space generated by the GHM functions and 
their integer translates had approximation order 2, like the space generated by the single 
compactly-supported D4 orthogonal scaling function constructed by Daubechies in [3], but 
also contained the space of continuous piecewise linear polynomials on integer knots. Also, 
by using more than one function, they were able to build scaling functions and wavelets 
with symmetry properties. The only single compactly-supported scaling function with sym- 
metry properties is the characteristic function on [0,1), known as the Haar basis. Other 
types of orthogonal scaling vectors have been constructed in [4], [8], [11], and [13] that have 
compactly-supported elements that lack continuous derivatives. Han and Jiang constructed a 
length-4 scaling vector in [9] that has approximation order 4 and two continuous derivatives. 
Hardin and Kessler put the constructions of Geronimo and Hardin from [7] (with Mas- 
sopust) and [4] (with Donovan) into a macroelement framework in [10]. The construction of 
scaling vectors from a single macroelement supported on [0, 1] is important, since these types 
of scaling functions will be orthogonal interval-by- interval, and the intervals over which the 
basis is defined need not be of uniform length. This adaptability to an arbitrary partition of 
R promises to give greater flexibility to the use of these types of bases in applications. While 
building bases on variable length intervals is outside the scope of this paper, we should keep 
in mind that most of the results here can be easily adapted to intervals of arbitrary length. 
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The main result in this paper is the creation of a orthogonal scaling vector of length 4 of 
compactly-supported, differentiable piecewise fractal interpolation functions, with symmetry 
properties, that generates a space including the classical spline space <S|(Z) of differentiable 
cubic polynomials on integer knots. This scaling vector has a symmetric/antisymmetric 
pair supported on [—1,1] and a symmetric/antisymmetric pair supported on [0,1]. The 
construction will follow a macroelement approach; that is, we construct a macroelement 
with the desirable properties using fractal functions and then construct a scaling vector 
from the macroelement. Fractal functions have been used previously in [4], [6], [7], and [11] 
to construct orthogonal scaling vectors. We show that a shorter-length scaling vector can 
not be found with the same properties, and then show this new basis in use in an image 
compression example. We believe this to be the first scaling vector to be constructed with 
all of the above-mentioned properties. 

1.1 Scaling Vectors 

A vector $ = {(pi, <f> 2 , . . . , 4> r ) T of functions defined on R fc is said to be refinable if 

$ = jv!^^$(jv._i) (1) 

for some integer dilation N > 1, i G Z fc , and for some sequence of r x r matrices gi. (The 

k 

normalization factor N2 can be dropped, but is convenient for applications.) A scaling vector 
is a refinable vector $ of square-integrable functions where the set of the components of $ 
and their integer tranlates are linearly independent. An orthogonal scaling vector $ is a 
scaling vector where the functions 0i, . . . , r are compactly supported and satisfy 

{<t>iAj{- ~ n)) =8ij6 Qin , i,j G {l,...,r}, n G Z k , 

where the inner product is the standard L 2 (R k ) integral inner product 



if,9) = / f(x)g(x)dx 

JB, k 

and 5 is Kronecker's delta (1 if indices are equal, otherwise.) A scaling vector $ is said to 
generate a closed linear space denoted by 

S($) = clos L 2 span {0j(- - j) : i = 1, . . . ,r, j G Z} . 

Two scaling vectors $ and $ are equivalent if 5 , ($) = 5 , ($). The scaling vector $ is said to 
extend $, or be an extension of $, if S(&) C 5'( < 1 ) ). 

Scaling vectors are important because they provide a framework for analyzing functions 
in L 2 (R fc ). A multiresolution analysis (MRA) of L 2 (R fc ) of multiplicity r is a set of closed 
linear spaces (T^,) such that 



1. • • • D V_ 2 D VCi DVoDViDVi 



2 ' • ' 



2- U peZ V p = L\R k ), 

s- n pez ^ = {o}, 
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4. feVoittfiN-i^eVj, and 

5. there exists a set of functions 0i, . . . , <p r whose integer translates form a Riesz basis of 

From the above definitions, it is clear that scaling vectors can be used to generate MRA's, 
with Vo = S(<&). Jia and Shen proved in [15] that if the components of a scaling vector 
$ are compactly-supported, then $ will always generate an MRA. All the scaling vectors 
discussed in this paper will consist of compactly-supported functions, and therefore, will 
generate MRA's. A function vector \1/ = (ipi, . . . ,ip r ( N k_ 1 ' ) ) T , such that tpi E V_\ for i = 
1, . . . , r(N k — 1) (see [14]) and such that S($) = V_i V , is called a multiwavelet, and the 
individual ipi are called wavelets. 

1.2 Macroelements on [0, 1] 

We will use the notation f^\x) to denote the j derivative of f(x), with the convention 

f(°\x) = f(x). As a convenience, we will use the notation /^(0) and /^(l) to denote 

lim f^'(x) and lim /'%), respectively, although the notation may not always be mathe- 

matically rigorous. 

A C p macroelement defined on [0, 1] is a vector of the form (/i, . . . , lf~, ri, . . . , r^, mi, . . . , m n 
where the set of elements are linearly independent functions supported on [0, 1] with p con- 
tinuous derivatives such that 

1. l\ j \o) = r\ j \l) = for i = 1, . . . , k, 

2. m\ • (0) = mf (1) = for i — 1, . . . ,n, and 

3. /p' } (l) =rj i} (0) fori = l,...,ife 

for j — 0, . . . ,p. A macroelement is orthonormal if {k,Tj) = for i, j G {1, . . . , A;}, (li,rrij) = 
(ri, rrij) = for i E {1, . . . , k} and j E {1, . . . , n}, and each element is normalized. 

A macroelement A is refinable if there are (2/c + n) x (2k + n) matrices po, . . . , pn-i such 

that 

r j j I i 

A(x) = VNpiA(Nx - i) for x E 



A 7 A 



0,...,A-1. (2) 



Because of the linear independence of the components of A, the matrix coefficients will be 
unique if they exist. Note that a refinable C° macroelement by necessity has k(l) = rj(0) ^ 
for some i, since if all elements were at x — 0, 1, then each element would be at A-'-adic 
points on [0, 1] as j — >■ oo. Hence, each element would be 0, a contradiction. Likewise, note 
that a refinable C 1 macroelement by necessity has 1^(1) = r^(0) 7^ for some i, since if all 
elements had a zero derivative at x — 0, 1, then each element would be a constant function, 
also a contradiction. 

Lemma 1. A refinable C p macroelement A = (li, . . . ,lk,ri, . . . ,rk,mi,. . . ,m n ) T defined 
on [0,1] has an associated scaling vector $ of length k + n and support [—1,1]. If the 
macroelement A is orthonormal, then the scaling vector $ is equivalent to an orthogonal 
scaling vector. 
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Proof. Let / = (l±, . . . , lk) T , r = (r 1; . . . , r fc ) T , and m = (m 1? . . . , m n ) T . Let a\, a[, and a™ 
be the k x k, k x k, and k x n matrices, respectively, such that 

' i i + 1 

_iV' N 

Likewise, let &', &£, and b™ be the k x k, k x k, and k x n matrices, respectively, such that 



H 



a a 



l ] K{2x -i) = l(x) if x G 



0,...,N-1. 



[b\ b\ b™] A(2x - i) = r(x) if x G 



i i + 1 



0,...,N-1 



N' N 
and let c', c[, and c™ be the n x k, n x k, and n x n matrices, respectively, such that 

' i i + 1 

N' N 

Then the matrix coefficients in (2) can be written in block-matrix form 



[4 



c- c; 



f\ A(2x -i) = m(x) if x G 



0,...,iV-l. 



Pi 



a; a; a;" 
6i K b? 



Note that many of the block matrices are redundant: a\_ l = a\, b\_ 1 = 6[, and c\_ l = c\ 
for i = 0, . . . , N — 1 since the macroelement components are continuous, and a l N _ l = b r Q due 
to the endpoint conditions of the macroelement. Also, many of the block matrices are zero 

: / iV _ 1 = nX k due to the endpoint conditions of the 



matrices: clq = 
macroelement. 
Define 



J N-1 



fc xfc and Cg 



[x 



J_\ h(x + l) for xe [-1,0] 
y/2 \ r i( x ) for x € [0, 1] 
(f)k+i{x) = rrii(x) for x G [0,1], i = 1,. . . ,n 
Then the function vector $ = (0 1; . . . , <fik +n ) T satisfies (1), with 

~&r ft 



1, . . . , fc, and 



(3) 
(4) 



<l, 



a N+i a N+i 
Unxfc U nxn 



-N, ...,-1 and & 



c C 



0. 



AT 



Hence, $ is refinable, and supported completely in [— 1, 1]. 

If A is orthonormal, then by definition, $ meets the criteria of an orthogonal scal- 
ing vector, except that possibly {4>ii4>j) ¥" f° r hJ *= {!>•••>&}> * 7^ J> an d f° r *,j e 
{/c + 1, . . . , k + n}, i ^ j. However, we may replace {0i, . . . , 0^} with an orthonormal 
set {0i, . . . , (pk\ and {0fc+i, ■ ■ ■ , <Pk+n} with an orthonormal set {0fc+i, ■ ■ ■ , <Pk+n}, so that 
{0i, . . . , 0fc, 0fc+i, . . . , 0fc+«} is an orthogonal scaling vector. □ 

Let span A refer to the span of the elements of A. Two macroelements A and A are 
equivalent if span A = span A. The macroelement A is said to extend A, or be an extension 
of A, if span A C span A. In this paper, we will extend macroelements for the purpose of 
extending scaling vectors, using the following lemma. We use the notation X[a,b] to be the 
characteristic function defined by 



X[a,b] 



1 for x G [a, b], 
otherwise. 
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Lemma 2. Let A be a refinable C p macroelement defined on [0, 1], and let $ be the associated 
scaling vector as defined in (3) and (4), for p = 0, 1. If A is a C v macroelement extension 
of A, then the associated scaling vector $ as defined in (3) and (4) is an extension o/$. 

Proof. Let A = {h, ... ,l k ,n, ... ,r k ,m 1 , ... ,m n } and A = {h, . . . , l k >,h, ■ ■ ■ ,h',mi, . . . ,m n >}, 
where A is an extension of A, so A; < k' and n < n'. Consider a basis element G 
{<t>i{- ~ J) ■ <fri e $,i e {l,...,k + n},j G Z}. If supp0 C [j,j + 1] for some j G Z, 
then (f)(x + j) G span {mi, . . . , m n } C span {mi, . . . , m n /}. From the definition of $ in (4), 
then G S($). 

Otherwise, supp0 C [j,j + 2] for some j G Z. Let / = <pX[j,j+i] and r = <fiX{j+i,j+2]- 
Then Z(rr + j) G span {^, . . . , l fe ,mi, . . . , m n } C span {/ 1; . . . , l k i,rhi, . . . ,rh n '} and r(x + 
j + 1) G span {r 1; . . . , r k , mi, . . . , m n } C span {f 1; . . . , fv, mi, . . . , m n '}. From the match- 
up conditions in the definition of the macroelement and the definition of $ in (3), then 
G S($). Thus, S($) C S'( ( l) and $ is an extension of $. D 

In the following example, we show a simple way to extend a macroelement, and hence, a 
scaling vector. 

Example 1. Let l\ = £X[o,i] and ri = (1 — x)x[o,i]- Then A = (Zi,ri) T is a C° macroelement. 
It is also refinable, since 



A(x) = V2 



' 


'in °" 






i i 




2\/2 n/2 


I 






1 1 




>/2 2^ 




. 2^2. 


k 



Therefore, we have the scaling vector $ 

1 



$(x) = V2 



2^2 



$(2x + l) 



A(2x) if x G [0, §] 

A(2s-1) if are [|,l] . 
i) given in (3) and (4), with 
$(2x- 1) 



1 , N 1 

s/2 2v/2 



Then $ is the linear B-spline, and generates S(<&) = «Si(Z), the spline space of continuous 
piecewise linear polynomials on integer knots. 

Both A and $ can be extended by the addition of the function mi(x) = <p2 = 4x(l — 
x)x[o,i]- Then A = (h,ri,mi) T is refinable, since 



A(x) = V2 < 



1 

2\f2 





1 


1 


2\[2 


V2 


1 





V2 


1 


1 


V2 


2V2 





1 


2v^ 





1 


x/2 






1 

' 


1 

i^/2 



A(2x) if x G [0, |] 



A(2x-1) if are [|,1] , 



and, by Lemma 1, we have the scaling vector $ 





with 



$(x) = V2 



- 1 

2yf2 





$(2x + l) + 



1 

x/2 







1 

4^ 



$(2s) + 



1 

2\/2 

71 



1 

4^ 



$(2s- 1) 
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-1 -0.5 0.5 1 

Figure 1: The scaling functions 0i and 02 from Example 1. 

By Lemma 2, $ is an extension of $. In fact, S(&) = ^(Z) D <S°(Z). Both functions are 
illustrated in Figure 1. 



1.3 Fractal Interpolation Functions 

Let C ([0, 1]) denote the space of continuous functions defined over [0, 1] that are at x — 0, 1. 
Let Ci([0, 1]) denote the subspace of differentiable functions in Co([0,l]) whose derivatives 
are at x = 0, 1. Let A be a refinable macroelement of length n, and let IT be a function 
vector of length k defined by 



U(x) = piA(Nx — i) for x G 



% i + l 



i = 0,...,N-l, 



. N N 
for some k x n matrices pi such that n(a;) G Cq([0, l]) fc . Then a vector T of the form 



N-l 



r(x) = U(x) + J2 sANx -i)e c ([o, i]Y 



(5) 



i=0 



where each Si is a k x k matrix and maxUs^^ < 1, is a vector of fractal interpolation 

i 

functions (FIF's). (See [1] and [2] for a more detailed introduction to FIF's.) By definition, 
the vector A = (A T ,T T ) T is a refinable C° macroelement that extends A. 



i=l,...,JV-l 



Lemma 3. Let T be a FIF satisfying (5). If U(x) G Ci([0, l]) k and max 

fenreCi([o,i]) fc . 

Proof. Since T satisfies (5), then 



< 



N ■ 



N-l 



Y'(x) = U'(x) + J2 NsiT'{N. 



x — i). 



i=0 



Since li'(x) G Cn([0, l]) k and max IliVsJoo = A^ max llsilloo < A^ = 1, then T'(x) is 

i=l,...,N-l " i=l,...,JV-l " N 

\k rvu^^c^^ rf^\ r- n (\c\ T\\k 



by definition a FIF, and T'(x) G C ([0, l]) fe . Therefore, r(x) G Ci([0, 1]) A 



D 
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Consider a C° or C 1 macroelement A = (Z 1; . . . , 4, r 1; . . . , r^, mi, . . . , m n ) T defined on 
[0, 1] that is not orthogonal. We can not simply apply the Gram-Schmidt process to the 
components of A to obtain an orthonormal macroelement, since the resulting functions will 
not satisfy the endpoint criteria. In fact, we can not apply the process to any subset of 
elements that includes a /j and Tj and still have the same type of macroelement. (We could 
go from a C 1 macroelement to a C° macroelement, but the associated scaling vector would 
not be an extension of the original.) However, we can apply the Gram-Schmidt process to 
the set of functions M = {mi, . . . ,m n } to get M = {mi, . . . , m„}, and then subtract Pm, 
the orthogonal projection onto the space spanned by M, from each of the other elements, 
giving the equivalent macroelement 



Inf. 



A = ((/ - P M )k, -..,(/- P M )k, {I ~ Pm)t\, -..,(/- P M )r k , mi, 

If 

((/ - P M )l t , (I - P M ) rj ) = for z, j = 1, . . . , k, (6) 

(and each element is normalized), then A is an orthonormal macroelement. This is the 
fractal function approach for extending a macroelement: add FIF's to the set M, hence 
the macroelement, so that (6) is satisfied. (See [5] for a broader discussion on constructing 
intertwined MRA's.) 

Example 2. The scaling vector shown in this example was originally constructed by Geron- 
imo, Hardin, and Massopust in [7], although not in the macroelement context, and is recon- 
structed by Hardin and Kessler in detail using macroelements in [10]. It is widely known as 
the GHM scaling vector. 

Consider from Example 1 the C° macroelement A and the scaling vector $ = (0i) that 
generates <Si(Z). In order to extend A to an orthonormal C° macroelement, we construct a 
FIF satisfying 

u(x) = 4>i(2x — 1) + squ{2x) + s\u{2x — 1), max |sj| < 1, 

i=0,l 

such that ((/ — P u )h, {I — Pu)fi) — 0. It was shown in [7] and [10] that the orthogonality 
condition is satisfied by sq = si = — |. By letting 

r (I-P u )h - (I-Pu)n , . U 

n — 777 n — n ) r l = 7T7 7 hi an d m l ~~ 



(I-P u )h\\ 7 L ||(l-P u )n|r i \\ u \y 

we have the orthonormal C° macroelement A = (h,fi,rhi) , equivalent to (l\,ri,u) and 
an extension of A. The associated scaling vector $ = (0i,02) T defined in (3) and (4) is the 
orthogonal GHM scaling vector, and is illustrated in Figure 2. 

Example 3. The scaling vector shown in this example was originally constructed by Dono- 
van, Geronimo, and Hardin in [4], although not in the macroelement context, and again by 
Hardin and Kessler in detail in [10] using a macroelement approach. 

Consider from Example 1 the C° macroelement A and the scaling vector $ = (0i,02) T 
that generates 5° (Z). In order to extend A to an orthonormal C° macroelement, we construct 
a FIF satisfying 

u{x) = 2 (2x) - (j) 2 (2x - 1) + su{2x) + su(2x - 1) for \s\ < 1, 
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-0.5 



Figure 2: The orthogonal GHM scaling vector $ from Example 2. 

such that ((/ — Pu)h, (I — Pm)t\) = 0, where M = {0 2 ,w}. (Note that (02, w) = 0, since 
02 and u are symmetric and antisymmetric, respectively, about x — |.) It was shown in [4] 

and [10] that the orthogonality condition is satisfied by s = 2 q 10 ps —0.1937. By letting 



h 



(I ~ Pm)U 
\\{I-P M )h 



n 



(i - Pm>i 
\\{I-Pm)tA 



mi 



mi 
|toi| 



, and rh 2 



u 
\u\ 



we have the orthonormal C° macroelement A = (li, fi, mi, TO2), equivalent to (/1, ri, mi, TO2) T 
and an extension of A. The associated scaling vector $ = (0i, 02, 03) T defined in (3) and (4) 
is an orthogonal scaling vector, and is illustrated in Figure 3. 




Figure 3: The orthogonal scaling vector $ from Example 3. 



2 Main Results 



In this section, we will construct a refinable C 1 macroelement on [0, 1] which, in turn, provides 
a scaling vector $ that generates <Sg(Z). We will show that two additional functions are 
needed to extend that macroelement to an orthonormal macroelement that is refinable with 
dilation 2, and an explicit construction of that macroelement and the associated orthogonal 
scaling vector will be provided. Lastly, although general methods are available for finding a 
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multiwavelet associated with an orthogonal scaling vector (see [10], [16], and [17]), we will 
show an equivalent macroelement approach to constructing the wavelets. 

2.1 Scaling Vector Generating S\{7i) 

Consider the following basis for cubic polynomials defined on [0, 1] and elsewhere: 

h(x) = (-2x 3 + 3x 2 )x[o,i]> h(x) = (x 3 - x 2 )x[ ,i], 

ri(x) = (2x 3 - 3x 2 + l)x[o,i], and r 2 (x) = (x 3 - 2a; 2 + x)x[o,i]- 
One may verify that A = (h,l2, r i, r 2) T is a C 1 macroelement. It is also refinable, since 



A = V2 



( 


- i ^o 

2^ AV2 


" 




L_ L_ o 







8\/2 872 







171 ~~ 4~71 71 




_jl_ L o 


1 




. &V2 872 


272. 




-J - - JL - 


3 ■ 




72 U 2V2 


472 




-J- 1 


1 




272 872 


872 




171 


3 




iV2 




_ 8^ 


1 


k 


872. 



A(2x) if x e [0, \] , 



A(2x-1) if xe [|,l] . 



From direct computation, we know that 



(Ji.ri) 



9 



(/i,r 2 ) 



13 



(«2,ri) 



13 



70' ri '' z/ 420' i;,; 420 

so A is not an orthonormal macroelement. As in (3), we define 



and (l 2 ,r 2 ) 



140' 



[x 



1 

n/2 



so that we have the scaling vector $ 



k(x + l) iix<0 
Ti{x) if x > 

(0i,02) T satisfying 



1,2, 



(7) 



$(s) = V2 



1 

272 
i_ 

872 



3 

472 
1_ 

872 



$(2x + l) 



1 

V2 





1 
272 



$(2x) 



1 

272 
1 

872 



where S(<&) = ^(Z). Both functions are illustrated in Figure 4. 



3 

"472 
1 

"872 



$(2x 



2.2 An Orthogonal, Refinable Extension 

We may extend $ to a refinable vector of length 3 by adding a single mi or by adding I3 and 
r3 functions to the macroelement A. However, as we show in the following theorem, neither 
method will produce an orthogonal extension. Finding a length-4 orthogonal extension of 
$ is nontrivial. The proof of the following theorem gives a construction of one such scaling 
vector using the fractal function idea on the C 1 macroelement A defined above. 
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Figure 4: The scaling vector $ generating <S|(Z). 

Theorem 1. The orthogonal scaling vector of least length that extends the length-2 scaling 
vector which generates <Sg(Z) has length 4- 

Proof. There are two parts to the proof: we first show that a single mi or l 3 -r 3 pair added 
to the macroelement, thereby adding one function to the scaling vector, can not be found 
such that all of the necessary orthogonality conditions are satisfied, and then we show that 
a 2-vector of fractal functions (with symmetry properties, no less) can be found so that the 
necessary conditions are satisfied. 

Suppose that the single normalized function mi added to the macroelement A gives a C 1 
extension of the macroelement. Since we are assuming no symmetry properties for mi, we 
have four orthogonality conditions from (6), which reduce to the the four equations 

(li,rj) = (l i ,mi){r j ,m 1 ), i,j G {1,2}. 

The system of four equations with the unknowns (li,mi), (^mi), (fi,mi), and (r2,mi) is 
inconsistent, so no single function mi can satisfy all of the necessary conditions. 

Now suppose that two orthonormal functions l 3 and r 3 added to the macroelement A give 
a C 1 extension of the macroelement. To be an orthogonal extension, l 3 and r 3 will need to 
satisfy the four orthogonality conditions 

(k- (k,h)h,rj - (rj,r 3 )r 3 ) = i,j e {1,2}, 

while satisfying the endpoint conditions 

l t (l) - (k,l 3 )l 3 (l) = r *(°) - (^3>r 3 (0) i = 1,2. 

The endpoint conditions force (li,l 3 ) = (r\,r 3 ) and (h,h) — ( r 2, r 3), the values of which we 
will denote a and (3, respectively. Then the four orthogonality conditions become 



a((li,r 3 ) + (r!,l 3 )) 

a(r 2 ,h) + P(h,r 3 ) 
a(k,r 3 ) + p(n,l 3 ) 

P((h,rs) + (r 2 ,h)) 



7 A 

420 



13 

'420 

'140 
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with unknowns (/i,r 3 ), (/ 2 ,r 3 ), (ri,l 3 ), and (7*2, / 3 ). Again, the system is inconsistent, so no 
pair of functions / 3 and r 3 can satisfy all of the necessary conditions. 

To show that a length-4 orthogonal scaling vector is possible, we will actually construct 
one by adding two functions mi and m 2 to the macroelement A. Consider two FIF mi and 
m 2 and function vector T — (1711,1712) 

T(x) 



' ,T satisfying 



a 

p 



$(2x - 1) 



q 

s t 



T(2x) 







-q 



t 



Y(2x - 1) 



where the maximum oo-norm of the matrix coefficients of Y(2x) and T(2x — 1) is 1 and a, (3 7^ 
are chosen so that ||mi|| = ||vtt. 2 || — 1- The extended macroelement A = (/ 1; Z 2 ,ri,r 2 ,777i, TO2) 7, 
is refinable, with 



A(x) = V2 < 



( 


r — -*- o 

2a/2 4y/2 





0" 






L_ L_ 

8^ 8^2 












1 3 1 



1 









2^ 4^/2 V2 

_J_ L_ 
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8^ &V2 


2^ 


\j \j 






* 2 ° 
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U V2 






f) -2- n 
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s 4 






L u V2 i u 


\j 


v^ \/2- 






r^ ^~ 


3 


n 




>/2 2>/2 


4^ 


\j \j 




1 1 

2^ 8^ 


1 







8^ 




° 271 


3 

Ay/2 







872 


1 

8\/2 







^ 





--2- 
U V2 




n n n 





_ s t 


k 


\j \j \j 


V2 


s/2 


/2 



A(2ar) if x e [0, \] , 



A(2x-1) if 16 [|,1] . 



Let M = {777,1,777.2}- In order to construct an orthonormal macroelement equivalent to A, 
the elements of M must satisfy the following conditions: 

((/ - P M )l u (I - P M )r 3 ) = 0, i,j E {1, 2}. 



x 



One can verify that mi and m 2 are symmetric and antisymmetric, respectively, about 
= |, so that (7771,7772) = 0. Also, due to symmetry, 



(ri,777i) = (h,mi), (n, 7712) = -(/1, TO2), (r 2 ,mi) = -(h,mi), and {r 2 ,m 2 ) = (/ 2 ,m 2 ). 
Thus, the four orthogonality conditions reduce to the three equations 



r 



9 - (ri,mi) 2 + (ri,m 2 ) 2 



13 



140 



(r 2 ,mi) 2 + {r2,m 2 y 



m - (ri,777i)(r 2 ,777i) + (ri,m 2 )(r 2 ,m 2 ) 



= 
= 

0. 



(9) 



Using direct computation, we know that 

13 
(n,ri) = (Zi,/i) = — , (r 2 ,r 2 ) = (/ 2 ,/ 2 ) 



1 
105 : 



and (ri,r 2 ) = -{h,h) 



11 
210' 
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Using the coefficients in (8), we may expand and solve for (ri,mi), (ri,m 2 ), (r 2 ,mi), and 
(r 2 ,m2) in the following system: 



2<n,mi) = f 

2(r 2 ,mi> = -k((ri,m 2 ) -2(r 2 ,m 2 )) + 1:! " 



4"iV.\' 15 "^/ "\'Al"VAI) I 12 Q 

2(r 1 ,m 2 ) = s(r 1 ,m 1 ) + |{r 2 ,ml) +t(r 1 ,m 2 ) 
3s , 

4 



2(r 2 ,m 2 ) = f (r 2 ,mi> + f(r 2 ,m 2 ) - Jg. 
The systems (9) and (10) have the solutions 

1 



3t/„ „. \ 19/3 

-^{r 2 ,m 2 ) - i 2Q 



(10) 



(ri,mi) 



4' 



(n,m 2 ) = -- 



a 2 — 



72 
35' 



(r 2 ,mi) 



216 



13a 



7a 2 




(r 2 ,m 2 ) 



216 



x/7 



n 



13Wa 2 




26a -20a /7a 2 



12 
5 



5-\/7a + 70 A /a 2 - g 



13104 - 6125a 2 + 35a, /7a 2 



12 
5 



+ 51 v / 7a / 5 + 147/5^/a 2 - 7 - 



:-!o 



and 



^(504 + 140a 2 + 29 v / 5a v / 35a 2 - 72) 

_ 35280 - 7 v / 5\/35a 2 - 72(1465a - 9^/3) + 5a(8575a - 9^/3) 

35(504 + 140a 2 + 29 v / 5a v / 35a 2 - 72) 

Again using the coefficients in (8), we may expand (mi, mi) and (m 2 ,m 2 ) and numerically 
solve for a and /3. After substituting the above results into the initial expansions 



q 



13 3 2 

2 2qa{ri,m 2 ) -\ a 2 = 1 and s 2 + t 2 — 2s/9(r 2 , mi) + 2tf3(r 2 , m 2 ) + 



35 ' x ' ' ' x ' ' 105 

we find the approximate solutions a ~ 1.63240645 and /3 ~ 14.19575451, so that 

(n, mi) « 0.40810161, (n, m 2 ) « -0.19487303, (r 2 , mi) « 0.08869880, 

(r 2 ,m 2 ) « -0.02691878, g « 0.01570030, s « 0.45783086, and t « -0.03034240. 
Since 



TO g" 
[s t 


oo 


" -g 
-s t 





0.48817326 < 



1 



then by Lemma 3, mi,m 2 G C 1 ([0, 1]). By setting 
j (I - P M )h r 

l l — 7777 n \, ii 5 h 



(I-P M )h r (I~Pm)12 ~ __ (I-P M )ri 



Pm)U 



w-PM)h\y 



r L 



\\(I-PM)ri\ 



and r 2 



(/ - P M )r 2 

\\{i-p M )T2\y 



we have the orthonormal, refmable C l macroelement A = (li,l 2 ,fi,f 2 ,mi,m 2 ) T that is 
equivalent to A and an extension of A. By Lemma 2, we have the scaling vector $ of 
length 4 as defined in (3) and (4) that is an extension of $. Since (0i,0 2 ) = due to their 
symmetry-antisymmetry about x = 0, $ is an orthogonal scaling vector. □ 

The elements of the orthogonal scaling vector constructed in the above proof are illus- 
trated in Figure 5. 
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Figure 5: The orthogonal scaling vector $ = (0i,0 2 , 03, 04) T , where S(&) D 63 (Z) 



2.3 The Associated Multiwavelets 

A general construction for a multiwavelet associated with a scaling vector defined on R was 
found in [16] (see also [10]), and that technique could be used here. However, I will use an 
equivalent approach that will produce wavelets with symmetry properties. From Jia in [14], 
we know that, since $ was of length 4, then \1> will also have length 4(2 — 1) = 4. 

Define the 6-dimensional space V — {/ : / E V_i, supp / C [0,1]} and let Py denote 
the orthogonal projection onto V. Note that, in this construction, V fl V^~ = 0, since 
there are 6 independent orthogonality conditions affecting elements of V. Recall the original 
macroelement A = (/ 1? l2,?i,?2i m ii m 2) T ■ Let 

i"i(x) = P v k{x) + CLi^Nx -N) + bi^ 2 {Nx - N) for % = 1, 2, 

where a^ and bi are chosen so that (h(x), (f>i(x — 1)) = and (k(x), 02(a; — 1)) = 0. Likewise, 
let 

?i{x) = P v fi(x) + d(f>i(Nx) + di(f)2{Nx) for i — 1,2, 

where q and di are chosen so that (fi(x),<f>j(x)) = 0. Note that the properties (k,fj) = 0, 
(li, rrij) = 0, and (fj, rrij) = for i,j e {1, 2} are maintained from the original macroelement, 
and that ai — c±, b± — —di, a>2 = — C2, and 62 = ^2 due to symmetry properties. 
We may construct functions 

fi(x) — h(x + l)+fi(x) and g 1 (x) = -l 2 (x + I) + f 2 (x) 

that are symmetric with respect to x — 0, and 

/ 3 (x) = —h(x + 1) + fi(x) and g 3 (x) = l 2 {x + 1) + f 2 {x) 
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that are antisymmetric with respect to x — 0, such that all are orthogonal to Vq. Set 

e \9llfl) e , f {93, j '3) r 

J2 = 9\ ~ , f jr fi and f 4 = g 3 - — / 3 

Uljl/ \J3,j3/ 

to handle the last remaining orthogonalities, and set ^ = h4t for i = 1.....4. Then 

' ' II /ill 

^ = (ipi,ip2,ip3,ip4) T is a multiwavelet that generates W^, and is illustrated in Figure 6. 
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Figure 6: The multiwavelet \P = (ipi,ip2,ip3,ip4:) T , where 5'( X I') = Wq- 



3 An Application of the Bases 

One possible use for this smoother scaling vector is in image compression applications. The 
original version of JPEG used the discrete cosine transform, a non-wavelet technique, on 
disjoint 8x8 blocks of pixels to decompose the image data. This caused noticable distor- 
tions, or "artifacts," to appear in the reconstructed image at higher compression ratios. The 
discontinuous Haar wavelet basis can also be used to decompose the image data, but with 
similar results at higher compression ratios. Even continuous bases like Daubechies's D4 
scaling function or the GHM scaling vector constructed in Example 2, which are not differ- 
entiable everywhere, leave sharp distortions in the image at higher compression ratios. We 
would expect that by using a smoother, differentiable basis like we have constructed in this 
paper, we should be able to produce a smoother compressed image with no sharp artifacts. 
Let Q denote the sequence of scaling function coefficients in VJ, and let di denote the 
sequence of wavelet coefficients in Wi. The wavelet approach to producing a compressed 
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image is to take a signal (or function) in Vq and find its best approximation in the smoother, 
nested function space V\, keeping the error in the wavelet space W\. If the function is close 
to being in V\, then the wavelet coefficients will be very small (close to zero). We may then 
repeat this process with the function in V\, and then V2, etc. The process is illustrated in Fig- 
ure 7 for a decomposition to the fourth level. The image may be reconstructed exactly from 
c n , where n is the last level of decomposition, and from the wavelet coefficients d±, . . . , d n . 
However, wavelet schemes typically trade accuracy of the image for more efficient storage 





d\ 0(2 d% 0,4 U4 0(3 0(2 d\ 

Figure 7: The decomposition of the signal cq and the reconstruction of cq. 

and/or transmission of the image. In order to achieve compression of the signal, we quantize 
the wavelet coefficients, replacing coefficients with values in a certain range with a central 
value. This creates a signal with lower entropy, a measure of the smallest average bits per 
character needed to store a signal without losing information. This measure is quantifiable, 
using the formula 

N 

E = -^2p(i)\og 2 p(i), 
i=i 

where N is the number of distinct characters in the signal, and p(i) is the relative frequency 

th 

of the i character. The altered signal is then stored near this bit-rate using an entropy 
encoder. This is called lossless compression. A less accurate version of the original image 
can then be reconstructed from the quantized wavelet coefficients, as illustrated in Figure 7. 
This is called lossy compression. 

3.1 Prefiltering 

The process of turning discrete data into a function in Vq is called prefiltering. Ideally, a 
prefilter (usually a set of matrices) should be orthogonal (norm-preserving) and send data 
sampled from a polynomial of degree n to a multiple of the same polynomial in Vq, up to 
the approximation order of Vq, using as few matrices in the prefilter as possible. Prefiltering 
is not an issue when using a single scaling function, as using the raw data as the basis 
coefficients (the identity prefilter) accomplishes each of these goals. However, prefiltering 
becomes vitally important when using multiple scaling functions: the best basis will perform 
poorly in applications if the data is not prefiltered efficiently. See [12] for a more thorough 
discussion on prefiltering. 

Multiple-matrix prefilters that accomplish all of the above goals can be difficult to find. 
We may always find an orthogonal single-matrix prefilter that preserves constant data by 
using the following method. Consider a scaling vector $ of length r that generates the 
function space Vq of approximation order n < r. Let a& be the r-vector of function values 
sampled uniformly over [0, 1] from fk(x) = x k , k — 0, . . . , n — 1, and let a^ fill out the space 
of r- vectors for k — n, . . . , r — 1. Likewise, let «& be the r-vector of basis coefficients of <&(#) 
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needed to construct fk(x), k = 0, ... ,n — 1, and let a^ fill out the space of r-vectors for 
k — n, . . . , r — 1. Then use the Gram-Schmidt process on {ao, . . . , a r _i} and {ao, . . . , a r -i} 
in increasing order of degrees, and normalize to get {ao, . . . , a r _i} and {ao, • • • , <5v-i}- We 
may then construct the orthogonal, single-matrix prefilter 



Q = [a ■■■ <5 r _i] 






a r-l 



which maps aj, to a^. While the prefilter Q does not preserve polynomial order above 
constants, it gets fairly close, and has the advantages of having very short support and being 
orthogonal. We have observed that this type of prefilter works well in applications, and so, 
we will use this type of prefilter for the GHM scaling vector and the new scaling vector in the 
following example. We concede that better prefilters may be found for both scaling vectors. 
(In fact, see [12] for more elaborate prefilters for the GHM scaling vector.) 

Postfiltering, turning the basis coefficients back into discrete data, is usually just an 
inversion of the prefiltering process. For the prefilter Q described above, we use the postfilter 
Q T , since Q T Q = I. 

3.2 Comparison of Reconstructed Images 

In this section, we consider a digital 512 x 512 grayscale image called "Zelda," basically a 
rectangular data set ranging in value from to 255, requiring 256 Kb of memory (1 byte per 
pixel) for storage as raw data. The original image is shown in Figure 8. We decompose the 
image using three different bases: the single D4 scaling function, the GHM scaling vector 
constructed in Example 2 from a C° macroelement, and the scaling vector from Theorem 1 
constructed from a C 1 macroelement. We quantize the wavelet coefficients uniformly, with 
at the center of the zero-bin, to achieve a moderate 25:1 compressed image (file size 
10.24 Kb) and an extreme 50:1 compressed image (file size 5.12 Kb), based on the entropy 
of the quantized signal. Particularly in the 50:1 compressed images, the reader will detect 
distortions specific to the basis being used. The error in the images will be measured visually 
by the reader and with the root mean square error (RMSE), defined by 



Y] ■ ■ (original,- ,■ — newj ,•) 
RMSE <'^ K 6 iJ h3) 



2 



rows x columns 

Reconstructions from the quantized data are shown in Figure 9 for the D4 basis, in 
Figure 10 for the GHM scaling vector, and in Figure 11 for the new scaling vector constructed 
in this paper. The reconstructions for the smooth scaling vector constructed in this paper 
have the lowest RMSE's of the three methods. Hopefully, the reader also finds the artifacts 
are less noticeable in the images where the new basis is used. 
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Figure 8: The original image 512 x 512 grayscale image Zelda. 




RMSE « 4.88688 RMSE « 6.88849 

Figure 9: A 25:1 and 50:1 compression using the D4 scaling function. 



4 Appendix 



4.1 Scaling Vector Coefficients 

The matrix coefficients of the scaling vector constructed in Section 2.2 satisfying 

i 



$(s) = V2 Y^ 9i${2x ~ 



i=-2 
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RMSE « 4.37044 RMSE « 6.23848 

Figure 10: A 25:1 and 50:1 compression using the GHM scaling vector. 




RMSE « 4.13475 .RMSE « 5.84525 

Figure 11: A 25:1 and 50:1 compression using the new scaling vector. 



are given below. 



9-2 



0.02669163201881291 0.026188780570349884 

-0.03940748766209954 -0.040769035522339014 
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-0.1175124743509559 -0.10652668959666897 

0.18731879383595215 0.18181954032277048 







9\ 



"0.7071067811865841 








0.35355339059336993 














0.11751247435904282 


0.10652668958949803 


-0.1873187938600181 


0.18181954030143205 


0.6669057455800359 








0.4333094490577162 



0.30676124077120465 0.35964167838854366 

-0.4224381824999862 -0.433225475337907 







0.3067612407712861 -0.3596416783882024 

0.42243818250022613 -0.43322547533688205 

0.47106586494422936 0.23604093395898632 

-0.5666158791523569 -0.2916640296146426 



0.026691633234707347 
0.03940749128037211 
0.47106586494422936 
0.5666158791523569 



-0.026188779541901065 

-0.040769032461869345 

-0.23604093395898632 

-0.2916640296146426 



4.2 Multiwavelet Coefficients 

The matrix coefficients of the multiwavelet constructed in Section 2.3 satisfying 



f (x) = V2 Y^ hi$(2. 



x — i) 



are given below. 



h. 



0.0266916313500821 

0.04374365300600389 

-0.013410540810749855 

-0.04006995259666773 



0.02618877991421749 

0.06435982959198171 

-0.013157895717088848 

-0.06065185761803572 



h-i 



hi 



-0.11751247140680435 

-0.3334538093583893 

0.05904119433180234 

0.3166000901995356 



-0.10652668692775463 

-0.42469284946317537 

0.053521662417019424 

0.40882389594960616 



0.3067612330856239 0.3596416693780991 

0.19229779050087667 -0.40670678109361624 

-0.15412448873935367 -0.18069293784197155 
-0.15157506646288127 0.4513983241700974 



"-0.7071067870918081 














-0.9347644627208598 





-0.034862829700229456 



-0.11751247141489118 
-0.3334538094952175 
-0.05904119433586537 
-0.31660009033465436 



0.10652668692058369 

0.424692849341863 

0.05352166241341656 

0.40882389582980966 



0.30676123308570535 
0.19229779050222978 
0.15412448873939458 
0.15157506646421717 

0.02669163256597651 
0.043743673577174125 
0.013410541421645506 
0.04006997291081938 



-0.3596416693777578 

0.40670678109948577 

-0.18069293784180007 

0.45139832417589415 

-0.026188778885768697 
-0.06435981219212034 
-0.013157895200370542 
-0.060651840435570266 



4.3 Prefilter Matrices 

The prefilter used in the GHM scaling vector image compression examples in Section 3.2 is 
given below. This prefilter originally appeared in [12]. 
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The prefilter used in the new scaling vector image compression examples in Section 3.2 is 
given below. 



Q 



0.843806675746766 0.48588947587427395 -0.22260947332787062 0.04844309635543219 

-0.5359722073168798 0.7840831502767046 -0.30731469556949864 0.05920375260967379 

0.015288019449165685 0.26864647184429297 0.7701708393722542 0.5783011566714802 

-0.022144150703698316 -0.27740602706575324 -0.5126788258279672 0.8122290035974187 
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We shall prove that under a mild assumption, we can construct tight 
multiwavelet frames with the highest possible order of vanishing moments 
from any given refinable function vector. This paper generalizes Chui, He 
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1 Introduction 

Wavelet frames are proved to be a very useful tool in signal denoising and 
are being explored in other applications. Usually we derive wavelet frames 
from refinable functions. Thus the property of a wavelet frame derived from 
a refinable function is highly related to the property of the refinable function. 
However, some desirable properties cannot coexist very well at any refinable 
function. For instance, high smoothness and short support are two desirable 
properties of a refinable function. But the smoothness of a refinable function 
is restricted by its support. On the other hand, refinable function vectors, as 
generalizations of refinable functions, may have higher smoothness than those 
refinable functions with the same length limit of their support. Therefore, it 
is interesting to construct multiwavelet frames, especially tight multiwavelet 
frames, from refinable function vectors. 

In literature, Daubcchies, Han, Ron and Shen ([6]) and Chui, He and Stockier 
([2]) independently discovered a way to derive wavelet frames from refinable 
functions. There are many papers inspired by their results. For instance, Han 
and Mo have generalized their results on the construction of pairs of dual wavelet 
frames from the classical wavelet setting to the multiwavelet setting ([12]), have 
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given a general construction of tight wavelet frames with three (anti)symmctric 
generators derived from B-splines ([13]), and have given a characterization of 
tight wavelet frames with two (anti) symmetric generators derived from any given 
rcfinable function ([14]). Also, Chui, He, Stockier and Sun ([3]) have generalized 
Chui, He and Stockler's result ([2]) on the existence of tight wavelet frames 
from dilation 2 to any integer dilation larger than 2. We can see there is an 
interesting problem left unknown: under a mild assumption, can we always 
derive tight multiwavelet frames with the highest possible vanishing moments 
from any given refinable function vector? In this paper, we shall give a positive 
answer to the above question. 

Before proceeding further, let us give some definitions first. From now on, 
by d we denote a dilation factor which is an integer such that \d\ > 1. For a 
function / E L 2 (M), we define 



fi,k ~ \d\ j/2 f(d j ■ -k), j,keZ. 



{f,g)-= / f(t)g(t)dt v/, 9 a 2 (i) 



Define 



and ||/|| 2 := (/, /). Let {ip 1 , . . . , ip L } be a finite set of functions in Lz(M.), we 
say that {ip 1 , . . . , ip L } generates a wavelet frame {ipj k }j,keZ;£=i,... ,l in L 2 (R) 
if there exist positive constants C\ and C 2 such that 

L 

Cill/ll 2 < EEE K/A>| 2 < C 2 \\f\\ 2 V/ G L 2 (R). (1.1) 

l=\ jeZ k&L 

In particular, when C\ = C 2 (= 1) in (1.1), we say that {ip 1 , . . . ,ip L } generates 
a (normalized) tight wavelet frame in L 2 (M.). We shall assume that every 
tight wavelet frame is normalized in this paper. 

A tight wavelet frame {ip; /,}j,kei.;£=i l can represent a function / G L 2 (M.) 

as 

e=i j.kei 

Furthermore, if a tight wavelet frame {ip, fc }j,fceZ;fci,... ,l is linearly independent, 
then it is an orthonormal wavelet basis. In wavelet applications, wavelet frames 
have already been proved to be very useful for signal denoising and currently 
are being explored for image compression. It is of interest in both theory and 
applications to construct wavelet frames with certain properties. 

An important property of a wavelet frame is its order of vanishing moments. 
A function / with enough decay is said to have vanishing moments of order 
m if 

t k f(t)dt = Vfc = 0,... ,m-l. 



A wavelet frame {tp, k }j,k£Z-,e=i,... .l has vanishing moments of order m if all 
its generators ip 1 , . . . ,ip L have vanishing moments of order to. The order of 
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vanishing moments of a wavelet frame has a great impact on how efficient the 
wavelet frame is in representing a function. 

We can construct the generators of a wavelet frame from refinable function 
vectors. In this case, the wavelet frame is called an "MRA multiwavelet 
frame". An r x 1 function vector <f> = (</>i, . . . , <fi r ) T <E (L2(M.)) r is a refinable 
function vector, where r is called the "multiplicity" , if <p satisfies the following 
refinement equation, 

4>=\d\^2a k 4>{d--k), (1.2) 

fcez 

where a is a finitely supported sequence of r x r complex- valued matrices on 
Z, called the "matrix mask" for <f>. Under an appropriate mild condition (see 
[1, 5, 16, 20, 18, 22, 23]) on the matrix mask a, there exists a unique normalized 
distributional solution of the refinement equation (1.2). The refinement equation 
as well as the various properties of its refinable function vector has been well 
studied in the literature. To name a few, please see [1, 5, 7, 8, 10, 16, 18, 20, 21, 
22, 23, 26, 27, 28] and the references therein. A refinable function vector with 
the multiplicity r = 1 is a scalar refinable function. 

The remaining part of this paper is as follows. In Section 2, we shall give 
more definitions and discuss some properties of the transition operator T a . In 
Section 3, we shall build some lemmas for matrix inequalities. In Section 4, we 
shall prove the existence of tight MRA multiwavelet frames with the maximal 
possible vanishing moments. In Section 5, we shall show one example of tight 
multiwavelet frames for the case r = 2 and d — 2. 



2 The transition operator T a 

Let (j> = (<f>i, ... ,<f> r ) T E (L2(M.)) r be a refinable function vector and let a be the 
matrix mask of <j>. We say that a mask a with multiplicity r satisfies the sum 
rules of order m with respect to the lattice dZ if there exists a 1 x r row vector 
y(£) of 2-7r-periodic trigonometric polynomials such that y(0) ^ (we assume 
y(0)(j)(0) 7^ in this paper) and for k = 0, . . . , \d\ — 1, 

[y(d-)a(-)]^(2nk/d) = 6 k y^(0), j = 0,...,m-l, (2.1) 

where 6 is the Dirac sequence such that So = 1 and 6 k = for all k E Z\{0}, 
and j/ J ')(£) denotes the jth derivative of y(£) for all j e Z. As discussed in [12, 
Theorem 2.3], if a matrix mask a satisfies the summer rule of order to, we can 
assume that a takes the canonical form 



a(0 = 



(1 + e-^ + ■■■ + e -'(KI- 1 )«) m p 1 !(£) (1 - e -i\d\^m Pi 2 ^y 
(l-e-«rP 2f i(0 P 2 A0 



(2.2) 



where -P1.1, Pi. 2, -P2.1 and i-2,2 are some 1 X 1, 1 X (r — 1), (r — 1) X 1 and (r — 
1) x (r — 1) matrices of 27r-periodic trigonometric polynomials respectively and 
-Pi, i(0) = |rf| _m . We shall keep this assumption from now on. 
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Define T := M/2ttR. Denote lP(T) rxr the space ofrxr matrices of 2tt- 
periodic trigonometric polynomials, C co (T) rxr the space of r x r matrices of 
27r-periodic C°°-functions and C(T) rxr the space of r x r matrices of 27r-periodic 
continuous functions. Given a matrix A, we denote A T the transpose of A, A* 
the transpose of the complex conjugate of A, A a •' the adjoint matrix of A, and 
A id the (i, j)-entry of A. For any A e C(T) rxr , we say A > (or A ^ 0) if for 
all £ e T, A(£) > which means .A(£) is positive definite (or A(£) ^ which 
means A(£) is positive semi-definite). 

The transition operator T a is defined by 

|d|-i 
(T a F)(dO := ]T a(£ + 2nj/d)F(t; + 2wj/d)a((; + 2nj/d)* VF e C(T) rxr . 
i=o 

(2.3) 

By the definition, we know that T a is well defined and T a maps C(T) rxr and 
rp(jyxr int0 C (T) rxr and ?(T) rxr , respectively. A special eigenfunction of T a 
is $, the bracket product of <j> and (/>. For /, g e (^(IR.)) 7 ", define the bracket 
product (see [19]) as 

[/> ff](0 == E /K + 27ri)ff(C + 2ttj)* V£ e T. 

Since /, g <G (^(R)) , [/iff] is an r x r matrix of functions in Li(T). Define 

$ := 
Then we can verify that $ is an eigenfunction of T a as follows. 

|d|-l 

T a ${dS) =^aK + 2nj/d)$(S + 2nj/d)a(S + 2nj/d)* 

j=0 fceZ 
|d|-l 

= ^^ 4>(d£; + 2nj + 2ndk)4>(d£; + 2ttj + 2ndk)* 
j=o feez 

Thus we have T a $ = $. 

Moreover, we have the following lemma. 

Lemma 2.1 Let <j> = (<p\, . . . , <j> r ) G (^(K.)) be a refinable function vector 
with matrix mask a. Define $ := 4>,4> ■ It * s evident that <f>* = $. If the 
matrix mask a takes the canonical form (2.2), then we have 

(l-e"«r | *(0ij = *(!)(,-!), j = 2,...,r 
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(i - e -«r i ^(Ou = ^ ad m jt i, j = 2, 

Moreover, if $ > ; then we have 

(i-^n^)i,i= i Ro J ,i 1 .? = 2, 



,r. 



Proof: By assumption, we have 



o(0 



(1 - e _i< ^) m /(l - e^)" 1 * (1 - e _i< ^) m *' 

(1 - e -^) m * * 



(2.4) 



where * denotes some lxl, lx(r-l), (r — 1) X 1 and (r — 1) x (r — 1) matrices 
of trigonometric polynomials. Since <j> is refinable, we have 

Taking the Oth, . . . , (m — l)th derivatives at £ = from both sides of the 
equation above, since a(£) has the canonical form (2.4), we have 

0f(O) = O, .7 = 2,. ..,r; * = 0, 1, . . . , m - 1. 

Notice that 0i is a superfunction. We have for £ = 0, 1, . . . , m — 1, 

^2k e (j)i(x + k) =pi{x), 
kez 

where pi is a polynomial with degree at most £. Notice 



*(0i,i = E 

fcez . 



0i (x + k)(pj(x)dx 
and for £ = 0, . . . , m — 1, J = 2, . . . , r, 



' "= : E 6fc J e 



fcez 



E ^fej = / E [^01^ + fc)]0j(aO<*» 

fcez "^ fcez 



Pi(x)(j)j(x)dx 

( w H4)(o) = o. 



Therefore we have 



(l-e-«n*(0ij = *(0,M. J = 2,-.-,r. 



(2.5) 
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By the definition of adjoint matrices, (— 1) J+1 $ 1 • , j = 2, . . . , r, is the determi- 
nant of a sub-matrix of <I>. Since the first row of this sub-matrix has a common 
factor (1 — e~ l *) m , we have 



(1 - e-«) m I $ a %)ij - ^(Oi,!. J = 2, . . . ,r. (2.6) 

Moreover, if $ > 0, then dct$(£) > for all ^eT. Therefore, dct$(0) 7 0. By 
the matrix identity A^ 1 = A a ^ /detA and (2.6), we have 

(l-e^ri*- 1 ^-^!.!, j = 2,...,r. (2.7) 

As proved before, T a $ = $, i.e., 

|d|-l 
*(<£) = E a ^ + 27r J'/ rf ) $ (£ + 27rj/d)o($ + 27Ti/d)*. 

By (2.4), we have 

(l_ e -*)2m | [ ( € + 27ri/d)*K + 27rj7d)o(e + 27rj7d)*] lil) .7 = 2,... , r. 

Therefore, 

*(de)i,i = [o(0*(0o(0*] lfl +O(|$| 2ro ) ase^O. 
Combining the equality above with (2.4) and (2.5), we have 

*(do M = io(0i,ii 2 *(0i,i + om 2m ) as e - o. 

Hence 

(*(0i,i) -1 = |a(0(i,i)| 2 (*(de)i,i) _1 +O(|€| 2TO ) as £^ 0. (2.8) 

By (2.5), (2.7) and $(^)$- 1 (^) = I r , we have 

l = $(0i,i^- 1 (0i,i+O(|^| 2ro )as^-,0. 
Therefore, 

($(0i,i) _1 = $- 1 (0i,i + 0(|^| 2m ) as £ - 0. (2.9) 

By (2.4), (2.7), (2.8) and (2.9), we have 

*- 1 (0i,i = (*(0i,i)" 1 +o(iei 2,n ) 

= |a(0i,i| 2 (*(de)i,i)" 1 +O(l€| 2ro ) 

= io(0i,ii 2 * -1 (de)i,i + o(i^i 2ro ) 

= [a(0*^-\^)a(0] l!l +O(\e m ) as^-0. 
Therefore 

(l_ e -^m | [$-l( _ a(0 *$-l( d0a(0 ] M . 
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Now let us consider the eigenvectors of T a . As been proved, we have T a $ = 
$. Moreover, if the integer shifts of (ft are stable, then the cascade algorithm 
associated with the mask a converges in L2. Hence, we have that T a has a 
simple eigenvalue 1 and all other eigenvalues of T a are less than 1 in modulus 
(see [26]). Thus under the condition the integer shifts of <ft are stable, we have 
that $ is the unique 1-eigenfunction of T a and for all £ G T, $(£) > 0. Define a 
as 



2(0 := 



(1 



e -id£\m 








1 -1 



0(0 



(1 








Ir-1 



By our assumption, a is of the form (2.4). Therefore a is an r x r matrix of 
trigonometric polynomials. Define a new operator Ta mapping C(T) rxr into 
C (jyxr by 



T~ a F{dO 



\d\-l 

E 5 « 



2jir/d)F(£ + 2jir/d)a{£ + 2jir/dy 



(2.10) 



j=o 



Since a is an r x r matrix of trigonometric polynomials, we denote 3 , s(T) rxr 
a subspace containing all r x r matrices of trigonometric polynomials up to 
a finite degree determined by a such that it is an invariant subspace of Ta 
and p(Ta) = p{Tfi\y s nyxr) (see [11]). Similarly, since o is an r x r matrix 
of trigonometric polynomials, denote 3 a (T) rxr a subspace containing all r x r 
matrices of trigonometric polynomials up to a finite degree determined by a 



such that it is an invariant subspace of T a and p{T a ) 
obvious that 

TaF = XF =* T a F = XF, 



P(Ta 



?a(T) 



It is 



where F is derived from F by 



no 



Ir-l 



no 



(1 - e -^y n 

7 r _i 



VC e T. (2.11) 



Therefore, we have 

p(T~ a ) ^ P (T a ). 

Now we are in the position to prove the following theorem. 



(2.12) 



Theorem 2.2 Let <p and a be defined as in Lemma 2.1. If (ft has stable integer 
shifts, then there exist a positive number p < 1 and some F £ 3 3 (T) rxr such that 
F > and T a F ^ pF where F is derived from F by (2.11). 

Proof: Since Ta is a linear operator acting on CP3:(T) rxr which is a finite 
dimensional space, by the definition of spectrum, we know that there exists 
^ G(0 e T a (T) rxr such that T~ a G = X G and |A | = p(r 3 |g,_ (T) rxr). Define 



G(0 = 



(1 - e-^) m 
J r _i 



G(0 



(1 - e-^) m 

I r -1 
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then it is evident to see that we have T a G = \qG. 

Since $(0) M > |0i(O)| 2 7^ 0, $(0) M ^ and G(0) M = by the definition 
of G. Thus for all A G C, we have <& 7^ AG. Notice that <I> is the unique 1- 
eigenfunction of T a , we have |A | = p(Ta) 7^ 1. Since has stable integer shifts, 
T a has a simple eigenvalue 1 and all other eigenvalues of T a are less than 1 in 
modulus (see [26]). By (2.12), we have p(Ta) ^ 1. Combining the fact that 
P {Ta) + 1, we have |A | - p(T z ) < 1. 

Choose pi := [1 + p(Ta)]/2. Then we have p(Ts) < Pi < 1- Borrowing the 
idea from the proof of [24, Theorem 3], since p(T%/pi) < 1, (Id — T^/pi) -1 is a 
well defined operator acting on y^(T) rxr and 

(Id - Ta/pi)- 1 =Id + T~J Pl + Tllp\ + • • • , 

where Id denotes the identity operator. Define F = (Id — T„/ pi) -1 /,., then 

F = I r + TaU/pi H • Thus F G !P H (T) rxr and F > 0. By the definition of 

F, we have (Id - T^/ pi)F > 0. Therefore, T S F < piF. Let F be derived from 
F by (2.11), then we have T a F < p : F. ■ 

After Theorem 2.2, our next major step will be proving that there exist a 
positive number e and some 9 G CP(T) rxr such that for all (eT, 

($(£) + eF(0y^ 0(0 ^ ($(£) + epF(0y\ 

Before going to this step, we need some lemmas to build up matrix approxima- 
tion first. 



3 Matrix approximation 

Lemma 3.1 If A,B € C(T) rxr such that A* = A, B* = B and A< B. Then 
there exists some P G y(T)' xr such that A < P < B. 

Proof: For every £ <G T, suppose Ai(£), ..., A,-(£) are all the eigenvalues of 
(B - A)(£) and we have Ai(£) > • • • ^ A r (£). Thus B(£) - A(£) ^ \ r (£)I r . 
Since B(£) - A(£) > 0, we have 

Ai(0>-">Ar(0>0. 

Hence we have, for all £ € T, 

= dct(B(Q-A(Q) dct(B(Q - A®) 

■^ Ai(0---A,._i(0 " [trace(B(0-A(0)] r_1 " ^ 

where ci is a suitable positive constant number we choose to satisfy the above 
inequality. Therefore, for all u G C r , u*(B — A)u Js c\u*u. Then we can get a 
trigonometric polynomial Pi G 3 ) (T) rxr such that for 1 ^ i,j ^ r and for all 
£GT, 

\[P 1 -(A + B)/2](0 i , j \<c 1 /(4r 2 ). 
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Define P := (Pi + Pf )/2, then we have P* = P and for all u £ C, 

u*(P- A)u = u*[(A + B)/2- A]u + u*[Pi - (A + B)/2]u/2 
+ u*[P 1 * - (A + B)*/2]u/2 
> ciu*u/2 - ciu*u/4/2 - ciu*u/A/2 
= ciu*u/A. 

Thus P- A > a/ r > o. Similarly, we have B-P > ^J r > 0. Thus B < P < A. 



Lemma 3.2 Let A, B £ C°°(T) rxr be such that A* = A, B* = B and B - A = 
PiFPf, where P x £ ?(T) rxr , detPi ^ and F £ C(T) rxr , F > 0. Then there 
exists some P € 3>(T) rxr such that A^P ^B. 

Proof: For all £ £ T, define pi(£) := detPi(£)- Since Pj e , (T) rxr and 
detPi ^ 0, p\ is a non-zero 27r-periodic trigonometric polynomial. Therefore, 
\pi\ 2 has finitely many roots in T. Suppose all the roots of |pi| 2 in T are 

-7r < Ci < ■ • • < £n < 7T 

with multiplicities a\, . . . , a^, respectively. Then we have |pi| 2 = P2Pz, where 
P2 and P3 are two 27r-periodic trigonometric polynomials such that £>2(£) 7^ 
for all £ £ T and 

P3(0 = n^ =1 (c-«-e-«*) Q *. 

By the Lagrange Interpolation Theorem, for 1 ^J i,j ^ r, there exist unique 
Pi.j S 3 > (T) lxl such that degpij < degp3 and 

Pijitk) = Aj(&), £ = 0,...,a k -l;k = l,...,N. 

Define A hJ := |pi| _2 (Aj J - - Pij), Pq := [Pi,j]i<y<r and -4 = L4j,j]i^,j^r- It 
is obvious that P £ y(T) rxr and ^4 = P + P\Ap\. Also, by the definition of 
Pij and the fact that Aij is a C°°-function, it is evident to see that Aij = 
p- _hi — Via. is a continuous function on T. Since A* = A and pj is uniquely 

determined by A, we have P * = P and A* = A. By F > 0, A £ C*(T) rxr and 
Lemma 3.1, there exists some P2 £ 3>(T) rxr such that 

P^A(P^)* < P 2 < P^A(P^)* + F. 
Let P := P + P1P2P*. We have 

P-A = P 1 [P 2 - P^A(P^)*]P* ^ 0. 
Similarly B - P ^ 0. Thus A^P^B. ■ 



Recall $ := 



, now we can prove the following proposition. 
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Proposition 3. 3 Suppose < p < 1, $ > 0, F e C(T) rxr , F > 0, F is 

derived from F by (2.11), then there exist e > and G y^yxr suc /j that 

($ + eF)" 1 ^6<($l epF)- 1 . 

Proof: For a constant r x r matrix A ^ 0, we have 

(/ + A)- 1 = I-A + A 2 (I + Ay 1 = I - A + A(I + Ay 1 A. 

Hence we have 

(I + Ay 1 ^I-A when A ^ 0. 

Moreover for a given positive number A, if $J A ^ XI r , we have 

(7 + A)- 1 = I - A + A{I + A)- 1 A ^I-A + A 2 ^I-A + \A. 

Hence 

(1 + A)- 1 ^ I-A + XA whcnO ^A^XI r . (3.1) 

Since <f> > 0, we have <&i := $ 1/2 > 0. Thus we have 

(* + epF)- 1 = $^[7 + ep^F*^ 1 ]- 1 ^ 1 

^ $i[I - ep^F^ 1 }^ 1 = $" 1 - epQ^F®- 1 , 

i.e., 

(Q + epF)- 1 > $ _1 - ep* -1 .^- 1 . (3.2) 

Choose e > small enough such that eF ^ (1 — p)$/2 since $ ^ c/ r for some 
positive number c. By inequality (3.1), choosing A = (1 — p)/2, similarly to the 
proof of inequality (3.2), we have 

($ + eF)" 1 s^ $ _1 - e(l + p)$ _1 -F$ _1 /2. (3.3) 

Define 

A (O:=diag[(l-e-'«),l,...,l] (3.4) 

and 

$ := A^Q^A™. 

By Lemma 2.1 we know that $ e C°°(T) rxr . By $ > we know that the 
determinant of $ is positive. By the definition of $, we have 

[$ _1 - ep*" 1 ^*" 1 ] - [$ _1 - e(l + /9)$ _1 F$ _1 /2] 

= e(l-p)$" 1 F$" 1 / 2 

= 6(1 - p)^[$A - m F(A -" l )*$*](A™)72 

= e(l-p)^[*F**](^)72. 
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It is obvious that <I>F$* > 0. By Lemma 3.2, there exists some P e J , (T) rxr 
such that 



$■ 



e(l + p)$- 1 F$- 1 /2 ^ P ^ $" 1 - e/ o$ _1 F$- 



(3.6) 



Applying inequalities (3.2) and (3.3), we have 

($ + eF)" 1 ^F<($ + epF)- 1 . 

m 

Now we can prove the following proposition. 

Proposition 3.4 Let cf> and a be defined as in Theorem 2.2. If <j) has stable 
integer shifts, then there exists G 3 > (T) rxr such that S(0)i.i = 1, > and 



e^-T^e- 1 )^. 



(3.7) 



Proof: By Theorem 2.2, there exists some positive number p < 1 and F > 
such that T a F ^ pF where F is defined as in (2.11). As we discussed before, 
$ satisfies T a Q = <f> > 0. Hence by Proposition 3.3, there exist e > and some 
P e y(T)'' xr such that 

< ($ + eF)- 1 ^F<($ + epF)" 1 , 

i.e., 

$ + epF s^ P- 1 ^ $ + eF (3.8) 

Let := P > 0, then by inequality (3.8) we have ©(0)1,1 = 1 and 

6- 1 - T a (6- 1 ) > ($ + epF) - T a (6- 1 ) ^ (* + epF) - T a ($ + eF) ^ 0. 



4 The existence of tight multiwavelet frames de- 
rived from refinable function vectors 

Our final major step will be proving the main theorem in this paper. We shall 
go through the following well-known lemmas first. 

Lemma 4.1 Suppose A is an m x n matrix and B is an n x m matrix. Then 
we have 

X n Act{XI m - AB) = A m dct(AF - BA). 



Proof: We have the following identities: 



J-m A 
B XL, 



Mm 

-B L, 



XI m -AB A 
XI„ 
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and 



'ra A 

B XL, 



XI„ 




-A 



I„ 



Mm 

XB XI n - BA 



Taking the determinants of the matrices in the above two equations, we have 
A n det(A/ m - AB) = X m dct(XI n - BA). 



Lemma 4.2 Let A be an m x n matrix and B be an n x m matrix. If (AB)* 
AB and (BA)* = BA, then we have 



AB^O 



L -BA^O. 



Proof: Suppose I m — AB ^ 0. Then all the eigenvalues of (I m — AB) are 
nonncgative. Hence 



det[A/ ro - (I m - AB)] = H(X - Xj), 

3 = 1 

where for j = 1, . . . , m, \j is nonnegative. By Lemma 4.1, we have 
(A - l) m -"dct[A/ n - (/„ - BA)} = (A - l) m -"det[(A - 1)J„ + BA)] 

m 

= det[(A - l)J m + AB] = JJ(A - Xj). 

Thus all the eigenvalues of (I n — BA) are nonnegative. Combining that (BA)* = 

BA, we know that I n - BA ^ 0. Therefore, I m - AB ^ implies I n - BA ^ 0. 

Similarly, I n - BA ^ implies I m - AB ^ 0. ■ 

Finally, we are in the position to state the main theorem in this paper. 

Theorem 4.3 Let <f> G (L2O&)) be a refinable function vector. If the integer 
shifts of <j> ore stable and the matrix mask a of 4> satisfies sum rules of order m, 
then there exists a tight multiwavelet frame derived from 4> and it has vanishing 
moments of order m. 

Proof: By assumption, the matrix mask a takes the canonical form (2.4). By 
Proposition 3.4, there exist 9 e ?(T) rxr guch that e(o) M = 1, > and 

e- 1 - T^e- 1 ) >o. 

First we want to prove that M ^ 0, where M is defined by 



M(0 



'©(0 



*(« 



e 



27r(|d|-l) 
d 



0(0* 



1 1 . 2tt 

a\£ + — 



(\d\-l) 



e(rfO 



0(0* 



.(* 



27r(|rf| — 1) 

d 



(4.1) 
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By the fact 6 > we have 6i := 1 / 2 > 0. Therefore, by the definition of M 
in (4.1), we have 

-l 



©i(0 



©iU 



2tt(|<J| — 1) 



M(0 



'©i(0 



0iU 



27r(|d|-l) 



— I\d\r ~ 



(aer 1 )*^)©!^) 

(a6r 1 )*(e + f)e 1 (d6 



(ae^HOOKde) 

(a r i)*( C + ^)e*(^) 



Hence, 

M(0 ^ 



-f|d|r _ 



(aer 1 )*^)©!^) 

(a@r l)*( e+ ?J)e 1(rf0 



By Lemma 4.2, for all £ € T, we have that 
M(£) > 

(aer 1 )*^)©!^) 

("©r'r^ + f)©!^) 



(aGr 1 )*^)©!^) 

(aerVte + f)©!^) 



(aer 1 )*^)©!^) 



>0. 



Jaer 1 )*^^^ 1 )©!^) 



(aSr 1 )*^^^)©^ 
By 9 = 0? , we have 

M(0 > o «*• j r - e^OTUe- 1 )^)©!^) > o «*• e-^de) > r^e- 1 )^), 

i.e., 

M^o^^e^ 1 ^tj©- 1 ). 

Thus by inequality (3.7), we know M ^ 0. 

Secondly, we want to prove that we can derive a tight wavelet frame from the 
given 0. As a special case of [12, Theorem 3.1], to derive a tight wavelet frame 
from the given 0, we need to find rxr matrices a 1 (£),..., a L (£) of trigonometric 
polynomials such that 

- l (z + 2 -fY ••• « L (e + ^r 



>0. 



a 1 U 



27r(|d|-l) 
d 



,( e+ Mfci! 



a\0 



* L (0. 



= M!(0, (4.2) 
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where 

Mi(0 := 

Recall M is defined as 

fe(0 



e(0 - o(0*e(de)o(0 

-a(^+^)*9(de)a(0 



ee 



"1ST 


d y ^k^ws) 






r a(0* 


27T(|d|-l)\ 




afe+MIJ-D 



M(0 = 



It is evident to see that (4.2) is equivalent to 

A(0*A(0 = M(0, 



where 



^4(0 



o i (0 ... a i( e+ Mfciiy 

a £ (0 ••• a^£+?«) 



e(de) 



a(0* 



aU+ Mfci) 



(4.3) 



/r 


e- l «/ r 


e -i(\d\-i)$J r 


/r 


e -i(ii+2ir/d) Ir 


e -i(\d\-l)(£+2n/d)j 



Define 



£(0 

T -i(|+27r(|d|-l)/d)r ... -i(|d|-l)(f+27r(|d|-l)/d)r 

To solve (4.3), using the polyphase decomposition, define 

A(d0 := 4(£)25(0 

and 

M(rf0 := £(£)*M(£)£(0- 
By direct calculation, we can verify that 

M(0 e y(T)l d l'' x l d l'' ^=^ M (f) e T(T)l d l rx l d l r 

and 

a 1 ^), ■ • • , a L (0 G 0>(T) rxr <=* A(£) G 3>(T) Lrx l d l r . 

It is evident to see that (4.3) is equivalent to 

a(o*a(o = m). 



(4.4) 
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We are especially interested in the case L — \d\. In this case, A(£) is a \d\r x 
\d\r matrix. Since M(£) G 3>(T)l < *l T ' x l d l r , we know that fiffe) e rp^|d|rx|d|r_ 
Moreover, by M ^ 0, we have M ^ 0. Hence by the matrix- valued Fejer-Ricsz 
Lemma([9], [15], [17], [25]), there exists A e 3>(T)l d l rx l d l r such that A(£)*A(£) = 
M(£). Therefore we can obtain trigonometric polynomial matrices a 1 (^), ..., 
a ' d '(£) by the relation A(£) = A(d^)E(^)~ 1 . Moreover, by the choice of a 1 , 
..., a' d l, we know that a 1 (^), ..., &' d '(£) are r x r matrices of trigonometric 
polynomials and satisfy (4.2). Hence by [12, Theorem 3.1] we can derive a tight 
wavelet frame with generators {ip 1 , ..., tp^} such that ip 1 , ..., ip\ d \ are r x 1 
function vectors and 

^'(dO = a J W(0. ,? = 1,...,M|. 

Finally we want to prove that ^i 1 , ..., V ah have vanishing moments of 
order m. By [12, Theorem 2.3] and a direct computation, we only need to prove 
that 

(l-e-«r|a''(0fc,i> fc=l,...,r;j = l,...,|d|. 

By (4.2), we have that 

|d| r 

EEi oi (OMi 2 = [©(e)-a(o*e(de)o(o] M 
j=i fe=i 

= p" 1 ® + A™(0G(C)A™(0* - a^-^MO 

-a(0*A^(dOG(dOA^(dO*a(0] 1A 
= f*" 1 ® - a^-^MO] M + Odd 2 " 1 ) as C - 0. 
By Lemma 2.1, we have 



Hence 



Therefore, 



(1 _ e -« )2m |[ $ -i_ a(0 *^i ( ^ )a(c) ] ir 

\d\ r 
3=1 fc=l 



Ml r 

E E i^m/ct < +^ as £^ °- 

3=1 fc=l 

Noticing the fact that the summation of nonnegativc numbers is still nonncga- 
tive, we have 

\a j (0k,i/r\ < +co as ^ ^ 0, k = 1, . . . , r; j = 1, . . . , |d|. 

Thus, 

(l-e-«r|o J '(0M. fc=l,...,r;j = l,...,|d|. 

Hence ^ 1 , ..., ^ &h have vanishing moments of order m. ■ 
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5 An example 





Figure 1: Generators for the tight multiwavelet frame in Example 5.1: (a) ip 1 
and ip 2 (b) tp 3 and ip 4 . Functions ip 1 , ip 2 , ip 3 and tp 4 are cither symmetric or 
antisymmetric about the origin and have vanishing moments of order 1. 



Example 5.1 Define a function vector := (0i,02) T where 

0i := (m) 2 (-2i+l) X[ -i,o) + (£-l) 2 (2m)x[oa), 2 ■= t(t+l) 2 X [-i,o)+t(t-l) 2 X[o,i)- 

The function vector is the well known Hermite cubics and it satisfies the 
following refinement equation 



1/2 
-1/8 



3/4 
-1/8 



0(2 ■+!)• 



1 

1/2 



0(2- 



1/2 -3/4 
1/8 -1/8 



0(2 •-!). 



The refinablc function vector has the following interpolation property: 0i (0) = 
1, 0i (0) = 0, 02(0) = and 2 (O) = 1. For further discussion on the Hermite 
intcrpolants, please see [10] and the references therein. 
The mask of the Hermite cubics is given by 



a(0 := 



(e i « + 2 + e- J «)/4 3(. 



,'i-i _ p -i£ 



)/8 



(-e J « + e- J «)/16 (-e J « + 4-e- i «)/16 



(5-1) 



We can check out that a satisfies the sum rules of order 4 with a row vector 
y(0 = [1, e^/3 + 1/2 - e- J « + e - 2i «/6]- Take m = 1. Define 17(0 : = J 2- Then 
C/(20a(0[/(0 _1 takes the form of (2.2) with m = 1. Define 



6(0 := 



1 

15 




-9\/2 



and 

a l {S,)-=di 



(2 - e _i * - e J «)/4 3(g- J « - e*)/8 

(-29 + 16\/2)(e- J « - e l «)/784 (20 + lie - * + lle J «)/112 
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a 2 (0 := d 2 
where 



(3\/6 + 4y3)(e- J «-e i «)/8 

(6 - 5>/2)(e-* - e J «)/196 3(2 - er^ - e i? )/28 



g?i := diag 



l,\/105 + 63\/2 



rf 2 := diag 



l,\/70 + 42\/2 



Define functions -0 1 , ?/; 2 7 "0 3 and ^ 4 by 

[^(2o,^ 2 (2e)] T : = a i (om, [^m^\m T ■■= « 2 (e)?(0- 

By a direct computation based on [12, Theorem 3.1], one can verify that {ip 1 , ip 2 , ip 3 , V^} 
generates a tight multiwavelet frame. Moreover, functions ip 1 , ip 2 , ip 3 and ip A 
are real- valued and symmetric, and all of them have vanishing moments of order 
1. For their graphs, see Figure 1. 

Remark: Recently, Chui and Stockier ([4]) have constructed another tight 
multiwavelet frame derived from the Hcrmitc cubics. Their example has five 
(anti)symmctric generators with vanishing moments of order 4. 

Acknowledgements: The autor would like to thank the anonymous referees 
for their reports to improve the presentation of this paper. 
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Abstract 

Interpolatory and non-interpolatory multivariate Hermite type subdi- 
vision schemes are introduced in [8, 7]. In their applications in free-form 
surfaces, symmetry properties play a fundamental role: one can essentially 
argue that a subdivision scheme without a symmetry property simply can- 
not be used for the purpose of modelling free- form surfaces. The symmetry 
properties defined in the article [8] are formulated based on an underly- 
ing conception that Hermite data produced by the subdivision process 
is attached exactly to the vertices of the subsequently refined tessella- 
tions of the Euclidean space. As such, certain interesting possibilities of 
symmetric Hermite subdivision schemes are disallowed under our vertex- 
based symmetry definition. In this article, we formulate new symmetry 
conditions based on the conception that Hermite data produced in the 
subdivision process is attached to the faces instead of vertices of the sub- 
sequently refined tessellations. New examples of symmetric faced-based 
schemes are then constructed. 

Similar to our earlier work in vertex-based interpolatory and non- 
interpolatory Hermite subdivision schemes, a key step in our analysis is 
that we make use of the strong convergence theory of refinement equation 
to convert a prescribed geometric condition on the subdivision scheme - 
namely, the subdivision scheme is of Hermite type - to an algebraic con- 
dition on the subdivision mask. Our quest for face-based schemes in this 
article leads also to a refined result in this direction. 
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1 Introduction 

Subdivision schemes are used in both curve and surface design as well as wavelet 
construction. Because of the two different applications, there comes also a 
certain degree of confusion in what subdivision is supposed to mean even in the 
most standard linear, stationary and shift-invariant case: 

• [Geo] To a number of geometric modelling and computer graphics scien- 
tists, subdivision, in their so-called regular setting, typically consists of 
the following 4 components: 

[Tl] a choice of isohedral tiling of W; 

[T2] a refinement rule that is used to transform the tiling to a similar tiling 
but with a smaller tile size; this refinement rule is used repeatedly in 
the subdivision process to create finer and finer tilings of R s ; 

[Gl] a specification of how data (measuring geometric positions) is at- 
tached to the individual tiles; in 2-D this comes with the choice of 
attaching positional data to vertex and/or edge and/or face; 

[G2] a fixed linear rule for how data attached to any specific tile is deter- 
mined from the data attached to the coarser scale tiles. 

[T1]-[T2] are typically referred to as the "topological" part of the sub- 
division scheme. So far the main application of subdivision is in surface 
modelling, in which s — 2 and the isohedral tiling is usually based on 
equilateral triangles or squares. 

(In the setting of free-form subdivision surfaces, the above is the so-called 
regular part of a subdivision scheme, one needs also extraordinary and 
boundary subdivision rules for producing a free-form surface. We do not 
discuss the latter in this article.) 

• [Wav] To a number of mathematicians working in wavelet analysis, sub- 
division is defined as a linear operator S := S a .M of the form: 

Sv{a) = J2 v{[3) a(a - M/3), (1.1) 

/3GZ» 

where a is the mask and M is a so-called isotropic dilation matrix. See 
[8, 7] and the references therein. This operator has a very close connection 
to the refinement equation 

0(aO = 5>(/?)0(Ma-/3), (1.2) 



which is directly related to wavelet construction under the MRA frame- 
work of Mallet and Meyer. Iteratively applying S to a sequence of initial 
data v produces the data S n v, n = 0, 1, 2, ... , with 

(S n v)(a) ss f{M~ n a), n large, (1.3) 



FACE-BASED HERMITE... 437 



where / is the limit function - exists for a "good" mask a - of the subdi- 
vision process. 

The geometric entities that underly (1.3) are, of course, the successively 
refined lattices 

oo 
, ii dense 

If C M~ x lf C M ~ 2 Z S C • • • C (J M~ n lf C K s . (1.4) 



Most subdivision schemes we are aware of can be described under both 
settings. However, it seems unclear whether the two settings are exactly the 
same in general. In (1.4) only discrete points are involved, these points are not 
connected and hence there is no edge or face, and consequently no concept of 
tiling/graph/tessellation is directly involved in setting [Wav], so in this sense 
one may think that [Wav] is more general than [Geo]. On the other hand, 
the lattices in (1.4) are all isomorphic to Z s , whereas the isohcdral tiling [Tl] 
involved in [Geo] may have no structural similarity whatsoever with If - so 
from this point of view [Geo] is perhaps more general than [Wav] . 

At the analysis level, the setting [Wav] is very well-understood: there is by 
now an extensive collection of analytical and computational tools available for 
the analysis of (1.1)-(1.2). 

In this paper, we propose face-based Hermite subdivision schemes which 
we first describe under the setting [Geo], we then translate them back to the 
form (1.1) and analyze them using the general theory available. To this end, 
we reuse the main ideas mutatis mutandis developed in [8]; see Section 2. We 
follow closely the notations and vocabularies in [8]. 

We recall here a couple of notations from [8] that will be used very often 
in the rest of the paper: A r is the set of s-tuples of non-negative integers with 
sum no greater than r, ordered by the lexicographic ordering. S(E,A r ) is the 
#A r x #A r matrix that measures how Hermite data of a function changes upon 
a linear change of variable by E G R sxs : let d^ r f := [D v f] ueAr G M lx # A -, 
then 

/ G C r (R s ), g = f(E-) => d^g = d^f(E-) S(E,A r ). (1.5) 

Why face-based Hermite schemes? Besides theoretical motivations, some 
vertex-based schemes are simply unnecessarily smooth for our purposes. We 
have been considering applications of symmetric Hermite subdivision schemes 
in free-form surfaces [13], in which we are primarily interested in schemes that 
are C 2 and have very small supports. For 2-D Hermite schemes with quincunx 
refinement, if we insist on using vertex-based scheme then the smallest meaning- 
ful support is [— 1, l] 2 and the resulted order 1 Hermite scheme is C 7 [8, Section 
3.5]; in fact even the scalar counterpart of this scheme is much smoother than the 
desired C 2 : the scalar quincunx scheme used in [12] (derived from the Zwart- 
Powell box spline) has the same [— 1, l] 2 support, is a vertex-based scheme and 
is C 4 . If one wants to use the smaller support [0, l] 2 and still obtain schemes 
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with a meaningful symmetry property then a natural approach is to change 
from vertex- to face-based scheme. 

At the initial phase of the research work of this article, we speculated that 
there existed a C 2 face-based Hermite subdivision scheme with the mask support 
[0, l] 2 (which corresponds to the stencil in Figure 2(a)) and is based on quincunx 
refinement, as one could already obtain a C 1 scheme in the scalar case. See 
Section 3.1. To our surprise, it does not seem to be case. Despite such a "bad 
news", we shall discover in Section 3.2 a C 2 Hermite face-based subdivision 
scheme based on quadrisection refinement (i.e. M — 2I2) and the subdivision 
stencil depicted in Figure 2(a)). The scalar counterpart of this scheme is the 
regular part of what Peters and Reif called a the simplest subdivision scheme 
(for smoothing polyhedra)" [11]. 

From experience it is almost always possible to gain smoothness by increas- 
ing support size or by increasing multiplicity - with our experience in Section 
3.1 as a rare exception. For application in free- form subdivision surfaces, the 
latter approach may have an advantage because of the inevitable presence of 
extraordinary vertices in free- form surfaces. 
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Figure 1: Two topological refinement schemes based on the square tiling 



2 Face-based Hermite Subdivision Schemes 



In this paper, we consider subdivision schemes based on the following specifica- 
tions: 
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[Tl] The isohcdral tiling of M s is chosen to be the straightforward tiling by 
hypcrcubes: 

RS = U a + IM s - 

[T2] Let M be an s X s integer matrix such that M = UDU T where U is 
unitary and D is diagonal with diagonal entries with the same modulus a > 1. 
In the rest of the paper we simply call any such matrix a dilation matrix. 1 Then 
M _1 [0, l] s is similar to [0, l] s . The successively refined tilings are then given by 
M s = UaGZ 3 M~ n (a + [0, l] s ). In dimension 2, two well-known examples of M 
are: 



27, = 



2 
2 



M, 



Quincunx 



l l 
l -l 



See Figure 1. 

[Gl] Subdivision data is a "jet" of Hcrmite data of order r at the center of 

each cube; conceptually, we have 

M ix#A r 9 Vn ^ = data attachcd t0 thc tilc M-"([0, l] s + a) 

« a^ r /(M-"(a + [1/2, . . . , 1/2] T )) 5(M n , A r ). (2.1) 



See [8] for the exact definition of the notations above; the vector on the right- 
hand side of (2.1) consists precisely of all the mixed directional derivatives of / 
of order up to r at the point M~ n (a + [|, . . . , \] T ) and in directions M~ n ej, 
j = l,...,s. 

The informally described concept here will be made precise in definition 2.1 
below. 

[G2] With the choice of [Tl], [T2], [Gl] above, there are still many choices of 
subdivision rules. We are interested in those with small supports, smooth limits 
and symmetry, see the formal definitions below. 

In each case above the subdivision scheme can be cquivalcntly defined by a 
subdivision operator S = S'a.M of the form (1.1), i.e. there exists a subdivision 
operator S such that v n := S n vo, V n > 0, is precisely what [T1]-[T2] & [Gl]- 
[G2] above would produce. Notice that S is a so-called stationary subdivision 
operator — the subdivision data v n is generated by a fixed subdivision mask a 
at all levels n; we mention without a rigorous justification that if we want the 
data v n = S n Vo produced by a stationary subdivision process to also enjoy a 
natural Hcrmite type convergence property (c.f. Definition 2.1 below), then the 
scaling by S(M n , A r ) introduced in (2.1) is essentially the only sensible choice. 

In 2-D, here are some subdivision stencils that we are particularly interested 



in: 



1. When M — MQ U i ncunx , the Hermite data associated with any level n + 
1 square is determined from a linear combination of the Hermite data 
associated with the two level n squares containing the level n + 1 square. 
See Figure 2(a). In this case, supp(a) = [0, 1] x [—1,0]. 



1 Notice that this is more restrictive than what is usually called an isotropic dilation matrix 
in thc literature. 
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When M = 2/2, the Hermite data associated with any level n + 1 square is 
determined from a linear combination of the Hermite data associated with 
the 3 or 4 level n squares closest to the level n + 1 square. Figure 2(b)&(c). 
In this case, supp(a) = [-1,2] 2 - {(-1, -1), (-1, 2), (2, -1), (2, 2)} or 
[— 1, 2] 2 , respectively. 



(a) 




(c) 



Figure 2: Subdivision Stencils for quincunx (a) and quadrisection (b)&(c) re- 
finement 



Following the geometric intuition we have so far, we are led to the following 
definition: Let M be a dilation matrix with the property described in [T2] 
above. An order r face-based Hermite subdivision operator S := 5 a ,Af 

is a subdivision operator with multiplicity m — #A,. such that (i) for any initial 
sequence v 6 [;°(Z s )] lxm there exists /„ g C r (W) such that 



Hm m r f v ]\ M - 



•+[§,• 



v n S(M n , A r )| 



[Z~(Zs)p 



0, (2.2) 



where v n 
write 



S n v, (ii) /„ 7^ for some v ^ 0. For notational convenience, we 
S°°v := /„. 



We now recall from [8] the following definition, proposed originally for the 
study of what we now call vertex-based Hermite subdivision scheme. 

Definition 2.1 ([8, Definition 1.1]) A subdivision operator S :— S &t M is of 
Hermite type of order r if (i) m = $A r for some r > 0, and for any initial 
sequence v € [Z°(Z s )] lxm there exists f v <E C r (R s ) such that 



lim \\[d* r f v ]\ M -» z . -v n S(M n ,A r )\\ [lo . m]1Xm = 0, 



(2.3) 



where v n — S n v, (ii) f v =£ for some v ^ 0. 



The two definitions are clearly equivalent. Comparing (2.2) and (2.3), 
of course the only difference is that the latter involves sampling of Hermite data 
of at the lattices M _n Z s , whereas the former involves sampling of Hermite data 
at the shifted lattices M~"(Z S + [i . . . , \] T ). However, the two convergence 
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definitions involve n tending to infinity, and the difference induced by the shift 
in (2.2) becomes negligible for large n. An obvious application of triangle in- 
equality, combined with the assumption that f v £ C r in both (2.2) and (2.3), 
shows that the definition of order r face-based Hermite subdivision operator 
above is identical to Definition 2.1. 

So what is the real difference between vertex-based and face-based subdivi- 
sion schemes then? For the setup in this paper, we address only sum-rule and 
symmetry conditions, as these are the two conditions we use for determining a 
subdivision mask a. We do not address, for instance, data-structure issues for 
computer implementation. 

At first glance, 

• Symmetry conditions must be different between vertex- and face-based 
schemes. As expounded in the introductory section of our earlier paper 
[8] , the meaning of symmetry relies completely on the geometric meaning 
of subdivision data v n (a); as the "geometric meaning" of v n (a) has been 
changed from 

v n {a) » d^ r f(M- n a) S(M n ,A r ) 

in vertex-based scheme to (2.1) in face-based scheme, it should be hardly 
surprising that symmetry properties for vertex- and face-based Hermite 
subdivision schemes have to be somewhat different. 

As expected, this is exactly the case. See Section 2.2. 

• Sum rule conditions, derived independently of symmetry conditions, are 
the same for vertex- and face-based Hermite subdivision schemes, because 
of the equivalence of (2.2) and (2.3). 

As it turns out, this is not the case because of a technical loophole in a 
result in our earlier paper [8]. See Section 2.1. 

2.1 Sum rules and the spectral quantity v^a^M) 

Since a subdivision mask uniquely specifies a subdivision operator, sum rules 
- algebraic relations necessarily satisfied by the mask of any smooth subdivision 
process - are very useful for construction of subdivision schemes. 

In the following, let us recall the definitions of sum rules in [2, 5] and the 
important spectral quantity v p (a-, M) in [5] in the setting of Hermite subdivision 
schemes. 

For a given sequence u £ (^ (Z s )) mx ", its Fourier series u is defined to be 

ii(0 := E «(0) e " </H . ^ RS - 

Let a be a matrix mask with multiplicity to. We say that a satisfies the sum 
rules of order k + 1 with respect to the dilation matrix M (see [5, Page 51]) if 
there exists a sequence y £ (^°(Z s )) lxm such that y(Q) ^ 0, 

D"[y(M T -)a(-)](0) = |detM|Z>"y(0) and L» M [2}(M T -)a(-)](27r/3) = 0, (2.4) 
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for all \fi\ < k,(3 G {M T )- 1 Z S \Z S . 

The quantity u p (a,M), which is defined in [5, Page 61], plays a very im- 
portant role in the study of convergence of vector subdivision schemes and the 
characterization of smoothness of refinable function vectors. For the convenience 
of the reader, let us recall the definition of the quantity v p (a, M) from [5, Page 
61] as follows. The convolution of two sequences is defined to be 



u*v](a) := Y u([3)v(a-[3), u G {l°{Z s )) mxn , v G (;°(Z S ))" XJ . 



E 



In terms of the Fourier series, we have u * v — iiv. Let y be a sequence in 
(7°(Z s )) lxm . We define the space Vk. y associated with the sequence y by 

V k , y := {v e a°(Z s )) mxl : D"[y(-)t)(-)](0) = V | M | < k}. (2.5) 

Let 1 < p < oo. For any y G (l a (Z s )) lxm such that y(0) ^ 0, we define 

p k {a.,M,p,y) :=sup| lirn^ ||a„ * v||(/" (zs))mxl : v e Vfe,„|, (2.6) 

where a„ is defined to be a„(£) = ^((M 11 )™- 1 ^) • • • a(M T ^)a(^). Define 

p(a,M,p) := inf{p fc (a, M,p, y) : (2.4) holds for some k e N 

and some y e (^(Z 5 ))^" 1 with y(0) ^ 0}. 
We define the following quantity: 

i/ p (a,Af) := -log p(M) [|detM|- 1 /Pp(a,M,p)] , 1 < p < oo, (2.7) 

where p(M) denotes the spectral radius of the matrix M . The above quantity 
z/ p (a, M) plays a key role in characterizing the convergence of a vector cascade 
algorithm in a Sobolev space and in characterizing the L p smoothness of a 
refinable function vector. For example, it has showed in [5, Theorem 4.3] that 
a vector subdivision scheme associated with mask o and dilation matrix M 
converges in the Sobolev space W p (R s ) if and only if i^ p (a, M) > k. 

Since the convergence condition (2.2) for face-based Hcrmitc subdivision 
operator turns out to be exactly the same as Definition 2.1 drawn from [8], 
in deriving sum rule conditions for face-based Hermite subdivision operator, 
one can presumably simply reuse the result from [8] pertaining to sum rule 
conditions, which we now recall: 

Theorem 2.2 ([8, Theorem 2.2]) Let M be an isotropic dilation matrix and 
a. be a mask with multiplicity m — #A r . Suppose that ^^(a, M) > r. Then 
S a .M is a subdivision operator of Hermite type of order r if a. satisfies the sum 
rules of order r + 1 with a sequence y G [7°(Z s )] lx # r such that 

^^y(0) = e^ fi G A r . (2.8) 

/i. 
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At the time article [8] was written, the authors questioned whether the 
sufficient condition (2.8) is also necessary. If the answer of this open question 
were affirmative, then, in virtue of the equivalence of (2.2) and (2.3), sum rule 
conditions for vertex- and face-based Hcrmitc subdivision schemes would be 
exactly the same. However, at the level of generality of Theorem 2.2, (2.8) 
is not necessary for an order r Hermite type subdivision operator: 
Theorem 2.3 below on the one hand generalizes Theorem 2.2 and on the other 
hand answers the above-mentioned open question negatively. 

Recall that the cascade operator Q a ,M associated with mask a and dilation 
matrix M is defined to be 

Qa.Af / ■= E a ^)/( M ' -£)■ 

A fixed point of this operator is a solution of the refinement equation (1.2). This 
observation is the starting point of the so-called strong convergence theory of 
refinement equation. 

Theorem 2.3 Let M be an isotropic dilation matrix and a. be a mask with 
multiplicity m = #A r . Suppose that ^oo(a, M) > r. Then S^m is a subdivision 
operator of Hermite type of order r if a satisfies the sum rules of order r + 1 
with a sequence y E [7°(Z s )] lx # r such that 

{C ~^ Y m)-el, ,i€A r (2.9) 

where c£l s is an arbitrary but fixed vector. 

Proof: The proof follows essentially the same line of argument as in the proof 
of Theorem 2.2, the main new ingredient is the following observation: Let tp be 
a Hermite interpolant of order r with accuracy order r + 1, then 

ipe ■= ip{- - c) 

satisfies moment conditions with respect to ay g |7°(Z s )] lx # Ar ' that satisfies 
(2.9). 

By assumption, a satisfies sum rules of order r + 1 with a y that also sat- 
isfies (2.9), and also that ^oo(a, M) > r, then the strong convergence theory of 
refinement equation [5, Theorem 4.3] says that 

lim WQIm^c - tWlC-lR')]™* 1 = o 

n — >oo 

for some <\> € [C r (R s )] mxl ; note that must be a solution of the refinement 
equation (1.2). 

Now we show that S &i m satisfies the Hcrmitc property in Definition 2.1. Let 
v G [Z°(Z 8 )] lx # A *-, and v n = S n v. We can also write v n = J2p v{(5)a. n {- - M n (i) 
where a„ = S n (SI mxm ), m = #A r ; on the other hand, we have 



<7V c = Ea„(a)Vc(M™--a). 
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Then 

= Y, v(P)(Q n i> c )(- - (3). 

Therefore, if / := ^2 a v(a)<f>(- - a )> tncn lim„^oo ||/n - f\\c<-(m>) = and 
lim„^ 00 \\D»f n - D"/||l~ =0,V^A r . 

If we denote by d- r tp c (x) the #A r x #A r matrix with the /i-th row equals 
to d- r (ijj c )ij,(x), then since t/> is a Hcrmite interpolant, 

d^ r tp c (a + c) = I#A r x#A r S(a), V a E Z s . 

By (1.5), we have 

d^f n (M- n (a+c)) = J2 v n (0)(d^i> c )(a+c-0)S(M n ,A r ) = v n (a)S(M n ,A r ). 

/3ez s 

But then 

max||^ r /(M-"(a-c)) - w„(o)5(M n ,A r )|| 00 

= max ||^ r /(M-"(a - c)) - d^ r f n (M- n (a - c))\ 

< m&xttD^fn- D^ftt^ -►(), as n ^ oo. 

MGA r 

So a satisfies condition (i) of Definition 2.1 in virtue of the fact that / e 

[C r (I s )] mxl and 



||5^/(M-"a) - «„(a)5(M n , A r )|U < ||c>^7(Ar"a) - d^ T f(M~ n (a - c))||oo 

+ ||^ r /(M- n (a-c))-v Tl (a)5(Af n ,A r )|| 00 

— ► + 0, as n — > oo. 

The condition ^oo(a, AT) > r implies, by [5, Theorem 4.3], that span{0(-— [}) : 
/3 € Z s } D II r , which implies <fi ^ 0. Thus condition (ii) of Definition 2.1 is also 
satisfied by a. ■ 

Theorem 2.3 docs not directly tell how to choose the shift vector c. From 
the proof, however, it seems the most reasonable to choose 

c=[0, ...,0] and c= [1/2,... ,1/2] 

for vertex and face-based schemes, respectively. We speculate that after one fixes 
the symmetry condition on mask a - the topic of the next section - then there 
corresponds a unique shift vector c such that condition (2.9) is both necessary 
and sufficient for S^m being a Hermite type subdivision operator. 
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2.2 Symmetry 

Let G be a finite group of linear maps leaving the cube tiling of R s invariant. 
For a technical reason, we assume also that G is compatible to dilation matrix 
M in the following sense ([3]): 



MEM- 1 GG, V E <=G. 



(2.10) 



In our bivariate examples, we use exclusively the following symmetry group: 



Da=<± 



"1 0" 


,± 





-1" 


,± 


1 


" 


,± 


'0 1" 


1 


5 - 1 - 


1 





7 - 1 - 





-1 


7 - 1 - 


1 



(2.11) 



Note that D4 is compatible to either 2/2 or Mq 



umcunx- 



Definition 2.4 Let G be a symmetry group compatible with dilation matrix M . 
An order r Hermite subdivision operator has a face-based symmetry property 
with respect to G if the following condition is satisfied: V / G C r (R s ) and 

EeG,ifv:= [3-7]|m-»{zh[|,...,|] t )' w := [d- r s]lM-n(z*+[i ip) where 

g := f(E-), then S°°w = (S°°v){e-). 

Theorem 2.5 An order r Hermite subdivision operator S a ^M has a face-based 
symmetry property with respect to G if 

1. I is a simple and dominant eigenvalue of the matrix 

Jo := J2 o(/3)/|detM| 

/3GZ 3 

and the first entry of its nonzero eigenvector for the eigenvalue 1 is nonzero; 

2. The following symmetry condition on the mask a holds 

a(E(a - C a ) + C a ) = S{M~ l EM, A r ) a(a) S{E-\ A r ), V E eG 

(2.12) 



where e 



11- 



, 2] T and 



C a := (M - I„) e. 



(2.13) 



Proof: If = [fa,... ,0#A r ] T is the "impulse response" of S &i m, then 
satisfies the refinement equation (1.2) (that is, Q & .m4> — 4 1 ) an d 



S°°v = J2 v(a)4>(- - 



nfcl 



We first show that the symmetry condition on S a ^M is implied by the following 
condition on d>: 



(j>(x) = SiE' 1 , A r ) 4>{E{x - e) + e). 



(2.14) 
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(The converse implication is also true and can be easily obtained by adapting 
part of the proof of [8, Proposition 2.3].) 

Assume (2.14). Let /, E, g, v and w be as in Definition 2.4. Then 

S°°w = ^d^ r g{a + e)<t>{--a) {l = ) ^d^ r f{E{a + e))S{E,k r )(i>{--a) 

a a 

= ^2d^f(p + e)S(E,A r )<f>(--(E- 1 ((3 + e)-e)) 







(2.14) 



J2 d- r .f(/3 + e) 4>(E ■ -/?) = S°°v(E-). 





Therefore, the order r Hermite subdivision operator <S a ,M has a face-based 
symmetry property with respect to G. 

Below we show that (2.14) follows from the assumptions of the theorem; the 
argument is essentially a time-domain version of the frequency-domain proof of 
[4, Proposition 2.1]. 

Let 4> E := SiE- 1 , A r )<j>(E(- -e) + e),EG G. It follows from (2.12) and the 
definition of MBM -i that 

Qa,M0MEM-» = ^2 a ( a )^EJK-'(^--a) 

= S(E~ 1 ,A r ) Y^ S(£, ijafajStMB^M" 1 , A r )^MM^(M ■ -a - e) + e) 

aGZ s 

= S(E~ 1 ,A r ) Y &{MEM- 1 {a-C aL ) + C SL )<j>{ME--MEM- 1 a-MEM- 1 e + e) 
= S(E-\A r ) Y a(a)(p(ME ■ -a + C a - MEM^C* - MEM~ x e + e) 

= S(E-\A r ) Y a(«)^(M(£ ■ +M^(7 a - M" 1 ^ - M^e + M^e) - a) 

= S(E-\A r )(j){E ■ +M- 1 C SL - EM- X C & - EM~ x e + M~ l e). 

By C a = (M — I s )e, we deduce that 

M _1 C a - £M _1 C a - EM~ x e + M _1 e = (I s - E)M- 1 C SL - EM~ x e + M~ x e 

= (I s - E)M- 1 (M - I s )e - EM~ x e + M~ x e 
= (I s - E)(I S - M _1 )e - EM~ x e + M _1 e 
= e - Ee - M _1 e + EM~ x e - EM~ x e + M _1 e 
= e - Ee. 

We conclude that 

Qa,M^MEM-i - S(E-\ A r )ct>(E(- - e) + e) = 4> E V E G G. 

In other words, we have Q & ,m<$>e — <Pm- 1 em for all E G G. Therefore, 
Q2 m^e = 4>m-iem<i for all n G N and E eG. 
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Since G is a finite group and M~ n EM n G G for all n <G N, there must 
exist a positive integer I such that M~ l EM l = E. Consequently, we have 
Qa m&e — ^m-'em" = 0e f° r some positive integer I. Since 1 is a simple 
dominant eigenvalue of the matrix Jo, the same can be said to Jq for all n € N. 
It is known ([10] and references therein) that if Jq has 1 as a simple dominant 
eigenvalue, then <f> is the unique solution, up to a scalar multiplicative constant, 
to the refinement equation Q™ M 4> = 4>. 

On the other hand, it follows from the refinement equation that <p(0) and 
4>e(0) are eigenvectors of the matrices Jo and Jq, respectively. Since 1 is a 
simple eigenvalue of Jq, we must have 4>e{0) — c<j>(0) for some complex number 
c e C since Jq4> e (0) = 0e(O) and Jq4>(0) = 0(0). By the definition of <j) E , 
we have </>e(0) = S(E~ 1 ,A r )(j>(0) by | det £7| = 1. By our assumption, the first 
entry in the vector (f)(0) is nonzero; that is, ef(f>(0) ^ 0. Note that the the 
first row of the matrix S(E~ 1 ,A r ) is ef . We see that ef0s(O) = ef^(O) / 0. 
Therefore, it follows from 4>e(0) = c<f>(0) that c must be 1. Hence, we conclude 
that we must have <j>e — <j> by Q e a m 4>e — <j>E and </>e(0) = (f>(0). In other words, 
(2.14) holds. ' " ■ 

3 Examples 

In this section, we explore examples in the three cases depicted in Figure 2. In 
each case, we are interested in bivariate Hermite schemes of order r = 1 , and we 
reuse exactly the computational framework developed in [8, Section 3] and the 
associated Maple based solver together with the smoothness optimization code 
developed in [6] . Underlying this smoothness optimization code is a method by 
Jia and Jiang [9] which gives the critical L 2 regularity of the refinable function 
vector <f> associated with a subdivision mask in the case when 4> has stable shifts, 
and a lower bound for the critical L 2 regularity in the absence of stability. 

The definition of sum rules, which is given in (2.4) from the frequency do- 
main, can be equivalcntly rewritten in the time domain as follows: There exists 
a set of m x 1 vectors {Y^ : /j, e Nq, |/z| < k} with Y$ ^ (sec [2, Page 22] and 
[8, Equation (3.9), Section 3]) such that 

J2 {-l) l "%-„J*{v)=J2 S ( M ~ 1 > Ak ^'» Y » V M eA fc ,aeZ s , 

0<u<fi veA k 

where (y\,... ,v s ) < (/ii,... ,/i s ) means fj < /ij for all j = 1, ... ,a, and 
Jaiy) := E^ GZ3 aia+MPW+M-iar/vl with (&,... ,£,)(•*>-••") := tf ■ ■■%• 
The precise relation between the above definition and the definition of sum rules 

in (2.4) is 

_ {-iDrm 

For face-based Hermite subdivision schemes of order r — 1 in dimension 
s = 2: 
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1 

2 




-4t+l 

1 

4 


it-1 ' 

1 

4 


1 

8 


t 


-t 



• The sum rules are now with respect to a y that satisfies (2.8) with c = [|, |] T . 
For s = 2, r = 1 and c = [|, |] T , (2.8) is equivalent to 

y ( o, ) = [i,o, o], y (1 , 0) = [1/2, i, o], y (0 ,D - [1/2, 0, 1]. 

• Symmetry conditions are those in (2.12)-(2.13). 

3.1 M = M Quincunx , supp(a) = [0, 1] x [-1, 0], G = D 4 

The highest order of sum rule achievable in this case is 3, and the mask we 
found by our solver has one degree of freedom: 



a(0,0) = 



and a(0, — 1), a(l,— 1), a(l,0) are given by symmetry conditions (2.12)-(2.13). 
We found, first by empirical observation and then by an explicit calculation, 
that when t = —1/4, the refinable function vector has L 2 smoothness equals to 
2.5 and consists of piecewise quadratic C 1 spline functions. By optimizing the 
L 2 smoothness over the parameter t, we found that when t = —0.1875, the L 2 
smoothness of the subdivision scheme is 2.57793, only slightly higher than that 
of the spline scheme. 

From a smoothness point of view, one gains almost nothing by going from 
scalar scheme r = to Hermite scheme r = 1 - this is atypical when compared 
to all the examples obtained in [7, 6, 8]. When we choose r = with the support 
size and symmetry group unchanged, the only mask that satisfies the first sum 
rule is 

a(0, 0) = a(l, 0) - a(0, -1) = a(l, -1) = 1/2, (3.1) 

its refinable function is a box-spline by Zwart and Powell which is a piecewise 
quadratic C 1 spline function - same as what the above vector scheme gives 
when t = —1/4. A major difference is that the ZP element has unstable shifts 
whereas, from various observations, we believe that the refinable function vector 
of the above spline scheme has stable shifts. 

Despite the bad news, we seem to be saved by the good news below. 

3.2 M = 2J 2 , supp(a) C [-1, 2] 2 , G = D A 

While (the regular part of) Peters and Rcif's mid-edge scheme [11] is essen- 
tially the quincunx subdivision scheme (3.1), their scheme actually operates 
based on quadrisection refinement instead of quincunx refinement; this is made 
possible by the following observation: notice that -Mq uincunx = 2/ 2 , so if b = 
Sz u 5, then, in our notations, we have 

a ;JWQuincunx 

"Sa,M Quin(mnx — Sb.2I 2 - 
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Notice also that supp(b) = [-1,2] 2 - {(-1, -1), (-1, 2), (2, -1), (2, 2)}. This 
scheme is C 1 but not C 2 . Here, we construct a Hermite version of Sb,2i 2 which 
turns out to be C 2 . 

Using our solver, we found the following 3-parameter mask with the same 
support as b above which satisfies sum rules of order 4: 



a(0,0) = 



3/4 - 4c 3 -ci + 2c 2 -ci + 2c 2 
-3/32 + c 3 ci/2 + 5/16 -c 2 - 1/16 
-3/32 + c 3 -C2-I/I6 ci/2 + 5/16 



a(2,0) 



1 + 2c 3 ci -2c 2 

c 3 l/8 + Ci/2 -Ci 

■1/32 1/16 1/16 



(3.2) 



with the other entries given by symmetry conditions. By our smoothness op- 
timization code, the L 2 smoothness of this scheme occurs to be the highest 
when (ci,c 2 ,c 3 ) « (—7/16,-3/32,3/64), at which the l? smoothness is 3.5, 
thus the Holder smoothness is at least 2.5, meaning that the scheme is C 2 . The 
associated refinable function vector <f> is depicted in Figure 3. 



support 


order of sum rules 


# free parameters 


highest L 2 Smoothness 


12 points 


4 (highest possible) 


3 


3.5 


16 points 


4 


7 


3.5 


16 points 


5 (highest possible) 


2 


3.0 



Table 1 : Sum Rules and smoothness attained by some small support face-based 
Hermite subdivision schemes with M = 2/ 2 

The now-classical Doo-Sabin scheme [1] is based on the tensor product 
quadratic B-spline, which the latter can be viewed as a face-based scalar subdi- 
vision scheme with the 16 point support [—1, 2] 2 . We have explored symmetric 
face-based Hermite schemes with the same support, which corresponds to the 
stencil in Figure 2(c). A higher order of sum rules - but not higher smoothness 
- can be achieved when compared to the 12 point support. See Table 1. 




Figure 3: Refinable <j) = [^(0,0), 0(1,0), </>(o,i) 
mask in (3.2) 



| T associated with the subdivision 
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a Regular Triangulation 

Don Hong and Qingbo Xue 

Department of Mathematical Sciences 

Middle Tennessee State University 

Murfreesboro, TN 37614, USA 

Abstract 

In this article, all the possible semi-prewavelets over uniform refine- 
ments of a regular triangulation are constructed. A corresponding theorem 
is given to ensure the linear independence of a set of different pre-wavelets 
obtained by summing pairs of these semi-prewavelets. This provides effi- 
cient multiresolution decompositions of the spaces of functions over vari- 
ous regular triangulation domains since the bases of the orthogonal com- 
plements of the coarse spaces can be constructed very easily. 



AMS 2000 Classifications: 41A15, 41A63, 65D07, 68U05. 
Key Words: Multiresolution analysis, pre-wavelets, regular tr angulations, 
splines. 

1 Introduction 

Piecewise linear prewavelets with small support are useful tools in approxima- 
tion theory and in the numerical solution of partial differential equations as 
well as in the computer graphics and practical largescale data representations. 
Basically speaking, a multiresolution is a decomposition of a function space into 
mutually orthogonal subspaces, each of which is endowed with a basis. The 
basis functions of each subspace are called wavelets if they are mutually orthog- 
onal and prewavelets otherwise. The subspaces are called wavelet spaces and 
prewavelet spaces accordingly. 

Kotyczka and Oswald [10] constructed piecewise linear prewavelets with 
small support in 1995. Floater and Quak [7] published their results on piecewise 
linear prewavelets with small support on arbitrary triangulations in 1999. Later 
on, they simplified the above results by introducing the idea of semi- wavelets, 
which can be used to construct wavelets (these semi-wavelets and wavelets are 
actually semi-prewavelets and prewavelets). Using this idea, Floater and Quak 
investigated the Type-1 triangulation in [8] and Type-2 in [7] respectively. Hong 
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and Mu [6] have discussed the piecewise linear prewavelets with minimal support 
over Type-1 trangulation. Some recent results on piecewise linear pre- wavelets 
and orthogonal wavelets can be found in [1] and [4] . Very recently, a hierarchical 
basis for C 1 cubic bivariate splines is used for surface compression in [5] . 

In this article, we study all the possible semi-prewavelets over uniform re- 
finements of a regular triangulation. A corresponding theorem is given to ensure 
the linear independence of any set of different pre-wavelets obtained by sum- 
ming pairs of these semi-prewavelets. This means that the multircsolutions of 
the linear function spaces over various regular triangulation domains can be 
done conveniently, since the bases of the orthogonal complements of the coarse 
spaces can be constructed very easily. 

If not clearly claimed, we shall only consider the dyadic refinement. The 
reader will find that most symbols in this paper have commonly been used in 
related monographs. The paper is organized as follows. Preliminaries are intro- 
duced in Section 2. In Section 3, we construct the semi-prewavelets and obtain 
the main theorem on the construction of prewavelets over a regular triangulation 

2 Mult iresolut ion of Linear Spline Spaces over 
r-Triangulations 

From a mathematical point of view, a computer graphic is nothing else but a 
function defined on a given region. On the other hand, a graphic on a domain 
Q can be represented by functions in different level of function spaces S J (j = 
0, 1, 2, • • • ). The difference between them is that the function from a fine space 
gives more detail of the original graphic than the one from a coarse space does. 
In an ideal situation, we can easily "switch" a function from one space into 
another when it is necessary. The key to choosing another function space is 
to use a different basis of functions. Surprisingly, in a multivariate setting, 
the relation between the bases of these nested spaces makes it difficult to do so. 
Even the case of continues piecewise linear wavelets construction is unexpectedly 
complicated, see [3]-[4] and [6]-[10] and the references therein. 

In the following we shall discuss the multiresolution of the linear spline func- 
tion space defined on any r-triangulation. 

Definition 2.1 A set of triangles T = {Ti,...,T M } is called a triangulation 

of some subset Q ofR 2 if Q = U^Tj and 

(i) Ti ("1 Tj is either empty or a common vertex or a common edge, i =/= j, 
(ii) the number of boundary edges incident on a boundary vertex is two, 
(Hi) ft is simply connected. 

A triangulation T° = {T\, ...,Tm} over some domain H, is a regular triangu- 
lation or simply an r-triangulation if all the elements of T° are equilateral 
triangles. 

Figure 1 gives an example of an r-triangulation over a triangle shaped region. 
We denote by V the set of all vertices v 6 R 2 of triangles in T and by E the set 
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Figure 1: An r-triangulation 

of all edges e = [v,w] of triangles in T. By a boundary vertex or boundary edge 
we mean a vertex or edge contained in the boundary of Q. All other vertices 
and edges will be called interior vertices and interior edges. A boundary edge 
belongs to only one triangle, and an interior edge to two. 
For a vertex v G V, the set of neighbours of v in V is 

V v = {we V : [v,w] eE}. 

Suppose T is a triangulation. Given data values f v G R for v G V, there 
is a unique function / : £1 — ► R which is linear on each triangle in T and 
interpolates the data: f(v) = f v , v eV. The function / is piecewise linear and 
the set of all such / constitute a linear space S with dimension \V\. For each 
v G V, let (j> v : il — > R be the unique 'hat' or nodal function in S such that for 
all w G V, 

, . _ f 1, w = v. 

\ 0, otherwise. 

The set of functions $ = {<fi v } v ev is a basis for the space S and for any function 
/ G S, 

f(x) = J2fWM*), ^^0. (2.1) 

The support of <j) v is the union of all triangles which contain v. 

supp(^) := U veT erT. 

For a given triangulation T° = {T ly ■ ■ ■ ,T M ], a refined triangulation is a 
triangulation T 1 such that every triangle in 7~° is the union of some triangles 
in T 1 . The result of this process is called a refinement of T°. 

Obviously there are various kinds of refinements. If not clearly claimed, we 
shall only consider the following uniform or dyadic refinement. We shall use 
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Figure 2: The first refinement of the r-triangulation in Figure 1 

[u, v] to denote the edge incident to two vertices u, v. A triangle with vertices 
u, v, w will be denoted as [u, v, w]. 

For a given triangle T = [0:1,0:2, £3], let yi = (x 2 + x 3 )/2,y 2 = (xi + x a )/2, 
and 2/3 = {x\ + x 2 )/2 denote the midpoints of its edges. Then the set of four 
triangles 

Tt = {[xi, y 2 , 1/3], [1/1,0:2,3/3], [1/1,3/2, 0:3], [yi, 2/2,2/3]} 

is a triangulation and a refinement of the coarse triangle T. The set of triangles 
T 1 = \J T£1 - Tt is evidently a triangulation and a refinement of T°. Similarly, a 
whole sequence of triangulations T J ,j = 0, 1, • • ■ , can be generated by further 
refinement steps. Let V^ be the set of vertices in T J , and define E 1 - 7 , S 1 - 7 ' ,<j>l,Vj , 
and supp((/>j) accordingly. A straightforward calculation shows that 

<AT X = 0j + \ J2 <&> v£Vi-\ (2.2) 

and therefore we obtain a nested sequence of spaces 

S° cS 1 cS 2 c--- . (2.3) 

Clearly, a refinement T l of T° is still an r-triangulation (see Figure 2). 
Continuing the refinement process on Q leads us to a nested sequence of spaces 
of linear splines defined on the domain $7 with r-triangulations. 

As usual, we use the following standard definition of the inner product of 
two continuous functions on T°, 

(f'S)= E Jf) i f{x)g{x) dx > L 9 e c(r!) ' 

TeT° 
where a(T) is the area of the triangle T. 



ON THE CONSTRUCTION OF LINEAR 455 

PREWAVELTS... 



Let c be the area of any triangle in the r-triangulation T°. Since all the 
triangles are congruent, the inner product reduces to the scaled Li inner product 

(f,g) = -f f(x)g(x)dx. (2.4) 



With this inner-product, the spaces S^ become inner-product spaces. Let W' J ~ l 
denote the relative orthogonal complement of the coarse space S^ 1 in the fine 
space 5 J , so that 

S j = S j ~ 1 ®W j - 1 . (2.5) 

We have the following decomposition: 

S n = S° © W° © W 1 © • • • © W 71 ' 1 (2.6) 

and the dimension of W J ' _1 is \V j \ - \V' J - l \ = \E^ X \. 

In the following, we shall try to construct a basis for the unique orthog- 
onal complement W^ 1 of S 1 - 7-1 in S^ . Each of these basis functions will be 
called a prewavelet and the space W j ~ l a prewavelets space. By combining 
prewavelet bases of the spaces W with the nodal bases for the spaces S , we 
obtain the framework for a multiresolution analysis (MRA). Thus any function 
/" in S n can be decomposed into its n + 1 mutually orthogonal components: 

/" = f © .9° © 9 1 © • • • © 9 n (2.7) 

where /° e S° and gi £ W^ (j = 0, 1, ...,n — 1). We shall restrict our work 
for the construction of bases of W k to the first refinement level since uniform 
refinement has been used. 

Let b be any given non-zero real number, a\ and ai be two neighboring 
vertices in V°, and denote by u e V 1 \ V° their midpoint. We define the semi- 
prewavelet a ai ,u G S 1 as the element with support contained in the support of 
4>° ai and having the property that, for all v G V°, 

—b, if v = a\\ 

b, ifv = a 2 ; (2.8) 

0, otherwise 

where 

<y ai ,u( x ) = X! r "^( x ) 

and 

<={«i}uK\ 

denotes the fine neighborhood of oi. The only nontrivial inner products be- 
tween a aitU and coarse nodal functions </>® occur when v belongs to the coarse 
neighborhood of a\: 

<={«i}U<. 
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Thus the number of coefficients and conditions are the same and, as we will 
subsequently establish, the element <7 ai ,u is uniquely determined for any given 
non-zero value of b in (2.8). 

Since the dimension of W° is equal to the number of fine vertices in V , 
i.e. | V^ 1 1 — | V° | , it is natural to associate one prewavelet ip u per fine vertex 
u E V 1 \V°. Since each u is the midpoint of some edge in E° connecting two 
coarse vertices a\ and a 2 in V° , the element of S 1 , 



Wu — 0~ai,u i ®ai,u 



(2.9) 



is a prewavelet since it is orthogonal to all nodal functions <\P V1 v <G V° . 

The following theorem gives a sufficient condition that all the different pre- 
wavelets obtained in this way are linearly independent and hence form a basis 
oiW°. 

Theorem 2.2 The set of prewavelets {ipujueV-XV defined by (2.9) is a linearly 
independent set if 






Proof: Let 



\V°\ = m, \V 1 \V°\ = n, 



and 



be any permutation of all the vertices in V 1 such that Uj € V° (1 < j < 
m) and Uj G V 1 \ V° (m +1 < j < in + n). The corresponding nodal 
functions are 

(j)j(x) = <j> Uj {x), j = 1,2, ••• ,m + n. 

Then the prewavelets in {ipu^ueV-Yv can be written as 

ipi(x) = ip Um+i {x) = ^2 nj<l>j(x), (1 <i<n) 
where r^ = ipi(uj) (1 < i < n, 1 < j < m + w). Consider the matrix 



i? = 



rn ri2 • • • ri >m+ „ 

r-21 r 2 2 ■■■ r 2 , m +n 

<nl >n2 ' ' 'n,m+n 



and its sub matrix 



Ri 



T"l,m+1 f\,m+2 ' ' ' fl,m+n 
?*2,m+l ^2,m+2 ' ' ' 1~2,m+n 

Tn,m-\-l Tn,m-\-2 ' ' ' ^*n,m+n 
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We claim that R\ is diagonally dominant. Actually, keeping in mind that 
n.rn+ 3 = ipi(u m +j) = i>u m+i {u m +j) (1 < i,j < n), we know that 



n, m +i > X! \ r i,m+j\, (1 < i < n) 



is equivalent to 



i m+ ,(«m+.) > J^ \lpu m+i (u m +j)\, (1 < i < n) 

T-<j<n,j^i 

or 

Mu)> Yl \M«>)1 VueV^V . 
wev 1 \v a ,w=jLu 

This completes the proof of the theorem. 

3 Semi-prewavelets 

We are going to establish the uniqueness of the semi-prewavelets for W° with 
regard to (2.8) and to find their coefficients. To simplify our calculation, Floater 
and Quak's result on inner products of nodal functions [7], which we state here 
as a Lemma, will be used. 

Lemma 3.1 Let t(e) denote the number of triangles (one or two) in T° con- 
taining the edge e G E° andt(v) the number of triangles (at least one) containing 
the vertex v <E V° . If v <EV° and w G V 1 are contained in the same triangle in 
T° then 



„-, , n ,i i I luriei, it w is me midpoint of e: ,„ _,, 



Qt(v), 


if v = w: 


10t(e), 


if w is the midpoint of e; 


t(e), 


if e= [v,w]; 


4, 


if otherwise. 



Let <7 0li „ be a semi-prewavelet where the fine vertex u is the midpoint of 
ai and another coarse vertex a^. We call a\ the center (vertex) of the semi- 
prewavelet. The degree of a vertex in a triangulation is the number of neighbor 
vertices of the vertex in that triangulation. Trivially, every coarse vertex is also 
a vertex in the fine triangulation and it has the same degree in both coarse and 
fine r-triangulations. Let k — |V a °J = \V^\ be the degree of oi. If a\ is an 
interior vertex then k = 6. If ai is a boundary vertex then the value of k could 
range from 2 to 6. Hence there are six possible topological structures of the 
support of o~ ai)U , which are identical to the support of (jP ai . 

For convenience, in the later steps to construct semi-prewavelets, we shall 
use the following permutations of the vertices in the coarse neighborhood iV° 
and the fine neighborhood N'g of a\: 

N°i : v i = a i^2,- •• ,Vk, 
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Figure 3: Interior vertex oi and its support 




Figure 4: Boundary vertices and their supports 
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N 1 

where v 2 through Vk are all the neighbor vertices of a\ in the coarse space labeled 
consecutively in the counterclockwise order, and Uj is the midpoint of the edge 
[ai,Vj],j = 2,3,..., A;. 

Let us simply rewrite <fi u .{x) as (jA(x), where j = 1,2, ...,k and I 
Then, 

k 

v ai ,u(x) = ^2r j <f> 1 j (x). 
Let A — (ctij) be the k x k matrix such that dij 



0,1. 



(3.2) 



96 ($\ 4>)). We have 



) \ 






^96 



j=i 



96 



o*i, aj2,- • • ,a lk \r, 



where 



r = [ri,r 2 ,--- , r k\ ■ 
Therefore, the "semi-orthogonal condition" (2.8) is equivalent to 

Ar = b, 

where f 



(3.3) 



ri,r 2 ,-- 


■ ,rk\ , 












an 


ai2 • 


aife 




A = 


«21 


Gt22 ' 


02A; 




Ofel 


Ofe2 ' 


a/cfe 



and 

6 = [bi = —b, 0, ..., 0, bj = b, 0, ...0] T (here j satisfying u = Uj). 

Thus, if A is invertible then (3.3) has a unique solution of the coefficients. Fig- 
ure 3 and Figure 4 give all the cases of the supports of possible semi-prewavelets 
up to a symmetric permutation. 

Using Lemma 1, we can verify that A is invertible in every case. We choose 
the value of b in (2.8) as 66240 so that we can get integer coefficients rj for all 
the semi-prewavelets, except the boundary one with the center vertex of degree 
6. 

Case 1, ai is an interior vertex, SPW(I6) We obtain that 

36 20 20 20 20 20 20 



A = 
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20 
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4 











2 





4 


20 


4 








2 








4 


20 


4 





2 











4 


20 


4 


2 


4 











4 


20 



460 



HONG.XUE 




Figure 5: Semi-prewavelet SPW(I6) 



A is non-singular with the inverse 



A- 



1152 



42 


-30 


-30 


-30 


-30 


-30 


-30 


-3 


65 


-11 


5 


1 


5 


-11 


-3 


-11 


65 


-11 


5 


1 


5 


-3 


5 


-11 


65 


-11 


5 


1 


-3 


1 


5 


-11 


G5 


-11 


5 


-3 


5 


1 


5 


-11 


65 


-11 


-3 


-11 


5 


1 


5 


-11 


65 



Let b= [ -b b ] T . Then 

f =A- 1 b= [ -4140 3910 -460 460 230 460 -460 f . 

Thus, a semi-prewavelet with its center oi as an interior vertex has been uniquely 
determined as shown in Figure 5. 

Simply, by turning Figure 5 around its center in the counterclockwise di- 
rection step-by-step, we can obtain all the other symmetric semi-prewavelets 
which share the same center a\. We shall see this effect in the following case 
from another point of view. 

Case 2, a\ is a boundary vertex with degree 2, SPW(B2) 
In this case, 

"6 10 10 

. 1 = 1 10 4 

1 4 10 



and thus, 



A~* = 



1 
192 



42 


-30 


-30 


-3 


25 


-7 


-3 


-7 


25 
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-24840 




-24840 



Figure 6: Semi-prewavelet SPW(B2) 



We obtain 



*= A~ l b= [ -24840 9660 -1380]' 



for b = [ — b b ] , and 



■=A- 1 b = 



-24840 -1380 9660 



for b = [ — b b ] , respectively. 

As we can see in Figure 6, the two subcases of SPW(B2) are symmetric. 
Note that they are the same up to symmetry. In the following cases of other 
boundary semi-prewavclcts we shall not mention this repeatly. 

Case 3, ai is a boundary vertex with degree 3, SPW(B3) 

We have 

~ 12 10 20 10 

1 10 4 

2 4 20 4 
1 4 10 



A = 



and 



A- l = 



1920 



210 -150 -150 -150 

-15 221 -35 29 

-15 -35 125 -35 

-15 29 -35 221 



Therefore, 



r = A- X b= [ -12420 8142 -690 1518] 
if b= [ -b b ] T , and 

r = A- 1 b= [ -12420 -690 4830 -690]' 

if 6= [ -b b ] T . 

Case 4, oi is a boundary vertex with degree 4, SPW(B4) 
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Figure 7: Semi-prewavelet SPW(B3[1]), SPW(B3[2]) 



In this case, 
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and thus, 
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Therefore, r= [ -8280 7820 -920 920 460 ] T for b = [ -b b 0] T . 

and r = [ -8280 -920 4370 -230 920 ] for b = [ -b b ] T , 

correspondingly. 

Case 5, ai is a boundary vertex with degree 5, SPW(B5) 

We have 
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Figure 8: Semi-prewavelet SPW(B4[1]), SPW(B4[2]) 
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Accordingly, we obtain r = [ -6210 7671 -1065 759 375 471 ] T if b = 

[ -b b ] T , f=[ -6210 759 -345 4071 -345 759 ] T if 

b=[-b b ] T , and f= [ -6210 -1065 4215 -345 615 375 

if 6= [ -b b ] T . 

Case 6, a\ is a boundary vertex with degree 6, SPW(B6) 
In the final case, we have 



A = 
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Figure 9: Semi-prewavelet SPW(B5[1]), SPW(B5[2]), and SPW(B5[3]) 
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A is non-singular with the inverse 
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We can solve for the vectors of coefficients as the following. 

276 

f=A- 1 b= [-9918 15137 -2303 1337 577 737 697] 

551 



for 



[-6600000] 



276 r 

f=A- 1 b= [-9918 -2303 8237 -863 1037 637 737 1 

551 L J 



for 

and 

for 



-6060000 



276 

f=A- 1 b= [-9918 1337 -863 7937 -803 1037 577 1 

551 L J 



[-6006000] 



Now we can get any possible prewavelets of an r-triangulation, since the 
above semi-prewavelets included all the possible semi-prewavelets with the ex- 
ception of symmetries. By (2.9), to get a prewavelet, we only need to "sum" 
two semi-prewavelets together in such a way that the fine vertex u (which has 
been circled in each figure of the semi-prewavelet) is the midpoint of the centers 
of these two semi-prewavelets. Some prewavelets which could be often used are 
given by Figure 11 through Figure 17. In these figures we denote the prewavelet 
obtained by summing an interior semi-prewavelet, SPW(I6), and a boundary 
one, say SPW(Bj), by PW(I6, Bj). We denote the prewavelet obtained by 
summing two boundary semi-prewavelets, SPW(Bi) and SPW(Bj), by PW(Bz, 
Bj). 

With the above results on semi-prcwavclcts, we arc now ready to state our 
main result on r-triangulations. 
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Figure 10: Semi-prewavelet SPW(B6[1]), SPW(B6[2]) and SPW(B6[3]) (q 
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Figure 11: Pre- wavelet PW(I6,B3) 




8230 (17480] -24340 



Figure 12: Pre-wavelet PW(B4,B2) 




Figure 13: Pre-wavelet PW(B4,B4) 
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Figure 14: Pre-wavelet PW(I6,B4) 



1380 -24840 




Figure 15: Pre-wavelet PW(B5,B2) 
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Figure 16: Pre-wavelet PW(B5,B3) 




Figure 17: Pre-wavelet PW(I6,B5) 
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Theorem 3.2 For any level of the refinements of any an r-triangulation, all 
the possible prewavelets can be constructed by simply summing up the two semi- 
prewavelets illustrated in Figure 5 through Figure 10. 

Proof: Each semi-prewavelet o~ ai ^ u (x) illustrated in Figure 5 through Fig- 
ure 10, which are all the possible cases of semi-prewavelets in r-triangulations, 
satisfies 

a aitU {u)> Yl Kuu(w)\, VueV'XV . 

A prewavelet is the sum of two semi-prewavelets as expressed in (2.9). The 
sum can be done in such a way that the fine vertex u (which has been circled 
in each figure of semi-prewavelets) is the midpoint of the centers, oi and 02, of 
these two semi-prewavelets in (2.9). Since the intersection of iV* and JV* is 
the single element set {u}, the only overlapped values are the values of the two 
semi-prewavelets functions at vertex u. Therefore, the condition of Theorem 2.1 
is satisfied and this completes the proof. 

Theorem 3.2 can be used on various shaped domains and all the possible 
prewavelets can be found easily by simply checking if any figure in Figure 3 and 
Figure 4 is a subset of the given refined r-triangulation. 

Acknowledgments: This work was supported in part by NSF-IGMS 0408086 
and 0552377 for Hong. 
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Abstract 

In this paper, one kind of new spline-wavelets on refined grids is con- 
structed. The scale functions are natural splines on refined grids that 
were studied by authors for interpolation surfaces recently. Because of 
the advantages of these splines to describe details well in some areas, the 
spline-wavelets on refined grids will be applied in image compression and 
information processing. 
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1 Introduction 

Wavelets play an important role in quite different fields of science and technol- 
ogy. There are many wavelets books available now, some of them are destined 
to be classics in the field, for example, [2], [4], and [9]. Image or surface com- 
pression is one of the most active fields in the applications of wavelets (see [8] , 
[10], [11]). 

In general, wavelets need a uniform grid subdivision, but for image process- 
ing, sometimes we only need detail information in some given regions and for 
other parts of the image we could represent them in a rough scale. 

In [7], a method for compressing surfaces associated with C 1 cubic splines 
defined on triangulated quadrangulations is described. The refinement method 
for triangular regions is efficient for some applications in surface compression. 

Classical natural spline interpolation can be found in [1]. Some recent re- 
search work on natural spline interpolation for scattered data has been done in 
[3], [5], and [6]. In [6], one kind of surface design called natural splines over 
refined grid points is given. The method is simple and easy to be implemented 
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in computers. The designed surfaces have no gaps in the connecting patches 
and are smoother. A change of only one de Boor point in refined grid will affect 
the surface in a very small region. 

In this paper, based on the spline interpolation over refined grid points, 
we consider a new kind of wavelets called addition spline-wavelets correspond- 
ing to the splines over refined grid points, and discuss their vanishing moment 
properties and give algorithms for their application in image compression. 

2 Compactly Supported Spline over Refined Grids 

Following the notion of [6], we first define the refined grids and interpolating 
natural spline. 

Definition 2.1 For given partitions tt\ : a — xq < x\ < ■ ■ ■ < Xk+i = b and 
7T2 : C = j/o < 2/1 < ' ' ' < Vi+i = d, and subdivisions ir?, : Xi — Xi t o < £i,i < • • • < 
Xi.r+i = Xi + i and ir^ : y,j = j/j.o < j/j.i < • • • < J/j, s +i = Vj+i, the grid points: 

{x p ,y q }, p =!,-■■ ,k;q= 1, • • • ,£, 

and the sub-grid points: 

{xi,n, Vj, v }> M = 1. ■ • ■ ,r\v=l,--- ,s 

are called the refined grid points (or for short, refined grids). 

Definition 2.2 The function o~{x,y) £ iJ m ' n (R) is called the interpolating nat- 
ural spline if it satisfies 

\\Taf= min {||T U || 2 }, 

u£X,Au= z 

where 

[■ [■ n—l „b rre-1 „d 

\\Tu\\ 2 = (u^(x,y)) 2 dxdy+J2 / (u {m ^(x, c)fdx+ V / («("■") (a, y)fdy, 
JJm u=0 Ja ^ =0 Jc 

and (xi, yi, Zi), i = 1, • • • , N are given scattered data for z = (zi, ■ ■ ■ , zn) and a 
linear operator A : H m ' n (M.) i— ► M. N defined as 

Au = (u(xi,yi),- ■■ ,u(x Nl y N )). 

When the scattered data are over the refined grid points {x p , y q }, {x itfl , yj, v }, 
jj, = 1, • • • , r; v = 1, • • • , s; p = 1, • • • , k; q = 1, • • ■ , t , we call a(x, y) an interpo- 
lating spline over refined grid points. We can write the data over refined grid as 

\ x pi Vqi z p,qjj \ x i,Hi yj,vi z i,j,fj.,vj7 M J- ! ' > f"> v -*-)''' j s i P J-> ' ' ' j "-: 9 = 

The following result on bivariate natural local basis interpolation over refined 
grid points is given in [6]. 
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Lemma 2.3 The natural spline a(x,y) over refined grid points has the expres- 
sion: 

k £ r s 

/^— 1 i^— 1 M— 1 ^—1 

where B^(x),B v (y) 1 Bi tt j i (x), and Bj^{y) are B-splines of order 2m — 1 for x 
and of order In — 1 for y. 

Similar to B-spline interpolation, we can add the boundary knots for the con- 
struction of natural B-splines, and the invariable natural B-spline interpolation 
satisfying 

o-W(a) = cr w (6) = 0, e = m,m + l,--- ,2m- 1. 

3 Spline-wavelet on Refined Grids 

It is not trivial at all to select the compactly supported splines over refined grids 
mentioned in last section as the scaling functions for constructing wavelets. For 
this purpose, we apply the tensor product method. 

First, we notice that the basis of a spline space over refined grids can be 
divided into two sets: {B fi (x)B v (y)}^ =lv l 1 and {B i ^(x)B jtV (y)} r fl=lv I :1 . Sec- 
ond, for equal division (uniform grid), the basis of a spline space can be grouped 
as {B(x - n)B{y - u)}^^ and {B t (x - (J,)Bj{y - J>)}£=i ijU =i- They are two 
sets of tensor product spline scaling functions. 

Definition 3.1 (Addition Wavelet Space) If Vq = VJflJVJ 2 an & there exists 
wavelet spaces Wf and W 2 satisfying: 

vj = vl © Wf, v 2 = Vf © Wf\ 

then we call Wf (J Wf an addition wavelet space, and Vf (J V 2 an addition 
scaling space. 

Theorem 3.2 For a function /o G Vq, we can find a decomposition /o = /f + 
/i + Si + 9\ where f\ G V{,g\ G W{ , i = 1,2, and /f is orthogonal to g\ and ff 
orthogonal to g\. 

Proof. Since Vq = Vq [j V 2 , /o G Vq, there exist /q and /q satisfying 

/o = /o 1 + / 2 - 

By the wavelet decomposition: 

V X = Vf 1 © Wf , y 2 = if © Wf 

We can find f\ G Vf 1 and #■[ G W/ , such that /d = /f + gj and f\ is orthogonal 
to Si 1 . 

There also exist / 2 G V] 2 and g 2 G W 2 , such that /q = ff + g\ and / 2 is 
orthogonal to g\. Hence, 

/o = /o+/o=/i+/i+5i+Si- 
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Definition 3.3 (Addition Wavelet Decomposition) To an addition wavelet space 
Wi[jWi and an addition scaling space V 1 |J V\ , if for /o G Vo, there exist 
f{ e VI and gieWl,i = l,2 such that 

h = fl + ff + g\+gl 

Then this equation is called an addition wavelet decomposition. 

For an addition space Vq = Vq [J V 2 , if there exits wavelet decompositions 
for Vq and V 2 , respectively, then there exists addition wavelet decomposition 
for Vo and the decomposition is the sum of two decompositions. 

Theorem 3.4 (Vanishing Moments Property) For an addition wavelet space 
W\ = Wi [JWi , let ipi(x) be the wavelet function of W\ having N\ vanishing 
moments and i/>2 ( x ) the wavelet function ofW 2 having N2 vanishing moments. 
Then ip( x ) £ Wi nas N vanishing moments: 



x m ip(x)dx = 0, < m < N := mm{JVi, N 2 }. 

Proof. Assume that 

X m ip jti {x)dx = 0,0 < m < NjJ = 1,2, i G 1, 

where the functions ijjji,i G Z are basis functions of the wavelet spaces Wf , 

J = 1,2. ' 

By the definition of addition wavelet spaces, for any function ip(x) G W\, 
there exist coefficients {A^} and {/ii} satisfying: 

ip(x) = ^2 ^iA x ) + X! (J'i'4'2,i{x) 

i i 

Hence, for < m < min{N\, N 2 } 

x m ip(x)dx = / x m 1^2 ^ii>i,i( x ) + Yl A^2,i(a;) J dx 



Y2 Xi x m ip 1 . i (x)dx + y2^ l / x m ip 2 .ii x ) dx 

Jr ■ Jr 



Let scaling spaces Vq 1 , Vq 1 , V 2 x , and V Q 2 be generated by the scaling functions 

(^{x) = B(x), ftiy) = B(y), <)) 2 {x) = B,(x), and 4> 2 {y) = Bj(y), respectively. 
For one dimension spaces, we have wavelet space decompositions: 

VL = V? x ®Wi x , V l y = Vl v (BWl y z = l,2. 

The wavelet functions are: ip\(x) , ip\(y) for W{ x and W{ y , scaling functions are: 
<p\(x),<j>\(y) for V{ x and V{ ,i = 1,2 correspondingly. 
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For two dimensional spaces, there exist tensor production wavelet decompo- 
sitions: 

vs = v3 x ®vj y = (yi x ®wi x )®(y{ y (BW} y ) 

= (VL vt v ) © {vi x w? w ) © (wj x ® t? y ) © (wi x w?„) 

:= VfeWJ $ = 1,2 

Definition 3.5 (Spline-wavelets on Refined Grids) For uniform B-spline, the 

basis of a spline space over refined grids can be divided into two sets {B fi (x)B v (y)} JL 1 l u=1 

and {B i ^{x)B j . lJ {y)} l f =1 » =1 , let 

Vo 1 = Sp-a^{B^x)B,(y)}jL h l =1 
V 2 = Sp-a^{B^(x)B^(y)}; =i ; =1 . 

The addition wavelet space for Vo = V§ (J V 2 is called a spline-wavelet space on 
refined grids. 

Theorem 3.6 (Spline-wavelet Space Decomposition on Refined Grids) The spline- 
wavelet space on refined grids is an addition wavelet space: 

= \(vL © wl v ) © (Wl V? y ) © (Wl Wl y )\ |J [{V 2 X © W 2 y )(B 
(Wl V? y ) © (W 2 X © W 2 y )\ 
The corresponding addition scaling space is: 

Vi = vl |J V 2 = (v£ V? y ) (J (V 2 X v 2 y ) . 

Proof. By the definition of a spline-wavelet space on refined grids: 

Vo^V^lJV 2 

and using the tensor product wavelet decompositions, we have 

V = Vl © W{ \J V 2 © W 2 

= (V& © V? v ) © (V.i © Wl y ) © (W± x V? y ) © (Wl W± y ) 

U ( V i 2 * ® K) © ( V i 2 * ® W iy) ® { W L ® *?v) © ( W i* ® ^ij 
= [K ^) |J (V& t?„)] |J [(V^ W^,) © (Wl x V 1 ,) © (W^ wl y )] 

U [(*& ® Wiy) © (^ ® *?«) © ( w i* ® </)] 
= VtlJWt. 
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Theorem 3.7 (Spline-wavelet Decomposition on Refined Grids) If ip\(x) G 
W{ x and tpiiv) € W[ y are wavelet functions and <f>\{x) G V{ x and (f>\(y) G V{ y 
are scaling functions for i = 1,2, i/ien for f(x,y) G Vo, we have spline-wavelet 
decomposition on refined grids: 

2 
i j=l 

Y £^^(^,((1/) +E'*«^m( i )%«(») + E^.iWft(j') ) ' 

where the coefficients {ctij}, {A^}, {Mij}; {^ii} are determined in the tensor prod- 
uct wavelet decompositions. 

Proof. By the definition of splines over refined grids, 

f(x,y) = f 1 (x,y) + f(x,y), f\x,y) G V \f(x,y) G V 2 . 

From the tensor product wavelet decomposition, there exist coefficients {ctij}, 
{Xij}, {Hij}, {vij} such that 

f(x,y) = ^a\ j (j)[^x)'${ i {y) + 

i 

Y ^'^.iW^iW + Y ^l^i^y) + Y "^i,iW^,iW> 

i i i 

for j = 1,2. The conclusion follows from Theorem 3.6. 

Corollary 3.8 For a function f(x,y) G Vo, there exists a spline-wavelet de- 
composition on refined grids: 

f(x,y) = &(x,y) + *(x,y) 

where <f>(x,y) is the scaling approximation part of f{x,y) and ^(x,y) is the 
wavelet detail part of f(x,y). That is, there exist coefficients {ctij}, {\j}> 
{(Hj},{vij} such that 

2 

*(*.») = EE^^w^iM' 

i j=l 

2 

*(x,y) = Y(Y x iA,i(xWxM + Y^U( x ^M + Y v n^i,ii x WiM)- 

j—1 iii 

Theorem 3.9 (Vanishing Moments Property of Spline-wavelet on the Refined 
Grids) For any function ip(x,y) G W\, the spline-wavelet space on refined grids, 
we have the following vanishing moments property: 

x m y n ip(x,y)dxdy = 0, < m < min{M u Mx},Q <n< min{N 1 ,N 2 }, 
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where the wavelet functions tp\(x) £ W[ x and V>f(y) € W[ y have vanishing 
moments Mi and Ni, i = 1, 2 respectively. 

Proof. For ViO^) G Wia an d V'i(y) S W? y , we have 

/ x m i/>[ k (x)dx = 0, <m <M h i = 1,2, fc = 0, ±1, ±2, • • • 
y n $l k (y)dy = 0, < n < JVi.t = 1,2, k = 0,±1,±2, • • • . 
By Corollary 3.8 there exists coefficients {Ay}, {/Uj,j}>{^j}; such that 

V'O, y) = E I E A «^ , i,i( a; )V'i,i(y) + E ft^l.t 1 )^^ + E Vij^{,i( x W\,i(y) 

j—l \ i i i j 



Hence 



x m y n ip(x 1 y)dxdy 



x m y n 






dxdy 



i i J 

2 

E E A ^ // ^x^^a/)*^ 

2 

+ EE^ // * m yV M (aO#,i(y)<fcdi, 

J — J- * 
2 

+EE^ // ^i/^i.wit!/)"!/ 

J — J- * 

EE A ^ (J R xm ^ {x)dx ) (f R y n tiAy) d y 

+EE^ (i xm ^ {x)dx ) {L yn ^' i{y)dy ) 

2 

+EE^ 



j=l i 



a; ro ^,i(*)da: / y n ^Uy)dy 



= 0. 
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4 Image Compression of Spline-wavelets on Re- 
fined Grids 

There are many applications of wavelets in image compression. The goal of 
image compression is to take advantage of proper structures in the image to 
reduce image storages. There usually are three steps in the process: (1) the 
transform step, (2) the quantization step, and (3) the coding step. Symmetry, 
vanishing moments and size of the filters arc three things to be considered with 
choosing a filter for the transform step. 

Because of the high vanishing moments of the spline-wavelets on refined 
grids, we try to choose them as filters. Using spline interpolation, we can extract 
the part of smooth image easily. And by coding technique, we can get the non- 
smooth details using wavelets. Adding these two parts, we can reach the goal 
of compression of the images. We provide the following algorithm to show the 
whole process. 

algorithm 4.1 1. Input data of an image. 

2. Design a basic grid (rough grid) for the image and select some regions in 
the image that need to have more details, then apply some refined grids on 
those regions. 

3. To the rough grid, use the tensor product spline-wavelet decomposition to 
get coefficients {an}, {Xn},{iin} and {fn}, such that: 

fix^y) = ^aacjyl^x^^ + ^Xiicjyl^x^l^y) 

i i 

i i 

4- Let f 2 (x,y) = f(x,y) — f 1 (x,y). On refined grids, use the tensor prod- 
uct spline-wavelet decomposition to get coefficients {a^}, {A^}, {^2} and 
\ya\, such that 

f(x,y) = Saa^^^ + ^Aa^Wfed/) 

i i 

+ Yl M»2V'i,»(»)0i,»(j/) + Yl ^*2^?,i(a;)^i,i(j/) 

i i 

5. Choose a coding technique to find the wavelet detail part: 

and the scaling approximation part of the image/sub-image: 

2 
f{x,y) = ^^O!ij0i,i(a;)$,i(2/)- 

j=l i 
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6 If the approximation and compression meet the criteria, stop; else, return 
to step 2. 



5 General Cases and Image Compression Exam- 
ple 

In the following, we show an example of image compression using spline-wavelet 
on refined grids, for a woman face image in high resolution (1600 x 1200 pixels). 
First, we build a rough grid and on this grid we get a low resolution image 
shown in Figure 1 (a) (200 x 150 pixels). In the "Face Recognition", the eyes 
and mouth are important parts which should be described in details, specially 
at canthus and the corners of the mouth. We put our six refined grids on those 
parts (Figure 1 (b)) which uniformly refine those regions to 32 x 32 grids. 





(a) (b) 

Figure 1: The woman face image with a rough grid (a) and refined grids (b). 

On refined grids, we sample the original image and obtain details using 
spline-wavelet on refined grids. The two sets of data combined together form a 
new image file with compression. 

In this example, there arc six parts that need to be refined. We apply the 
algorithm and finish them one by one. 

Only the necessary details have been reserved. So the image's storage space 
is observably reduced. 

We can compare the details in rough grids (Figure 2 (a)) and in refined grids 
(Figure 2 (b)) for the woman's right eye's outboard canthus (marked in Figure 1 
(b)). The information brought in by addition spline- wavelet improves local 
image quality and the two sets of data can be quantized in different resolutions, 
respectively. 
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Figure 2: Details over rough grids (a) and details over refined grids (b). 
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Abstract 

Wavelet regression is a new nonparametric regression approach. Com- 
pared with traditional methods, wavelet regression has the advantages of 
ideal minimax property, spatial inhomogeneous adaptivity, high dimen- 
sion expansibility and fast algorithm. In this paper, we provide a brief 
review of wavelet shrinkage. We also apply the variational method for 
wavelet regression and show the relation between the variational method 
and wavelet shrinkage. 

Keywords. Wavelets, Orthonormal wavelets, Wavelet regression, Varia- 
tional Methods. 



1 Introduction 

Regression analysis is an important statistical technique for investigating and 
modeling the relationship between variables. The goal of regression is to get 
a model of the relationship between one variable y and one or more variables 
t. Let y = f(t) be the observation (also called the observed function), which 
responds to the regressor t : 

y t (:=f(U)) = f(U) + e t i = \, 2, ...,7V (1) 

where U,i — 1, 2, • • • , N, are sampling points, f(ti) are values of an unknown 
function f(t) (called the underlying function), and £j are the statistical errors 
(called noise), which are often formulated as independent random variables. In 
this paper, we assume the sampling points are equal-spaced between and 1. 
The goal of a regression is to estimate the underlying function f(t) from the 
sampling data {ti,yi)f =1 (called the observed data), i.e., to establish a method 
to find the estimator /, which achieves the minimal risk 



R(f,f) = N- 1 E\\f-f 



\2,N- 



The classical nonparametric regression methods mainly include orthogonal se- 
ries estimators, kernel estimators and smoothing splines. Theoretical discus- 
sions about these methods can be found in [17] and [35]. Recently, a variety 
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of spatially adaptive methods has been developed in the statistical literature. 
Among them, wavelet adaptive methods have received great attention. Refer- 
ences are given in Bock and Pliego [5] , Vidakovic [36] , Ogden [33] , Donoho and 
Johnstone [13], [14], [15], [16], and their references. In wavelet regression, an 
important issue is to select a subset of wavelet coefficients, which well represent 
the underlying function / while removing most of noise. 

Since 1980s, developing numerical methods for removing noise from an image 
while preserving edge also became an active research area. Mumford and Shah 
[28] proposed an energy functional for images so that the image processing such 
as noise removal and image segmentation can be formulated as a variational 
problem associated with the functional. Perona and Malik [34] proposed an 
anisotropic diffusion model for removing noise while enhancing edge. It is proven 
that the anisotropic diffusion equation in [34] was the steepest decent method 
for solving the variational problem associated with a certain energy functional 
[38] . References in this aspect can be found in the book [3] . 

The goal of this paper is to apply the variational method in the wavelet 
regression. The main idea is the following. Since the underlying function / is 
unknown, we cannot obtain the formula for R(f, /). Hence to directly minimize 
R(f, f) is impossible. We shall create a substitution of the risk functional, say 
GR(f,f), in which the underlying function is not involved. Thus, we can use 
variational method to find /. The wavelet representation of data will enable us to 
establish the variational problems with a very simple structure. We outline the 
paper as follows. In Section 2, we briefly introduce orthonormal wavelet bases 
and adaptive wavelet regression (also called wavelet shrinkage). In Section 3, we 
describe the variational model for wavelet regression and establish the relation 
between it and wavelet shrinkages. In Section 4, we give some examples. 

2 Preliminarily 

2.1 Orthonormal Wavelet Bases 

The regular orthonormal wavelet basis of L 2 (R) is constructed from a multircs- 
olution analysis (MRA) (sec [24], [25], [26], [22], and [23]). 

Definition 1 A multiresolution analysis of L 2 (R) is a sequence {Vj)j^z of 
closed subspaces of L 2 (R) such that the followings hold: 

(1) Vj c v j +1 jeZ 

(2) UjzzVj = L 2 (R) and n je zV 3 = {0} 

(3) f(x) G Vj <=> /(2a:) G V j+1 

(4) f{x) G Vj => f{x - 2-ik) e Vj j, keZ 

(5) There exists a function <p G Vo such that {(f>{x — n)}„ e z forms an un- 
conditional basis ofVo, i.e., {4>{x — n)} n< =z is a basis of Vq and there exist two 
constants, A, B > such that, V(c„) G I 2 , the following inequality holds 

A^|c„| 2 <||^c^(--n)|| 2 <B^|c„| 2 . 
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The function <j> in Definition f is called an MRA generator. Furthermore, 
if {4>{x — n)} n< =z is an orthonormal basis of Vq, then <p is called an orthonor- 
mal MRA generator (also called an orthonormal scaling function). Assume <f> 
satisfies the two-scale equation 

4>{x) = 2Y^h{k)<j>{2x-k), (h(k)) keZ el 2 . (2) 

kez 

Define the wavelet function ip by 

ip{x) = 2^](-l)' £ /i(l-fc)(/ ) (2a;-/c). (3) 

kez 

For a function /, we write 

f j>k (x) = 2if(^x-k), 3 ,keZ. (4) 

Then {<pj,k}kez forms an orthonormal basis of Vj. Let Wj C L 2 (R) be the 
subspace spanned by {i>j,k}k£Z- Then Wj is called the wavelet subspace at level 
j. It is clear that Wj±V- and Wj © Vj = V j+1 . Hence, ®f = _ 00 W j = L 2 (R) and 
{ipj,k}j,kez forms an orthonormal basis of L 2 (R), called a standard orthonormal 
wavelet basis. Recall that we also have 

L 2 {R) = V Jo ®{®j>j Wj). 

Hence, {4>Jo,k}kez U {ipj.k}j>j a .kez also forms an orthonormal basis of L 2 (R), 
which is called a hybrid orthonormal wavelet basis. Using this basis we can 
decompose a function / G L 2 (R) into the following form 

/ = fjo + Yl 9 j . fj e V Jo . 9 j G Wj . 

j>^0 

/Jo = X! a Jo,k<Pj ,k, 9j = 5Z W J>k(pj,k- 

Particularly, a function / G Vj has the decomposition 

j-i 

3 = Jo 

Hybrid orthonormal wavelet bases are very useful in many applications be- 
cause in the decomposition above fj provides an estimator of / while gj , j — 
Jo, ■ ■ ■ , J — 1, preserve the details of / at different levels (see Figures 1-3). For 
more discussions of wavelet bases, we refer to [12] and [24]. 

Daubcchics ([11], [12]) created compactly supported orthonormal wavelets 
bases, which are very useful in wavelet regression. In regression the sample data 
are finite. In order to deal with finite data, we need the multiresolution analysis, 
scaling functions, wavelets, and wavelet bases on intervals. The details of these 
modifications can be found in [10]. In wavelet regression, the wavelet bases on 
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final intervals are used in the following way. Let {Vj}jL be the MRA defined 
on the interval [0, 1] and {Wj}jjL Q be the corresponding wavelet subspaces. For 
a fixed J, we assume (<fij.k) forms an orthonormal basis of Vj, where <pj tk has 
been modified from its original version 2 J / 2 cj)(2 J x — k) as in [10], [13]. After 
the modification, the subscript (J,k) indicates the spatial location of <f>j, k - A 
function / G Vj is now decomposed to 

fj(t) = ^2 aj,k<i>j,k{t), aj,k =< /, <f>j,k > ■ (5) 

where the sum in (5) is a finite one. Similarly, we have Vj = Vj © 7 -^j Wj and 

j-i J-i 

fj(t) = f Jo (t) + Y^ 9j(t) ^J^aJo^JoAt) + Yl Y2 w ^i' k ^' ^ 

j=Jo 3= Jo 

where a Jo , k =< fj,<j)j ,k > and w jjk =< f,ip 3 ,k > ■ 

For convenience, we write aj=(aj, fc ),aj = (aj 0l k), Wj = (w hk ) , v a = 
[aj , Wj , • • • , Wj.i], and denote the transform from a,/ to v a by W : 

v a = Wa, ; . 

We call W the discrete wavelet transform (DWT) and call its inverse W _1 the 
inverse discrete wavelet transform (IDWT). It is easy to see that when <j> is an 
orthonormal MRA generator and ip is the corresponding orthonormal wavelet, 
W is an orthonormal matrix. It follows that W _1 = W T . Without loss of 
generality, later we shall always assume Jo = 0. 

Based on pyramidal algorithms, Mallat in [18] developed fast algorithms for 
computing DWT and IDWT, which are also called Mallat 's algorithms. They 
have the computational complexity of 0(n log n), where n =lcngth(a,/). 

2.2 Adaptive Wavelet Regression 

We now return to the model (1). Since the sample data are finite, without loss 
of generality, we assume N in (1) is equal to the dimension of the space Vj 
for a certain level J. (If it is not, we can extend the sample data to let it be.) 
Then we can identify the data in (1) to a function of the space Vj. Wavelet 
regression adopts a wavelet estimator to estimate the underlying function . The 
estimator is select from a subspace of Vj and the selection is dependent on the 
sample data. Hence, wavelet regression usually is a nonlinear regression. For the 
given sample data in (1), the wavelet regression can be outlined in the following 
diagram. 



Sample Data — > DWT — > Wavelet Coefficients 



Adaptive 



Operation 



Modified Coefficients — > IDWT — > Wavelet Estimator 
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Let W be the DWT. Let T a : R n -> R n be the adaptive operator, which 
changes wavelet coefficients for a certain purpose. Then the algorithm that 
performs wavelet regression can be written as follows. 

Vy = Wy, 
v y = T a v yi 
y = W- 1 v 2/ . 



We write 



W = W T T a W. 



Then W denotes the wavelet regression operator. If the adaptive operator T a is 
a compression one, then the adaptive wavelet regression is a wavelet shrinkage 
since the number of non- vanished entries of v y is smaller than that one of v^. 
The wavelet regression is based on the following facts. 

• The orthonormal transform of white noise ~ N(0, a 2 ) is still a white noise. 
~7V(0,ct 2 ). (Sec [13].) 

• If / is a noise-free function, then most of its wavelet coefficients vanish, 
only a very few of them have non-neglected values, which represent the 
details of the function. 

• If a function / carries noise, then its smooth component fj (t) in (6) is not 
influenced by noise very much, while the wavelet components keep noise. 

Figures 1 and 2 show the wavelet decompositions of noise- free functions, and 
Figures 3 and 4 show them of noisy functions. 

By these properties, in wavelet regression, the adaptive operator T a is se- 
lected so that it does not change ao, i.e., 

I 
T 

where T is the operator on W := (BjZqWj. Let w = [w Q , • • • , Wj_i] and assume 
the length of w is n. We simply denote w = (wj)™ =1 . Thus, 

w = 6 + z, Wi = 6i + zu (7) 

where 6% is the wavelet coefficient of the underlying function / and z\ is the 
wavelet transform of £j. If e* is assumed to be the white noise ~ N(0,<7 2 ), so is 
Zi. Then the wavelet regression is essentially to find a w that minimizes the risk 

R(w,6)=±-E(\\w-0\\ 2 ). (8) 

Since small wavelet coefficients mostly contribute to noise while large ones to 
signal, wavelet regression removes the small wavelet coefficients from w. 
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Donaho and Johnstone in [13] used two different shrinkages to design T. For 
a given threshold A > 0, the hard threshold function is 



r] h (x;X) = 



0, \x\ < A 
x, \x\ > A ' 



(9) 



and the soft threshold function is 



Vs{x;X) 



0, |x| < A 

sign(x)(\x\ — A), |a;| > A 



(10) 



For a vector w, we write ?7/i(w; A) = (j]h(wi; A)) and 77 s (w; A) = (r] s (wi] A)) re- 
spectively. Then the adaptive operators corresponding to %(w; A) and r] s (w; A) 
are T h w =77^ (w; A) and T s w =?7 s (w;A) respectively. 

The choice of the threshold A is a fundamental issue in wavelet shrinkage. A 
large threshold cuts too many coefficients and will result in an oversmoothing 
estimator. Conversely, a small threshold does not remove noise well and will 
produce a wiggly, undcrsmoothing estimator. The proper threshold ought to 
take a careful balance. A lot of work have been done in this aspect. (See [1], 
[2], [7], [12], [13], [14], [15], [16], [29], [30], [31], and [32].) 
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Figure 1. Wavelet decomposition of Block. Up to Level 4. 
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Figure 2. The wavelet decomposition of Bumps. 



Blocks SNR=5 



Wavelet level 1 



10- i Akituli I Luufcju 



500 1000 

Wavelet level 2 



500 1000 

Wavelet level 4 



^ W p ' tt ^ 





500 1000 1500 500 1000 

Figure 3. Wavelet decomposition of Blocks with noise. 



492 



WANG 



Bumps SNR=5 



Wavelet level 1 





Figure 4. Wavelet decomposition of Bumps with noise. 



3 Variational Method for Wavelet Regression 

Wavelet shrinkage is based on the principle that each wavelet coefficient whose 
absolute value is smaller than the threshold contributes to noise; otherwise it 
contributes to the signal. The threshold in wavelet shrinkage is used to bal- 
ance the oversmoothing and undcrsmoothing. The value of the threshold is 
dependent of the noise level, the size of the sampling data, and the smoothness 
required by the regression. The authors of [13] and [14] established several rules 
for determining thresholds, including Universal thresholding, MiniMax thresh- 
olding, SurcShrink, Heursure and so on. (See also [15], [16], [29], [30].) These 
methods are very effective when noise is white and its level is known. How- 
ever, in many applications, the noise type is unknown and the noise level is not 
uniform over all sampling areas. It is necessary to study wavelet regression in 
a general framework. By definition, regression is the minimization of the risk 
function, where the key issue is to remove noise while keeping the features of 
the data. Hence, we discuss the variational method for wavelet regression and 
reveal the relation between the variational method and the wavelet shrinkage. 

Following the idea of [28], to balance the smoothness and the sharpness of 
an estimator, we introduce two energy functions. The first energy measures 
the distance between the estimator and the sampling data. It is clear that the 
estimator should be close to the sample data. Recall that in wavelet regression, 
we do not change the function fj £ Vj . Hence, the distance can be measured 
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by the following wavelet deviation energy 

,4(u)=||u-w || 2 , (11) 

where w° represents the vector of wavelet coefficients of the observation. By 
the properties of wavelets, A(u) controls the undersmoothing. Since w° car- 
ries noise, the estimator will be undersmoothing if A(u) is close to 0. On the 
other hand, the wavelet components of a function represent its wiggle and noise. 
Therefore, we can create a weighted wavelet energy to measure the wiggle to- 
gether with the noise for data u: 

F(u)= u T Gu, (12) 

where G(u) is a positive definite (or semi-definite) matrix. Under the assump- 
tion that noises are independent random variables, we may assume G is a diago- 
nal matrix, in which each entry on the diagonal is a weight function of Uj. Recall 
that small wavelet coefficients contribute to noise, and large ones contribute to 
signal. For the purpose of regression, large weights ought to assign to small 
coefficients and vice versa. Hence, we have the following. 

Definition 2 Let G be a nonnegative diagonal matrix defined by 

G=diag(c i (ui))JL 1 . (13) 

where each Ci is an even function satisfying the conditions: (1) c,(s) > and 
linis^oo Ci{s) = 0; (2) Cj(|s|) is decreasing on [0, oo). Then 

F(u)= u T G u ii 

is called the weighted wavelet energy and G is called the weight matrix. 

Since G is a diagonal matrix, F(u) can be simplified to the quadratic form 
5^™ =1 s 2 Ci(s). Write gi(s) = s 2 Ci(s). Then (gi(s)) is the energy density. The 
weighted wavelet energy controls oversmoothing. If F(u) = 0, then all wavelet 
components vanish, which indicates that the estimator is in Vj , i.e., the regres- 
sion will cause oversmoothing. 

We now combine G(u) and A(u) to make an energy function 

T(u)=G(u) + XA(u), (14) 

where A is the parameter used to balance oversmoothing and undersmoothing. 
Thus, wavelet regression can be formulated to the following variational problem: 
Find w such that 

w = arg(minr(u)). (15) 

Assume each Ci(s) is differentiable. Then the solution of (15) satisfies the Euler- 
Lagrangian equation 

g'(w) + 2A(w-w°) =0, 
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where g'(w) = (g'^Wi)). It follows that 

2Aw + g'(w) = 2Aw°, (16) 

i.e., 

2\w i +g'(wi,w° i ) = 2\w°i, i = l,---,n. (17) 

If the matrix G is not a diagonal one, then a nonlinear matrix equation will 
replace (17). 

We now establish the relation between the variational method and the wavelet 
shrinkage. A general linear wavelet shrinkage is formulated as 



DS 



{wi,6 i ) = (8 i Wi)?L 1 , Si £[0,1]. 



We show that if in F(u) = J^ gi(u), each density <?i is linear on [0, co), then the 
solution of the variational problem (15) leads to a linear shrinkage. 

Theorem 3 If a variational problem (15) satisfies 

9i(s) = Hi\s\, Pi > (18) 

then it yields a linear wavelet shrinkage. 

Proof. Without loss of generality, we can assume the balance parameter A 
in r(u) is 1/2. Otherwise, we use Xpi/2 to replace pi. We have 

p'i(s) = p l sgn(s), 

which leads to the Euler-Lagrangian equation 

s + ^sgn(s) = w®, i = l,---,n. (19) 

Since p'i(0) does not exist, is also a critical point. When \wf\ < Pi, the equation 
(19) has no solution; and when \w®\ > Pi, the equation has the unique solution 

S = sgnK )(| Wl |- W )- (20) 

Then it is easy to verify that the vector w = (wi) with 

(\ w o\ _^A 

minimizes T(u), where x + = max(x, 0). Let Si = ■, — 51 — — . Then Si G [0,1]. 

The theorem is proven. □. 

As applications of Theorem 3, we discuss the wavelet shrinkages by using 
hard threshold and soft threshold respectively. 

Example 1. [Hard thresholding] Let 8 be a given threshold. We assume 
in w° each sample value whose absolute value is less than 5 represents noise. 
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Otherwise it does not carry on noise. The assumption suggests the following 
weight: 



which leads 



and 



Ci(s) 



Pi{s) 



P'iis) = 



6/\s\ 
0, 



a 1*1, 
o, 



(5sgn \s\ 
0, 



ir 






>5. 



(22) 



<S, 

>s. 



By (20), the solution w of the variational problem (15) is 



(1 - 3X W, 



<s, 
>s. 



(23) 



Hence, when X < -k, the solution provides the wavelet shrinkage using the hard 
threshold S. 

Example 2. [Soft thresholding] We now assume in w° each sample value 
carries on noise~ N(0, a 2 ).. Hence, we adopt the following weight 

Ci(s) = 6/\s\, 

which leads Pi(s) — S\s\ and therefore 

P'iis) = <5sgn(s). 

By (21), the solution w of the variational problem (15) is 

w, =sgn(w?) Mw°| - — 5j , 

which provides the wavelet shrinkage using the soft threshold <5/(2A). 



4 Examples 

In this section, we give several examples to illustrate the function of A in the 
wavelet regression. We select four functions to test the regression: "Blocks" is 
a step function, which has several step jumps. According to [20] and [21], Lip- 
schitz order of a step jump is 0. "Heavy Sine" is a broken sine wave, which has 
two jumps. "Bumps" is a continuous function but has a lot of non-diffcrcntiablc 
points, which are classified to be with Lipschitz orders in (0,1). "Dopplcr"is 
smooth everywhere except at the origin, where the function has infinite oscilla- 
tions. The white noise is added to the sample data of them. Let <r(/) and cr(n) 
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denote the standard deviation of the function and the noise respectively. In 
Figure 5 - Figure 8, we set ^A = 5. In the regression, we set 8 = yj2a(n)\n.N , 
where N is the size of the data. We also set A = 2, 1, 1/2, 1/4, 1/10, which yield 
the thresholds 8/2, 8, 28, AS, 108 respectively. In Figure 9, we choose A = 2, 
which yield the threshold 4(5. The results show that the regression is not very 
sensitive to small A, say A < 1/2, but sensitive to A > 1. To regress the func- 
tions with singularity as in "Dopplcr" , a larger A should be chosen. Other tests 
show that the regression does not very much rely on the choices of particular 
wavelets. ( The figures are not included in this paper.) Using different wavelets 
in a regression causes little differences, provided that the size of sampling data 
is large (say > 2 10 when wavelet level is < 4). 

When the sampling data carry on the noise with uniform distribution, the 
wavelet regression still works well. Figure 10 - Figure 13 show the wavelet 
regression of the four functions with uniform noise. Again, the estimator of 
"Dopplcr" produces a larger error. 

Acknowledgment. The author thanks the referees for their valuable com- 
ments. 
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Figure 5. Wavelet regression for Blocks. 



VARIATIONAL METHOD... 



497 



Heavy Sine 




t)IN|-i=D 

:f\/V 




500 1000 1500 500 1000 1500 

Figure 6. Wavelet regression for Heavy Sine. 
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Figure 7. Wavelet regression for Bumps. 



498 



WANG 



Doppler 




500 1000 



20 

10 



-10 

-20 




500 1000 

X-1/2 




500 1000 



Figure 8. Wavelet regression for Doppler. 
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Figure 9. Wavelet regression for A = 2, with ^4^4 = 5 
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Figure 10. Wavelet regression of Block with uniform noise. 
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Figure 11. Wavelet regression of Heavy Sine with uniform noise. 
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Figure 12. Wavelet regression of Bumps with uniform noise. 
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Figure 13. Wavelet regression of Doppler with uniform noise. 
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Abstract 

In this survey article, we review wavelet methodology in many biosta- 
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1 Introduction 

Wavelet theory has developed now into a methodology used in many disciplines: 
mathematics, physics, engineering, signal processing and image compression, 
numerical analysis, and statistics, to list a few. Wavelets are providing a rich 
source of useful tools for applications in time-scale types of problems. Wavelets 
based methods are developed in statistics in areas such as regression, density 
and function estimation, modeling and forecasting in time series analysis, and 
spatial analysis. The attention of wavelets was attracted by statisticians when 
Mallat (see [35] and [36]) established a connection between wavelets and sig- 
nal processing and Donoho and Johnstone (sec [11] - [13]) found that wavelet 
thresholding has desirable statistical optimality properties. Since then, wavelets 
have proved very useful in nonparametric statistics, and time series analysis. 
Wavelets based Bayesian concepts and modeling approaches have wide applica- 
tions in data denoising. Wang [51] in this special issue presents a brief review 
of wavelet shrinkage and the application of the variational method for wavelet 
regression and shows the relation between the variational method and wavelet 
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shrinkage. In recently years, wavelets have been applied to a large variety of 
biomedical signals (see [1], [33] for example) and there is a growing interest in 
using wavelets in the analysis of sequence and functional genomics data. It is 
important to point out that wavelets are very useful, but of course are not, and 
will never be a panacea. However, in many statistical data analyses, wavelet 
methods can be tried and tested in practice. In the following, we first give an 
introduction to wavelets in a relatively accessible format, then briefly mention 
techniques of wavelets in medical imaging and signal processing such as in de- 
tection of microcalcifications in digital mammography and functional Magnetic 
Resonance Imaging (fMRI), and biostatistical applications in molecular biol- 
ogy areas such as in genome sequence analysis, protein structure investigation, 
and gene expression data analysis. Finally, we present matrix- assisted laser 
desorption-ionization time-of-flight mass spectrometry (MALDI-TOF MS) data 
analysis using wavelet-based methods. 

2 Wavelets 

In the following, we review some essential concepts of wavelets and describe the 
method of wavelet analysis for statistical data analysis. Roughly speaking, a 
wavelet is a little wavy function with certain useful properties. A set of wavelets, 
usually is constructed through a single "mother" wavelet, to form a basis of L 2 
space and provide "building blocks" that can be used to describe any function 
in L 2 . A simple example of wavelets is the Haar function and Haar wavelets 
[17]: 

Haar began with the function 

(l, are [0,1/2); 
h(x)=l-l, are [1/2,1); 
[0, otherwise. 

For n > 1, let n = V ' + k, j > 0, < k < 2 j and define 

h n (x) = 2 j ' 2 h{2 j x -k)= i>j, k (x). 

It is easy to see that 



Let 



Then the Haar wavelets 



supp (h n 



h (x) 



k fe + 1. 



'l, ie[0,i) 

0, otherwise. 



ho, hi, ■ ■ ■ ,h n ,- ■ ■ 
form an orthonormal basis for L 2 [0, 1]. 
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The uniform approximation of / by 

S n (f) = (f,h )h + ••• + (/, h n )h n 

is nothing but the classical approximation of a continuous function by step 
functions. Clearly Haar wavelets are not continuous. However, Haar wavelets 
allow information to be encoded according to "levels of detail." 

In general, wavelets construction starts with a function equation: 

2JV-1 
fe=0 

The equation (2.1) is called the two-scale equation and the function <j> is called a 
scaling function (also referred to as a "father" wavelet). Under some restrictions 
(multircsolution analysis conditions) , a "mother" wavelet ip can be obtained by 
using the scaling function: 

2N-1 

iK*) = Yl {-^) k Pi-k<f>(2x - k). (2.2) 

fe=0 

In the late 1980s, Daubechies constructed a family of wavelets, now called 
Daubechies wavelets. The easiest example is 



l >D2{x) = y^fffcV>(2a; - k), 



fc=0 

where po = 1+ 4 , Pi = 3 ~/ 3 ,P2 = 3+ 4 , and p 3 — 1 £ 3 . Correspondingly, 
the Daubechies wavelet ipD2 is the solution of the equation (2.1) determined 
by these coefficients (sec [9] for details and more orthonormal wavelets). From 
Haar wavelets to continuous wavelets took about 80 years! 

A wavelet must be localized in time, in the sense that ip(t) — ► quickly as 
|i| — ► oo. The wavelet should be also oscillating about zero so that J_ ip(t)dt = 
and even the first m moments arc also zero: J_ t k ip(t)dt = for k = 
0, 1, • • • , m — 1. The oscillation property makes the function a wave. Together 
the localized feature, the function ip becomes a wavelet. Semi-orthonormal 
spline wavelets, often called Chui-Wang wavelets were introduced by Charles 
K. Chui and Jianzhong Wang (See [6] for details). These wavelets trade the 
translation orthogonality with an explicit expression of the wavelets in terms 
of B-spline functions. These wavelets are compactly supported. They are very 
easy to compute and to work with. 

In some applications, we need to use wavelets with symmetry, orthogonality, 
compact support, and high approximation order, simultaneously. This is impos- 
sible to achieve according to the above construction scheme. When the coeffi- 
cients in the scaling equation (2.1) and wavelet equation (2.2) are matrices and 
<f> and tp are vectors, then there are two or more scaling functions and an equal 
number of wavelets. We call them multi-scaling functions and multiwavelets, 
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respectively. These multiwavelets open new possibilities for wavelets to possess 
those properties simultaneously. In [24], a set of orthogonal multiwavelets of 
multiplicity four was constructed. More recent discussion on multiwavelets can 
be found in [28] and [18] and the references therein. 

The continuous wavelet transform (CWT) is a linear signal transformation 
that uses templates ip a ,b = o, 1 ^ 2 tp(^-) which arc shifted (index b) and dilated 
(index a) of a given wavelet function using the mother wavelet function ip( x )- 
The wavelet transform of a signal / can be written as 

T M ,f{a,b) = (f,ip a ,b)- 

The CWT maps a one-dimensional signal to a two-dimensional time-scale joint 
representation. The resulting wavelet coefficients are highly redundant. 

A basic requirement is that the transform is reversible, i.e., the signal / 
can be reconstructed from its wavelet coefficients. The distinction between the 
various types of wavelet transforms depends on the way in which the dilation 
and shift parameters are discretized. This is more desirable in molecular biology 
and genetics. 

A discrete wavelet transform (DWT) decomposes a signal into several vectors 
of wavelet coefficients. Different coefficient vectors contain information about 
the signal function at different scales. Coefficients at coarse scale capture gross 
and global features of the signal while coefficients at fine scale contain detailed 
information. In practice, it is often more convenient to consider the wavelet 
transform for some discretized values of a = V (the dyadic scales) and b = k (the 
integer shifts). The transform is reversible if and only if the wavelet coefficients 
define a wavelet frame A||/|| 2 < J2 a b K/'VVb)! 2 < -B||/|| 2 , where A and B arc 
called bounds of wavelet frame. In particular, if A = B = 1, the set of templates 
defines an orthogonal wavelet basis. The important point is that the wavelet 
decomposition provides a one-to-one representation of the signal in terms of its 
wavelet coefficients. This makes a wavelet basis well suited for any tasks for 
which block transforms (Fourier, Discrete Cosine Transform, etc.) have been 
used traditionally. 

In statistical practice, the discrete wavelet transform plays a role analogous 
to the fast Fourier transform in conventional frequency-domain analysis. Unlike 
their Fourier cousins, wavelet methods make no assumptions concerning peri- 
odicity of the data at hand. As a result, wavelets are particularly suitable for 
studying data exhibiting sharp changes or even discontinuities. 

Recognize that the wavelet transform on a finite sequence of data points 
provides a linear mapping to the wavelet coefficients: w n = Wf n , where the 
matrix W = W nxn is orthogonal and w n and /„ are n-dimensional vectors. The 
wavelet approximation to a signal function / is built up over multiple scales and 
many localized positions. For the given family 

4>J,k{t) = 2 ~ ,//2 <K^ - fc )> 4>i,k = 2 ~ J/2 ^ -k), 3 = 1,2,---, J. 
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The coefficients are given by the projections: 

sj,k = / f(t)<t>j,k{t)dt, dj. k = / f(t)ipj,k(t)dt 

so that 

J 

fe fe j— i 

The large J refers to the relatively small number of coefficients for the low 
frequency, smooth variation of /, the small j refers to the high frequency detail 
coefficients. 

When the sample size n, the number of observations, is divisible by 2, say 
n = 2 J , then the number of coefficients, n can be grouped as, n/2 coefficients 
di.k at the finest level, n/4 coefficients d,2.k at the next finest level, • • • , n/2 J 
coefficients djj~ and n/2 J coefficients sj.k at the coarsest level. In the following, 
we demonstrate this by using Haar wavelet, the simplest and crudest member 
of a large class of wavelet functions. 

We describe a scheme for transforming large arrays of numbers into arrays 
that can be stored and transmitted more efficiently. For this purpose, we de- 
scribe a method for transforming stings of data using Haar wavelets, called 
averaging and differencing. For instance, let us start with a row vector 

(2854, 6334, 3226, 2277, 2030, 1323, 367, 2890). 

Table 1 shows the results of three steps in the transform process respectively. 
The first row in the table is the original data string, which consists of four pairs 
of numbers. The first four numbers in the second row are the averages of these 
pairs. Similarly, the first two numbers in the third row are the averages of those 
four averages, taken two at a time, and the first entry in the fourth and last row 
is the average of the preceding two computed averages. The remaining numbers 
measure deviations from the various averages. For example, the first four entries 
in the second half of the second row are the result of subtracting the first four 
averages from the first elements of the pairs that generate them: 2854 — 4594 = 
-1740, 3226 - 2751.5 = 474.5, 2030 - 1676.5 = 353.5, 367 - 1628.5 = -1261.5. 
These are called detail coefficients, they are repeated in each subsequent row of 
the table. The following matrix representation illustrates this three-step process 
clearly and precisely. 

The first step involved averaging and differencing four pairs of numbers and 
it can be expressed as the matrix equation 

(4594, 2751.5, 1676.5, 1628.5, -1740, 474.5, 353.5, -1261.5) 
= (2854, 6334, 3226, 2277, 2030, 1323, 367, 2890)#i, 
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2854 6334 3226 2277 2030 1323 367 2890 


4594 2751.5 1676.5 1628.5 -1740 474.5 353.5 -1261.5 


3672.8 1652.5 921.3 24 -1740 474.5 353.5 -1261.5 


2662.6 1010.1 921.3 24 -1740 474.5 353.5 -1261.5 



Table 1: Results of a vector after three steps of Haar wavelet transformation. 
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The transitions of the second step and the third step are equivalent to the matrix 
equations 

(3672.8, 1652.5, 921.3, 24, -1740, 474.5, 353.5, -1261.5) 
= (4594, 2751.5, 1676.5, 1628.5, -1740, 474.5, 353.5, -1261.5)# 2 



and 



(2662.6, 1010.1, 921.3, 24, -1740, 474.5, 353.5, -1261.5) 
(3672.8, 1652.5, 921.3, 24, -1740, 474.5, 353.5, -1261.5)# 3 , 



where Hi and H3, respectively are the matrices 
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Thus, the combined effect of the Haar wavelet transform can be achieved 
with the single equation: 

(2662.6, 1010.1, 921.3, 24, -1740, 474.5, 353.5, -1261.5) 
= (2854, 6334, 3226, 2277, 2030, 1323, 367, 2890)1^, 
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where W = H1H2H3. Noticing that the columns of Hi's are orthogonal, each 
of these matrices are invcrtiblc. The inverses simply reverse the three averaging 
and differencing steps. In any case, we can recover the original string from the 
transformed version by means of the inverse Haar wavelet transform: 

(2854, 6334, 3226, 2277, 2030, 1323, 367, 2890) 
= (2662.6, 1010.1, 921.3, 24, -1740, 474.5, 353.5, -1261.5)W _1 , 

where W^ 1 = H^ X H^ X H^ X . It becomes a routine matter to construct the 
corresponding 2 n x 2 n matrices Hi, i = 1, • • • , n needed to work with strings 
of length 2™. In general, there is no loss of generality in assuming that each 
string's length is a power of 2. 

In image compression, not only the row transformations but also column 
transformations are applied to image matrices (see [16] and [22] for example). 

Applications of wavelets in statistics can be found in [3] , [39] , [45] , and the 
references therein. In the following, we only emphasize to review biostatistical 
wavelet applications of medical science, particularly in cancer study. 

3 Wavelet-Based Detection of Microcalcifications 
in Digital Mammography 

There are many applications of wavelets in medical image analysis. For example, 
quantitative neuroimaging by position emission tomography (PET) is a major 
research tool to investigate functional brain activity in vivo dynamic processes 
occurring in discrete brain region. The main difficulty with the analysis of 
PET data is the absence of reliable anatomical markers and the fact that the 
shape and size of the brain may very substantially from one subject to another. 
In [49], the authors proposed an image-based statistical method for detecting 
differences between subject groups. The two important processing steps in their 
methodology are (i) the registration of the individual brain images, and (ii) the 
subsequent statistical analysis in order to detect differences in functional activity 
between subject groups. Wavelet transform plays an important role in each step, 
but for different reasons. In [30], wavelet compression technique is used for the 
low-dose chest CT data analysis. Wavelet image decomposition for the detection 
of myocardial viability in the early postinfarction period with the wavelet-based 
method for texture characterization is discussed in [40] . Ultrasonic liver tissues 
classification by fractal feature vector based on M-band wavelet transform can 
be found in [31]. 

Breast cancer is the main cause of death for women between the ages of 35 
and 55. It has been shown that early detection and treatment of breast cancer 
are the most effective methods of reducing mortality. The detection of micro- 
calcifications plays a very important role in breast cancer detection because 
these microcalcifications can be the only mammographic sign of nonpalpable 
breast disease. Screen-film mammography is widely recognized as being the 
only effective imaging modality for early detection of breast cancer. Though 
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advances in screen-film mammographical technology have resulted in significant 
improvements in image resolution and film contrast, images provided by screen- 
film mammography remain very difficult to interpret. Mammograms are of low 
contrast, and features in mammograms indicative of breast disease, such as the 
microcalcifications, are often very small. The theory of wavelets provides a com- 
mon framework for numerous techniques developed independently for various 
signal and image processing applications. For example, multiresolution image 
processing, subband coding, and wavelet series expansions are the different views 
of this theory. In [52] , an approach is presented for detecting microcalcifications 
in digital mammograms employing wavelet-based subband image decomposition. 
The authors proposed a system for microcalcification detection under the hy- 
pothesis that the microcalcifications present in mammograms can be preserved 
under a transform which can localize the signal characteristics in the original 
and the transform domain. Therefore, microcalcifications can be extracted from 
mammograms by suppressing the subband of the wavelets-decomposed image 
that carries the lowest frequencies and contains smooth background information, 
before the reconstruction of the image. Multiresolution-based segmentation for 
the detection and enhancement of the microcalcifications is also presented in 
[42]. Very recently, the authors in [26] present the implementation and evalu- 
ation of a novel enhancement technique for improved interpretation of digital 
mammography with wavelet processing. A new algorithm for enhancement of 
microcalcifications in mammograms is given in [20] and highly regular wavelets 
are used for the detection of clustered microcalcifications in mammograms in 
[32] . More wavelet applications of medical imaging can be found in [48] . 

4 Wavelet-Based Functional MRI Data Analysis 

Functional Magnetic Resonance Imaging (fMRI) is a technique for determining 
which part of the brain are activated by different types of physical sensation or 
activity, such as light, sound or the movement of a subject's fingers. This "brain 
mapping" is achieved by setting up an advanced MRI scanner in a special way 
so that the increased blood flow to the activated areas of the brain shows up on 
functional MRI scans. Functional MRI is based on the increase in blood flow to 
the local vasculature that accompanies neural activity in the brain. This results 
in a corresponding local reduction in deoxyhemoglobin because the increase in 
blood flow occurs without an increase of similar magnitude in oxygen extraction. 
Since deoxyhemoglobin is paramagnetic, it alters the T2* weighted magnetic 
resonance image signal. Thus, deoxyhemoglobin is sometimes referred to as an 
endogenous contrast enhancing agent, and serves as the source of the signal 
for fMRI. Using an appropriate imaging sequence, human cortical functions 
can be observed without the use of exogenous contrast enhancing agents on a 
clinical strength (1.5 T) scanner. Functional activity of the brain determined 
from the magnetic resonance signal has confirmed known anatomically distinct 
processing areas in the visual cortex, the motor cortex, and Broca's area of 
speech and language-related activities. Further, a rapidly emerging body of 
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literature documents corresponding findings between fMRI and conventional 
electrophysiological techniques to localize specific functions of the human brain. 
Consequently, the number of medical and research centers with fMRI capabilities 
and investigational programs continues to escalate. 

The main advantages to fMRI as a technique to image brain activity re- 
lated to a specific task or sensory process include 1) the signal does not require 
injections of radioactive isotopes, 2) the total scan time required can be very 
short, i.e., on the order of 1.5 to 2.0 min per run (depending on the para- 
digm), and 3) the in-plane resolution of the functional image is generally about 
1.5 x 1.5 mm although resolutions less than 1 mm are possible. To put these 
advantages in perspective, functional images obtained by the earlier method of 
positron emission tomography, PET, require injections of radioactive isotopes, 
multiple acquisitions, and, therefore, extended imaging times. Further, the ex- 
pected resolution of PET images is much larger than the usual fMRI pixel size. 
Additionally, PET usually requires that multiple individual brain images are 
combined in order to obtain a reliable signal. Consequently, information on a 
single patient is compromised and limited to a finite number of imaging ses- 
sions. Although these limitations may serve many neuroscience applications, 
they are not optimally suitable to assist in a neurosurgical or treatment plan 
for a specific individual. 

Wavelet transformation is a time- frequency representation which decomposes 
the signal according to a set of functions through translation and dilation op- 
erations. Such a time-frequency representation could provide a more efficient 
solution than the usual Fourier-transform or other methods presently available 
to process MRI data. One of the first application of wavelet transform in med- 
ical imaging was for noise reduction in MRI [53] . The approach proposed there 
was to compute an orthogonal wavelet decomposition of the image and apply 
the following soft thresholding rule on the wavelet coefficients Ci.k — (/, ipi,k)- 

elk = \ 0, \ci,k\ < U, 

where U is a threshold that depends on the noise level at the ith scale. The 
image is then reconstructed by the inverse wavelet transform of the cafe's. 

Ruttimann et al. [41] have proposed to use the wavelet transform for the 
detection and localization of activation patterns in fMRI. The idea is to ap- 
ply a statistical test in the wavelet domain to detect the coefficients that are 
significantly different from zero. In [14], the authors improved the method by 
replacing the original z-test by a t-test that takes into account the variability of 
each wavelet coefficient separately. A key issue is to find out which wavelet and 
which type of decomposition is best suited for the detection of a given activation 
pattern. Various brands of fractional spline wavelets are applied and an exten- 
sive series of tests using simulated data are performed. An interesting practical 
finding is that performance is strongly correlated with the number of coefficients 
detected in the wavelet domain, at least in the orthonormal and B-spline cases. 
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Therefore, it is possible to optimize the structural wavelet parameters simply 
by maximizing the number of wavelet counts, without any prior knowledge of 
the activation pattern. 

A new method is proposed in [25] for activation detection in event-related 
fMRI. The method is based on the analysis of selected resolution levels in trans- 
lation invariant wavelet transform domain. The power in different resolution 
levels in wavelet domain is analyzed and an optimal set of resolution levels is 
selected. A randomization-based statistical test is then applied in wavelet do- 
main for activation detection. The problem of detecting significant changes in 
fMRI time series that are correlated to a stimulus time course is addressed in 
[37]. The fMRI signal is described as the sum of two effects: a smooth trend 
and the response to the stimulus. The trend belongs to a subspace spanned by 
large scale wavelets. The wavelet transform provides an approximation to the 
Karhunen-Loeve transform for the long memory noise. A scale space regression 
is developed that permits carrying out the regression in the wavelet domain 
while omitting the scales that are contaminated by the trend. 

In [43], two iterative procedures obtained from the application of wavelet 
transform to noise-free magnetic resonance spectroscopy (MRS) signals com- 
posed of one and two resonances, respectively, are tested on simulated and real 
biomedical MRS data. 

5 Wavelet-Based Molecular Biology Data Analy- 
sis 

In this section, we briefly review the most interesting applications of wavelets in 
genome sequence analysis, protein structure investigation, and gene expression 
data analysis. 

The Human Genome Project (HGP) was one of the great feats of exploration 
in history, an inward voyage of discovery rather than an outward exploration of 
the planet or the cosmos. An international research effort to sequence and map 
all of the genes - together known as the genome - of members of our species, 
Homo sapiens, the HGP was completed in April 2003. Now we can, for the first 
time, read nature's complete genetic blueprint for building a human being. 

Integral to the HGP are similar efforts to understand the genome of various 
organisms commonly used in biomedical research, such as mice, fruit flies and 
roundworms. Such organisms are called "model organisms," because they can 
often serve as research models for how the human organism behaves. 

In order to fully understand these genomes, the HGP also develops technolo- 
gies for genomic analysis, and trains scientists who will be able to use the tools 
and resources created by the HGP to perform research that will improve human 
health. Recognizing the profound importance and seriousness of this venture, 
another mission of the HGP - and NHGRI - is to examine the ethical, legal and 
social implications of human genetic research. 

Wavelets can be useful in detecting patterns in DNA sequences. In [34], it 
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was shown that wavelet variance decomposition of bacterial genome sequences 
can reveal the location of pathogenicity islands. The findings show that wavelet 
smoothing and scalogram are powerful tools to detect differences within and 
between genomes and to separate small (gene level) and large (putative patho- 
genicity islands) genomic regions that have different composition characteristics. 
An optimization procedure improving upon traditional Fourier analysis perfor- 
mance in distinguishing coding from noncoding regions in DNA sequences was 
introduced in [2]. The approach can be taken one step further by applying 
wavelet transforms. 

Proteins arc macromoleculcs (hcteropolymcrs) made up from 20 different 
L-a-amino acids, also referred to as residues. A certain number of residues 
is necessary to perform a particular biochemical function, and around 40-50 
residues appears to be the lower limit for a functional domain size. Protein 
sizes range from this lower limit to several hundred residues in multi-functional 
proteins. Very large aggregates can be formed from protein subunits, for ex- 
ample many thousand actin molecules assemble into a an actin filament. Large 
protein complexes with RNA are found in the ribosome particles, which are in 
fact 'ribozymes'. 

To find the similarities between two or more protein sequences is of great 
importance for protein sequence analysis. In [10], a comparison method based 
on wavelet decomposition of protein sequences and a cross-correlation study was 
devised that is capable of analyzing a protein sequence "hierarchically", i.e., it 
can examine a protein sequence at different spatial resolutions. A sequence- 
scale similarity vector is generated for the comparison of two sequences feasible 
at different spatial resolutions (scales). 

In the process of protein construction, buried hydrophobic residues tend to 
assemble in a core of a protein. Methods used to predict these cores involve use 
or no use of sequential alignment. In the case of a close homology, prediction 
was more accurate if sequential alignment was used. If the homology was weak, 
prediction would be unreliable. A hydrophobicity plot involving the hydropathy 
index is useful for purposes of prediction. In [21], wavelet analysis is used for 
hydrophobicity plots to quantitatively decompose to high and low frequencies. 
The prediction of hydrophobic cores of proteins was made with low frequency 
extracted from the hydrophobicity plot. 

The cosine Fourier series and discrete wavelet transforms are applied in [38] 
for describing replacement rate variation in genes and proteins, in which the 
profile of relative replacement rates along the length of a given sequence is 
defined as a function of the site number. The new models are applicable to 
testing biological hypotheses such as the statistical identity of rate variation 
profiles among homologous protein families. 

Microarray technology allows us to analyze the expression pattern of hun- 
dreds of genes. The use of statistics is the key to extracting useful information 
from this technology. Recently, "False Discovery Rate" (FDR) becomes a very 
useful inferential approach in the analysis of microarray data [47] . The FDR is 
the expected proportion of rejected hypotheses that are falsely rejected. When 
the model is sparse, FDR-like selection yields estimators with strong large sam- 
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pie adaptivity properties. One natural application of FDR is threshold selection 
in wavelet denoising. In wavelets thresholding, FDR is the proportion of wavelet 
coefficients erroneously included in the reconstruction among those included. 
This approach might lead to other applications of wavelets in microarray data 
analysis. 

6 Wavelet Applications in MALDI-TOF MS Data 
Analysis 

In recent years there has been a great amount of interest in investigating the 
biochemical events involved in the metabolism of peptides, primarily in the 
brain and gut of mammals, encompassing the enzymatic breakdown of these 
peptides, their production from peptide and protein precursors, and the dis- 
ruption of these processes by certain xenobiotics. Modern mass spectrometric 
techniques are used in these studies, including electrospray and matrix-assisted 
laser desorption- ionization mass spectrometry (MALDI MS) (for example, [5], 
[29], [50], and the references therein). 

Matrix-assisted laser desorption-ionization, time-of-flight (MALDI-TOF) mass 
spectrometry (MS) is emerging as a leading technology in the proteomics revolu- 
tion. Indeed, the Nobel prize in chemistry in 2002 recognized MALDI's ability to 
analyze intact biological macromolecules. Though MALDI-TOF MS allows di- 
rect measurement of the protein "signature" of tissue, blood, or other biological 
samples, and holds tremendous potential for disease diagnosis and treatment, 
key challenges remain in signal normalization and quantitation (for example, 
see [4], [7], [19], [46], and the references therein). Wavelet methods promise a 
principled approach for evaluating these complicated biological signals. 

Mass spectrometry, especially surface enhanced laser desorption and ion- 
ization (SELDI), is increasingly being used to find disease-related proteomic 
patterns in complex mixtures of proteins derived from tissue samples or from 
easily obtained biological fluids. In [8], a wavelet-based method was proposed to 
the low-level processing of SELDI spectra data. This method was motivated by 
the idea that the total ion current is a surrogate for the total amount of protein 
in the sample being measured. If the baseline correction algorithm starts with 
the raw spectrum and ensures that the corrected signal never becomes negative, 
then electronic noise contributes a substantial portion of the total ion current, 
and one normalizes, in part, to the noise. Statistically, the low-level processing 
of mass spectra reduces to decomposing the observed signal into three compo- 
nents: true signal, baseline, and noise: 

f(t)=B(t) + N-S(t) + e(t), 

where, f(t) is the observed signal, B(t) is the baseline, S(i) is the true signal, 
N is the normalization factor, and e(i) is the noise. It has been shown that the 
nonorthogonal discrete wavelet transform can be used to denoise MS SELDI data 
and the peaks in the intensity can be rapidly identified and precisely quantified. 
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Lung cancer kills more Americans each year than the next four leading cancer 
killers- cancers of the colon, breast, prostate and pancreas - combined. 

What eludes medical science is a reliable method to screen those high-risk 
people for lung cancer so that the disease is caught early enough to make a 
difference in survival. Proteomics-based approaches complement the genome 
initiatives and may be the next step in attempts to understand the biology of 
cancer. It is now clear that the behavior of individual non-small cell lung can- 
cer tumors cannot be understood through the analysis of individual or small 
number of genes, so cDNA microarray analysis has been employed with some 
success to simultaneously investigate thousands of RNA expression levels and 
begin to identify patterns associated with biology. However, mRNA expressions 
are poorly correlated with protein expression levels, and it cannot detect im- 
portant post-translation modifications of proteins, all very important processes 
in determining protein function. Accordingly, comprehensive analysis of pro- 
tein expression patterns in tissues might improve our ability to understand the 
molecular complexities of tumor cells. 

MALDI-TOF MS can profile proteins up to 50 kDa in size in tissue. This 
technology can not only directly assess peptides and proteins in sections of tumor 
tissue, but also can be used for high resolution image of individual biomolecules 
present in tissue sections. The protein profiles obtained can contain thousands 
of data points, necessitating sophisticated data analysis algorithms. 

Wavelets are providing a rich source of useful tools for applications in time- 
scale types of problems. In analysis of signals, the wavelet representations allow 
us to view a time-domain evolution in terms of scale components. The adaptivity 
property of wavelets certainly can help us to determine the location of peak 
difference(s) of MALDI-TOF MS protein expressions between cancerous and 
normal tissues in terms of molecular weights. 

Wavelets, as building blocks of models, are well localized in both time and 
scale (frequency). Signals with rapid local changes (signals with discontinu- 
ities, cusps, sharp spikes, etc) can be precisely represented with just a few 
wavelet coefficients. In [23], we apply wavelet transform together with cluster- 
ing techniques [15] and weighted flexible compound covariate method [44] to 
the MALDI-TOF MS data from lung cancer patients. Class-prediction models 
based on wavelet coefficients were found to classify lung cancer histologies and 
distinguish primary tumors. 

Very recently, wavelets are used for neural classification of lung sounds analy- 
sis in [27]. 
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